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ɄɅȺɋɋɂɎɂɄȺɐɂə ɊȿɒȿɇɂɃ ɋɂɇȽɍɅəɊɇɕɏ 
ɇȿɅɂɇȿɃɇɕɏ ɍɊȺȼɇȿɇɂɃ ɌɂɉȺ ɗɆȾȿɇȺ-ɎȺɍɅȿɊȺ 

ȼɌɈɊɈȽɈ ɉɈɊəȾɄȺ 

 
Ʉ.Ɇ. Ⱦɭɥɢɧɚ, Ɍ.Ⱥ. Ʉɨɪɱɟɦɤɢɧɚ 

 

Ɇɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞɚɪɫɬɜɟɧɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ ɢɦ. Ɇ.ȼ. Ʌɨɦɨɧɨɫɨɜɚ 

 
Ɋɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟ ɬɢɩɚ ɗɦɞɟɧɚ–Ɏɚɭɥɟɪɚ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ 

′′ݕ  − ,ݔሺ݌ ,ݕ ௞|ݕ|ሻ′ݕ  ЬРЧ ݕ = Ͳ,   Ͳ < ݇ < ͳ, (1) 

ɝɞɟ ɮɭɧɤɰɢɹ ݌ሺݔ, ,଴ݕ  ଵሻ ɩɨɥɨɠɢɬɟɥɶɧɚ, ɧɟɩɪɟɪɵɜɧɚ ɩɨ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ, ɥɢɩɲɢɰɟɜɚ ɩɨ ɩɨɫɥɟɞɧɢɦݕ
ɞɜɭɦ ɚɪɝɭɦɟɧɬɚɦ ɢ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɧɟɪɚɜɟɧɫɬɜɚɦ Ͳ < ݉ ൑ ,ݔሺ݌ ,଴ݕ ଵሻݕ ൑ ܯ < +∞. 
ɉɨɥɭɱɟɧɚ ɚɫɢɦɩɬɨɬɢɱɟɫɤɚɹ ɤɥɚɫɫɢɮɢɤɚɰɢɹ ɜɫɟɯ ɦɚɤɫɢɦɚɥɶɧɨ ɩɪɨɞɨɥɠɟɧɧɵɯ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ 
ɪɟɲɟɧɢɣ ɪɚɫɫɦɚɬɪɢɜɚɟɦɨɝɨ ɭɪɚɜɧɟɧɢɹ. 
 

Ⱥɫɢɦɩɬɨɬɢɱɟɫɤɚɹ ɤɥɚɫɫɢɮɢɤɚɰɢɹ ɪɟɲɟɧɢɣ ɫɢɧɝɭɥɹɪɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ሺͲ < ݇ < ͳሻ 

ɜɢɞɚ (1) ɩɪɢɜɟɞɟɧɚ ɜ Д1Ж, Д2Ж ɞɥɹ ɬɪɟɬɶɟɝɨ ɢ ɱɟɬɜɟɪɬɨɝɨ ɩɨɪɹɞɤɨɜ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ȼ ɫɥɭɱɚɟ 
ɫɢɧɝɭɥɹɪɧɨɣ ɧɟɥɢɧɟɣɧɨɫɬɢ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (1) ɦɨɝɭɬ ɢɦɟɬɶ ɨɫɨɛɨɟ ɩɨɜɟɞɟɧɢɟ ɧɟ 
ɬɨɥɶɤɨ ɜɛɥɢɡɢ ɝɪɚɧɢɰ, ɧɨ ɢ ɜɨ ɜɧɭɬɪɟɧɧɟɣ ɬɨɱɤɟ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ. ɉɨɷɬɨɦɭ ɦɵ ɛɭɞɟɦ 
ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɬɚɤ ɧɚɡɵɜɚɟɦɵɟ ɦɚɤɫɢɦɚɥɶɧɨ ɩɪɨɞɨɥɠɟɧɧɵɟ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ 
ɪɟɲɟɧɢɹ, ɜɜɟɞɟɧɧɵɟ Ⱥɫɬɚɲɨɜɨɣ ɂ.ȼ. Д1Ж. 

