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Ïðåäèñëîâèå

Âàøåìó âíèìàíèþ ïðåäëàãàåòñÿ ïåðâàÿ ÷àñòü ìîíîãðàôèè ïî îñíîâíûì îðòîãîíàëüíûì
ôóíêöèÿì è èõ ïðèëîæåíèÿì. Ýòà ðàáîòà ïî-ñâîåìó óíèêàëüíà, ïîòîìó êàê îðèåíòèðîâà-
íà, â ïåðâóþ î÷åðåäü, íà êîíêðåòíîãî ÷èòàòåëÿ - ïðèêëàäíîãî ìàòåìàòèêà è ïðîãðàììè-
ñòà - äëÿ ñîçäàíèÿ àäåêâàòíûõ ìîäåëåé, îïòèìàëüíûõ àëãîðèòìîâ è íàïèñàíèÿ èñõîäíîãî
êîäà ñ ìèíèìàëüíûìè âû÷èñëèòåëüíûìè è ðåñóðñíûìè çàòðàòàìè ïðè ðåøåíèè ÷àñòíûõ
çàäà÷. Òåì íå ìåíåå ìàòåìàòè÷åñêèé àïïàðàò, ïîëîæåííûé â îñíîâó ðàáîòû, - òåîðèÿ îðòî-
ãîíàëüíûõ ìíîãî÷ëåíîâ è ðÿäîâ Ôóðüå - èìååò áîëüøîé òåîðåòè÷åñêèé èíòåðåñ. Ïîýòîìó
àâòîðû íàäåþòñÿ, ÷òî äàííàÿ ðàáîòà áóäåò èíòåðåñíà áîëåå øèðîêîé àóäèòîðèè.
Ïîä îñíîâíûìè îðòîãîíàëüíûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òèïà, îòðàæåííûìè â

íàçâàíèè ðàáîòû, íà äàííîì ýòàïå, ïîíèìàþòñÿ êëàññè÷åñêèå îáîáùåííûå ìíîãî÷ëåíû

Ëàãåððà L
(α)
k (τ, γ), ìíîãî÷ëåíû ßêîáè P

(α,β)
k (τ, γ), çàäàííûå íà èíòåðâàëå τ ∈ [0,∞) ñ èñ-

ïîëüçîâàíèåì ñîîòâåòñòâóþùåé çàìåíû ýêñïîíåíöèàëüíîãî òèïà è ââåäåíèåì âàðüèðóåìî-
ãî ïàðàìåòðà ìàñøòàáà γ. Ìàòåìàòè÷åñêèì àñïåêòàì îïðåäåëåíèÿ ôóíêöèé ýêñïîíåíöè-
àëüíîãî òèïà è èõ ñâîéñòâàì çíà÷èòåëüíî áîëüøå âíèìàíèÿ óäåëåíî â òåêñòå ìîíîãðàôèè
â ñîîòâåòñòâóþùèõ ðàçäåëàõ. Ãëàâíûì îáðàçîì îðòîãîíàëüíûå ôóíêöèè ýêñïîíåíöèàëü-
íîãî òèïà ïðåäíàçíà÷åíû äëÿ ïðèáëèæåíèÿ ôóíêöèé f(τ), çàäàííîé íà ïîëîæèòåëüíîé
ïîëóîñè τ ∈ [0,∞), äëÿ êîòîðîé ñïðàâåäëèâî

arg (max(f(τ))) = 0; limτ→∞ f(τ) → 0;

∫ ∞

0

(
f(τ)

)2

µ(τ, γ)dτ < ∞.

Âîïðîñû, êàñàþùèåñÿ ïîñòðîåíèÿ ìîäåëåé f(τ) è èõ ðàçëîæåíèÿ â ðÿäû Ôóðüå, à òàêæå
ðàçðàáîòêè ñîîòâåòñòâóþùèõ àëãîðèòìîâ îïòèìèçàöèè ïðè ðåøåíèè çàäà÷ ïðèáëèæåíèÿ,
áóäóò ðàññìîòðåíû â ïîñëåäóþùèõ ãëàâàõ.
Ñòðóêòóðà ïðåäëàãàåìîé ÷àñòè ìîíîãðàôèè ðàçðàáîòàíà ñ ó÷åòîì äàëüíåéøåãî ïðèëî-

æåíèÿ ê ïîñòðîåíèþ ìàòåìàòè÷åñêèõ ìîäåëåé ÷åðåç ðàçëîæåíèå â ðÿäû Ôóðüå. Â öåëîì
ïåðâàÿ ÷àñòü ðàáîòû îõâàòûâàåò ñëåäóþùèå âîïðîñû:

• àíàëèòè÷åñêîå ïðåäñòàâëåíèå âî âðåìåííîé îáëàñòè;

• îñíîâíûå è ðàñøèðåííûå ñâîéñòâà âî âðåìåííîé îáëàñòè;

• îñíîâíûå è ðàñøèðåííûå ñîîòíîøåíèÿ îðòîãîíàëüíîñòè âî âðåìåííîé îáëàñòè;

• ôàçîâîå ïðåäñòàâëåíèå îðòîãîíàëüíûõ ôóíêöèé;

• èíòåãðàëüíîå ïðåäñòàâëåíèå îðòîãîíàëüíûõ ôóíêöèé;

• àíàëèòè÷åñêîå ïðåäñòàâëåíèå â ÷àñòîòíîé îáëàñòè;



4

• îñíîâíûå è ðàñøèðåííûå ñâîéñòâà â ÷àñòîòíîé îáëàñòè;

• îñíîâíûå è ðàñøèðåííûå ñîîòíîøåíèÿ îðòîãîíàëüíîñòè â ÷àñòîòíîé îáëàñòè;

• ðåêóððåíòíûå ñîîòíîøåíèÿ;

• ñîîòíîøåíèÿ âçàèìîñâÿçè áàçèñíûõ ôóíêöèé;

• îáîáùåííûå õàðàêòåðèñòèêè îðòîãîíàëüíûõ ôóíêöèé;

• ñîîòíîøåíèÿ íåîïðåäåëåííîñòè.

Êàæäûé èç ïðèâåäåííûõ ðàçäåëîâ ñîäåðæèò ñëåäóþùèå ýòàïû:

• îïðåäåëåíèå;

• ïîñëåäîâàòåëüíîñòü íóìåðîâàííûõ ôîðìóë:

� ÷àñòíûå ñëó÷àè 0-5 ïîðÿäêîâ;
� ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ ÷àñòíûõ ñëó÷àåâ ïðè çàäàííûõ ïàðàìåòðàõ.

Íà ñåãîäíÿøíèé äåíü íàñ÷èòûâàåòñÿ áîëüøîå ÷èñëî ñïðàâî÷íèêîâ, ïîñâÿùåííûõ îïè-
ñàíèþ ñïåöèàëüíûõ ôóíêöèé è îðòîãîíàëüíûõ ìíîãî÷ëåíîâ. Ñðåäè íàèáîëåå ðàñïðîñòðà-
íåííûõ ñëåäóþùèå: I.S. Gradshteyn, I.M. Ryzhik ¾Table of Integrals, Series, and Products¿
(2007); Y.A. Brychkov ¾Handbook of Special Functions: Derivatives, Integrals, Series and
Other Formulas¿(2008); NIST Handbook of mathematical functions (2010); Ì. Àáðàìîâèö,
È. Ñòèãàí ¾Ñïðàâî÷íèê ïî ñïåöèàëüíûì ôóíêöèÿì¿(1979); À.Ï. Ïðóäíèêîâ, Þ.À. Áðû÷-
êîâ, Î.È. Ìàðè÷åâ ¾Èíòåãðàëû è ðÿäû¿(ò. 2,3) (1983).
Â ñâîþ î÷åðåäü àâòîðû õîòåëè áû îáðàòèòü âíèìàíèå â ïðåäëàãàåìîé ìîíîãðàôèè íà

êëàññ àíàëèçèðóåìûõ ôóíêöèé è íà ñïåöèôèêó êîíå÷íûõ ôîðìóë, ÷òî íåñîìíåííî îïðå-
äåëÿåò èõ íîâèçíó. Áîëåå òîãî, â ðàìêàõ äàííîé ðàáîòû ââåäåí ðÿä íîâûõ ïîíÿòèé è
îïðåäåëåíèé, êîòîðûå èìåþò çíà÷èòåëüíûé ïðàêòè÷åñêèé èíòåðåñ è ðàñøèðÿþò òåîðèþ
îðòîãîíàëüíûõ ìíîãî÷ëåíîâ â öåëîì.
Íà äàííûé ìîìåíò íåîäíîêðàòíî ïðîâîäèëàñü àïðîáàöèÿ ïðåäëàãàåìûõ â ìîíîãðàôèè