Ɉɩɪɟɞɟɥɟɧɢɟ 1. Ɋɟɲɟɧɢɟ ݕ: ሺܽ, ܾሻ → ℝ, −∞ ൑ ܽ < ܾ ൑ +∞, ɧɚɡɵɜɚɟɬɫɹ 
ɦɚɤɫɢɦɚɥɶɧɨ ɩɪɨɞɨɥɠɟɧɧɵɦ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ ɪɟɲɟɧɢɟɦ ɭɪɚɜɧɟɧɢɹ (1), ɟɫɥɢ: 

1) ɭɪɚɜɧɟɧɢɟ ɧɟ ɢɦɟɟɬ ɞɪɭɝɢɯ ɪɟɲɟɧɢɣ, ɪɚɜɧɵɯ ݕ ɧɚ ɧɟɤɨɬɨɪɨɦ ɩɨɞɵɧɬɟɪɜɚɥɟ 
ɢɧɬɟɪɜɚɥɚ ሺܽ, ܾሻ ɢ ɧɟ ɪɚɜɧɵɯ ݕ ɜ ɧɟɤɨɬɨɪɨɣ ɬɨɱɤɟ ɢɡ ሺܽ, ܾሻ; 

2) ɭɪɚɜɧɟɧɢɟ ɥɢɛɨ ɧɟ ɢɦɟɟɬ ɪɟɲɟɧɢɣ, ɨɩɪɟɞɟɥɟɧɧɵɯ ɧɚ ɞɪɭɝɨɦ ɢɧɬɟɪɜɚɥɟ, 
ɫɨɞɟɪɠɚɳɟɦ ሺܽ, ܾሻ, ɢ ɪɚɜɧɵɯ ݕ ɧɚ ሺܽ, ܾሻ, ɥɢɛɨ ɢɦɟɟɬ ɩɨ ɤɪɚɣɧɟɣ ɦɟɪɟ ɞɜɚ ɬɚɤɢɯ ɪɟɲɟɧɢɹ, 
ɧɟ ɪɚɜɧɵɯ ɞɪɭɝ ɞɪɭɝɭ ɜ ɬɨɱɤɚɯ, ɫɤɨɥɶ ɭɝɨɞɧɨ ɛɥɢɡɤɢɯ ɤ ɝɪɚɧɢɰɟ ɢɧɬɟɪɜɚɥɚ ሺܽ, ܾሻ. 

Ɂɚɦɟɬɢɦ, ɱɬɨ ɜ ɫɥɭɱɚɟ Ͳ < ݇ < ͳ ɭɫɥɨɜɢɹ ɤɥɚɫɫɢɱɟɫɤɨɣ ɬɟɨɪɟɦɵ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɢ 
ɟɞɢɧɫɬɜɟɧɧɨɫɬɢ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ Ʉɨɲɢ ɧɟ ɜɵɩɨɥɧɹɸɬɫɹ. Ɍɟɦ ɧɟ ɦɟɧɟɟ, ɫɩɪɚɜɟɞɥɢɜɨ 
ɫɥɟɞɭɸɳɟɟ ɭɬɜɟɪɠɞɟɧɢɟ: 

Ɍɟɨɪɟɦɚ 1. [2, c. 201] Пɭɫɬɶ ɮɭɧɤɰɢɹ ݌ሺݔ, ,଴ݕ … ,  ɢ ݔ ௡−ଵሻ ɧɟɩɪɟɪɵɜɧɚ ɩɨݕ
ɥɢɩɲɢɰɟɜɚ ɩɨ ݕ଴, … , ,଴ݔ ௡−ଵ. Ɍɨɝɞɚ ɞɥɹ ɥɸɛɨɝɨ ɧɚɛɨɪɚ ɱɢɫɟɥݕ ,଴଴ݕ … , ௡−ଵ଴ݕ , ɭ ɤɨɬɨɪɨɝɨ ɧɟ ɜɫɟ ݕ௜଴ ɪɚɜɧɵ ɧɭɥɸ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɡɚɞɚɱɚ Кɨɲɢ ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧɧɨɟ ɪɟɲɟɧɢɟ. 