ôîðìóë äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé êàê äëÿ ñîçäàíèÿ ìàñøòàáíûõ ïðîåêòîâ
- ñèñòåì ¾Data Mining¿, ãäå òðåáóåòñÿ îäíîâðåìåííàÿ îáðàáîòêà áîëüøèõ ïîòîêîâ äàííûõ,
òàê è äëÿ ñîçäàíèÿ àêòóàëüíûõ íà äàííîì ýòàïå ðàçâèòèÿ èíôîðìàöèîííûõ òåõíîëîãèé
- ìîáèëüíûõ ïðèëîæåíèé íà áàçå òàêèõ ïëàòôîðì êàê iOS, Android, è ò.ä., îñíîâíûìè
òðåáîâàíèÿìè êîòîðûõ ÿâëÿþòñÿ ñíèæåííûå ðåñóðñíûå çàòðàòû, âûñîêàÿ ñêîðîñòü âû-
ïîëíåíèÿ îïåðàöèé è íèçêèå òðåáîâàíèÿ ê îáúåìó èñïîëüçóåìîé ïàìÿòè.
Ñòðóêòóðà ìîíîãðàôèè, ñïîñîá ïðåäñòàâëåíèÿ ìàòåðèàëà, ôàêòè÷åñêèé ìàòåðèàë è ãðà-

ôè÷åñêèå èíòåðïðåòàöèè ÿâëÿþòñÿ èñêëþ÷èòåëüíî àâòîðñêèìè.

Àâòîðû âûðàæàþò áîëüøóþ ïðèçíàòåëüíîñòü ê.ô.-ì.í. Ë.Ï. Óñîëüöåâó çà öåííûå çà-
ìå÷àíèÿ è âíèìàòåëüíîå îòíîøåíèå ê ðàáîòå íà ðàçëè÷íûõ ýòàïàõ åå ôîðìèðîâàíèÿ.

Ñ.À. Ïðîõîðîâ
È.Ì. Êóëèêîâñêèõ
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×àñòü I

ÎÐÒÎÃÎÍÀËÜÍÛÅ ÔÓÍÊÖÈÈ

ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÃÎ ÒÈÏÀ





Ãëàâà 1

Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ âî

âðåìåííîé îáëàñòè

Îïðåäåëåíèå.
Êëàññè÷åñêèå îðòîãîíàëüíûå ìíîãî÷ëåíû ψk(x) ÿâëÿþòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

[2, 4, 13, 18]
(ax2 + bx+ c)ψ′′

k (x) + (dx+ e)ψ′
k(x)− k

(
d+ (k − 1)a

)
ψk(x) = 0

è ïðè çàäàííûõ ïàðàìåòðàõ äàííîãî óðàâíåíèÿ èìååì òðè îñíîâíûõ êëàññà ìíîãî÷ëåíîâ: ßêîáè, îáîá-

ùåííûå Ëàãåððà è Ýðìèòà. Îñòàíîâèìñÿ íà ðàññìîòðåíèè îðòîãîíàëüíûõ ìíîãî÷ëåíîâ ßêîáè P
(α,β)
k (x)

è îáîáùåííûõ ìíîãî÷ëåíîâ Ëàãåððà L
(α)
k (x) [2, 4, 13, 16, 17, 19].

Åñëè a = −1, b = 0, c = 1, d = −α − β − 2 è e = −α + β, è èìååì îðòîãîíàëüíûå ìíîãî÷ëåíû ßêîáè
[13, 16]

P
(α,β)
k (x) =

(−1)k

k!2k
(1− x)−α(1 + x)−β

dk
(
(1− x)α+k(1 + x)β+k

)
dxk

ñ âåñîâîé ôóíêöèåé µ{P (α,β)
k (x)}(x) = (1− x)α(1 + x)β , óäîâëåòâîðÿþùèå óñëîâèþ∫ 1

−1

P
(α,β)
k (x)P (α,β)

n (x)µ{P (α,β)
k (x)}(x)dx =

2α+β+1Γ(α+ k + 1)Γ(β + k + 1)

k!(α+ β + 2k + 1)Γ(α+ β + k + 1)
δk,n,

ãäå δk,n � ñèìâîë Êðîíåíêåðà. Ïðè k = n ïîñëåäíåå ñîîòíîøåíèå èìååò âèä
∥∥P (α,β)

k

∥∥2 è íàçûâàåòñÿ íîð-
ìîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè.

Åñëè a = 0, b = 1, c = 0, d = −1 è e = α + 1,èìååì îáîáùåííûå îðòîãîíàëüíûå ìíîãî÷ëåíû Ëàãåððà
[13, 16]

L
(α)
k (x) = (−1)kx−αex

dk
(
xα+ke−x

)k
dxk

ñ âåñîâîé ôóíêöèåé µ{L(α)
k (x)}(x) = xαe−x, óäîâëåòâîðÿþùèå óñëîâèþ∫ ∞

0

L
(α)
k (x)L(α)

n (x)µ{L(α)
k (x)}(x)dx = k!Γ(α+ k + 1)δk,n.