Ɉɩɪɟɞɟɥɟɧɢɟ 2. ɉɭɫɬɶ ݕሺݔሻ— ɦɚɤɫɢɦɚɥɶɧɨ ɩɪɨɞɨɥɠɟɧɧɨɟ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ 
ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (1), ܽ — ɝɪɚɧɢɱɧɚɹ ɬɨɱɤɚ ɟɝɨ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ. Ɋɟɲɟɧɢɟ ݕሺݔሻɧɚɡɵɜɚɟɬɫɹ ɜɥɢɩɚɸɳɢɦ ɜ ɧɭɥɶ ɜ ɬɨɱɤɟ ܽ, ɟɫɥɢ: lim௫→௔ ሻݔሺݕ = lim௫→௔ ሻݔሺ′ݕ = Ͳ. 

ȼɜɟɞɟɦ ɨɛɨɡɧɚɱɟɧɢɹ: ߙ = ʹ݇ − ͳ ሻ̃݌ሺܥ       , = ቆ̃݌ሺͳ − ݇ሻଶʹሺ݇ + ͳሻ ቇ ଵଵ−௞. 
Ɍɟɨɪɟɦɚ 2. Пɭɫɬɶ ɮɭɧɤɰɢɹ ݌ሺݔ, ,଴ݕ  ,ଵሻ ɧɟɩɪɟɪɵɜɧɚ ɩɨ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯݕ

ɥɢɩɲɢɰɟɜɚ ɩɨ ɩɨɫɥɟɞɧɢɦ ɞɜɭɦ ɚɪɝɭɦɟɧɬɚɦ, ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɧɟɪɚɜɟɧɫɬɜɚɦ: Ͳ < ݉ ൑ ,ݔሺ݌ ,଴ݕ ଵሻݕ ൑ ܯ < +∞, 
ɢ ɫɭɳɟɫɬɜɭɸɬ ɫɥɟɞɭɸɳɢɟ ɩɪɟɞɟɥɵ ɮɭɧɤɰɢɢ ݌ሺݔ, ,଴ݕ  :ଵሻݕ

1) +ܲ+ ɩɪɢ ݔ → +∞, ଴ݕ → ଵݕ   ,∞+ → +∞; 
2) +ܲ− ɩɪɢ ݔ → +∞, ଴ݕ → ଵݕ   ,∞− → −∞; 
3) −ܲ+ ɩɪɢ ݔ → −∞, ଴ݕ → ଵݕ   ,∞+ → −∞; 
4) −ܲ− ɩɪɢ ݔ → −∞, ଴ݕ → ଵݕ   ,∞− → +∞; 

ɚ ɬɚɤɠɟ, ɩɪɢ ɥɸɛɨɦ ܿ ∈ ℝ, 
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5) ௖ܲ ɩɪɢ ݔ → ܿ, ଴ݕ → Ͳ,   ݕଵ → Ͳ. 
Ɍɨɝɞɚ ɜɫɟ ɦɚɤɫɢɦɚɥɶɧɨ ɩɪɨɞɨɥɠɟɧɧɵɟ ɟɞɢɧɫɬɜɟɧɧɵɦ ɨɛɪɚɡɨɦ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (1) ɜ 
ɫɨɨɬɜɟɬɫɬɜɢɢ ɫɨ ɫɜɨɢɦ ɚɫɢɦɩɬɨɬɢɱɟɫɤɢɦ ɩɨɜɟɞɟɧɢɟɦ ɞɟɥɹɬɫɹ ɧɚ ɫɥɟɞɭɸɳɢɟ ɜɨɫɟɦɶ 
ɬɢɩɨɜ. 

1. Зɚɞɚɧɧɵɟ ɧɚ ɩɨɥɭɩɪɹɦɨɣ ሺܾ, +∞ሻ ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɜɥɢɩɚɸɳɢɟ ɜ ɧɭɥɶ ɜ ɬɨɱɤɟ ܾ 

ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ ɚɫɢɦɩɬɨɬɢɤɨɣ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕଵሺݔሻ = ሺܥ ௕ܲሻሺݔ − ܾሻ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → ܾ + Ͳ, ݕଵሺݔሻ = ሺܥ +ܲ+ሻݔ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → +∞, 
2. Зɚɞɚɧɧɵɟ ɧɚ ɩɨɥɭɩɪɹɦɨɣ ሺܾ, +∞ሻ ɨɬɪɢɰɚɬɟɥɶɧɵɟ ɜɥɢɩɚɸɳɢɟ ɜ ɧɭɥɶ ɜ ɬɨɱɤɟ ܾ 

ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ ɚɫɢɦɩɬɨɬɢɤɨɣ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕଶሺݔሻ = ሺܥ− ௕ܲሻሺݔ − ܾሻ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → ܾ + Ͳ, ݕଶሺݔሻ = ሺܥ− +ܲ−ሻݔ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → +∞. 
3. Зɚɞɚɧɧɵɟ ɧɚ ɩɨɥɭɩɪɹɦɨɣ ሺ−∞, ܽሻ ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɜɥɢɩɚɸɳɢɟ ɜ ɧɭɥɶ ɜ ɬɨɱɤɟ ɚ 

ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ ɚɫɢɦɩɬɨɬɢɤɨɣ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕଷሺݔሻ = ሺܥ ௔ܲሻሺܽ − ሻ−ఈ(ͳݔ + ݔ    ,(ሺͳሻ݋ → ܽ − Ͳ, ݕଷሺݔሻ = ሺܥ −ܲ+ሻ |ݔ|−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → −∞, 
4. Зɚɞɚɧɧɵɟ ɧɚ ɩɨɥɭɩɪɹɦɨɣ ሺ−∞, ܽሻ ɨɬɪɢɰɚɬɟɥɶɧɵɟ ɜɥɢɩɚɸɳɢɟ ɜ ɧɭɥɶ ɜ ɬɨɱɤɟ ɚ 

ɩɪɢ ɭɛɵɜɚɧɢɢ ɚɪɝɭɦɟɧɬɚ ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ ɚɫɢɦɩɬɨɬɢɤɨɣ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ 
ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕସሺݔሻ = ሺܥ− ௔ܲሻሺܽ − ሻ−ఈ(ͳݔ + ݔ    ,(ሺͳሻ݋ → ܽ − Ͳ, ݕସሺݔሻ = ሺܥ− −ܲ−ሻ |ݔ|−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → −∞. 

5. Зɚɞɚɧɧɵɟ ɧɚ ɜɫɟɣ ɱɢɫɥɨɜɨɣ ɩɪɹɦɨɣ ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ 
ɚɫɢɦɩɬɨɬɢɤɨɣ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕହሺݔሻ = ሺܥ +ܲ+ሻݔ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → ሻݔହሺݕ ,∞+ = ሺܥ −ܲ+ሻ |ݔ|−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → −∞, 

6. Зɚɞɚɧɧɵɟ ɧɚ ɜɫɟɣ ɱɢɫɥɨɜɨɣ ɩɪɹɦɨɣ ɨɬɪɢɰɚɬɟɥɶɧɵɟ ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ 
ɚɫɢɦɩɬɨɬɢɤɨɣ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕ଺ሺݔሻ = ሺܥ− +ܲ−ሻݔ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → ሻݔ଺ሺݕ ,∞+ = ሺܥ− −ܲ−ሻ |ݔ|−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → −∞. 

7-8. Зɚɞɚɧɧɵɟ ɧɚ ɜɫɟɣ ɱɢɫɥɨɜɨɣ ɩɪɹɦɨɣ ɪɟɲɟɧɢɹ ɫɨ ɫɬɟɩɟɧɧɨɣ ɚɫɢɦɩɬɨɬɢɤɨɣ ɢ 
ɪɚɡɧɵɦɢ ɡɧɚɤɚɦɢ ɜɛɥɢɡɢ ɨɛɟɢɯ ɝɪɚɧɢɰ ɨɛɥɚɫɬɢ ɨɩɪɟɞɟɥɟɧɢɹ: ݕ଻ሺݔሻ = ሺܥ +ܲ+ሻݔ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → ሻݔ଻ሺݕ ,∞+ = ሺܥ− −ܲ−ሻ |ݔ|−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → −∞, 

ɢ ଼ݕሺݔሻ = ሺܥ− +ܲ−ሻݔ−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → ሻݔሺ଼ݕ ,∞+ = ሺܥ −ܲ+ሻ |ݔ|−ఈ(ͳ + ݔ    ,(ሺͳሻ݋ → −∞. 
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