Ïðè k = n âûøåïðèâåäåííîå ñîîòíîøåíèå îáîçíà÷àåòñÿ
∥∥L(α)

k

∥∥2 è íàçûâàåòñÿ íîðìîé îáîáùåííûõ îðòî-
ãîíàëüíûõ ôóíêöèé Ëàãåððà.
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Â ïîñëåäóþùåì îðòîãîíàëüíûå ìíîãî÷ëåíû ψk(x),çàäàííûå íà èíòåðâàëå [0,∞) ñ èñïîëüçîâàíèåì çà-
ìåíû ýêñïîíåíöèàëüíîãî òèïà, îïðåäåëèì êàê îðòîãîíàëüíûå ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà ψk(τ, γ).
Çàìåíû ïåðåìåííûõ àðãóìåíòà x = f(τ, γ), ïîçâîëÿþùèå îïðåäåëèòü ôóíêöèè ßêîáè è îáîáùåííûå

ôóíêöèè Ëàãåððà [3, 9] ïðåäñòàâëåíû â òàáëèöå íèæå.

Íàçâàíèå ìíîãî÷ëåíà Îáîçíà÷åíèå Çàìåíà àðãóìåíòà
ψk(τ, γ) x = f(τ, γ)

Îáîáùåííûå Ëàãåððà L
(α)
k (τ, γ) x = γτ

ßêîáè P
(α,β)
k (τ, γ) x = 1− 2 exp(−cγτ)

1.1 Àíàëèòè÷åñêèå ñîîòíîøåíèÿ

äëÿ îðòîãîíàëüíûõ ôóíêöèé

[1.1] Lk(τ, γ) =

k∑
s=0

(k
s

) (−γτ)s
s!

exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

L0(τ, γ) = exp
(
−
γτ

2

)
;

L1(τ, γ) = exp
(
−
γτ

2

)
(1 − γτ);

L2(τ, γ) = exp
(
−
γτ

2

)
(γ2τ2 − 4γτ + 2)/2;

L3(τ, γ) = exp
(
−
γτ

2

)
(6 − 18γτ + 9γ2τ2 − γ3τ3)/6;

L4(τ, γ) = exp
(
−
γτ

2

)
(γ4τ4 − 16γ3τ3 +72γ2τ2 − 96γτ +24)/24;

L5(τ, γ) = exp
(
−
γτ

2

)
(120− 600γτ + 600γ2τ2 − 200γ3τ3 + 25×

× γ4τ4 − γ5τ5)/120.

Lk(τ, γ)

0,5

0

-0,5
0 1 2 3 4 τ

L0

L1

L2

L3

L4

L5

Ðèñ. 1.1. Âèä îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ;
γ = 4

[1.2] L
(1)
k (τ, γ) =

k∑
s=0

(k + 1

k − s

) (−γτ)s
s!

exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

L
(1)
0 (τ, γ) = exp

(
−
γτ

2

)
;

L
(1)
1 (τ, γ) = exp

(
−
γτ

2

)
(2 − γτ);

L
(1)
2 (τ, γ) = exp

(
−
γτ

2

)
(γ2τ2 − 6γτ + 6)/2;

L
(1)
3 (τ, γ) = exp

(
−
γτ

2

)
(24 − 36γτ + 12γ2τ2 − γ3τ3)/6;

L
(1)
4 (τ, γ) = exp

(
−
γτ

2

)
(γ4τ4 − 20γ3τ3 + 120γ2τ2 − 240γτ +

+ 120)/24;

L
(1)
5 (τ, γ) = exp

(
−
γτ

2

)
(720 − 1800γτ + 1200γ2τ2 − 300γ3τ3 +

+ 30γ4τ4 − γ5τ5)/120.

L
(1)
k (τ, γ)

4

2

0

-2
0 1 2 3 4 τ

L
(1)
0

L
(1)
1

L
(1)
2

L
(1)
3

L
(1)
4

L
(1)
5

Ðèñ. 1.2. Âèä îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 0-5
ïîðÿäêîâ; γ = 4, α = 1

[1.3] L
(2)
k (τ, γ) =

k∑
s=0

(k + 2

k − s

) (−γτ)s
s!

exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

L
(2)
0 (τ, γ) = exp

(
−
γτ

2

)
;

L
(2)
1 (τ, γ) = exp

(
−
γτ

2

)
(3 − γτ);

L
(2)
2 (τ, γ) = exp

(
−
γτ

2

)
(γ2τ2 − 8γτ + 12)/2;

L
(2)
3 (τ, γ) = exp

(
−
γτ

2

)
(60 − 60γτ + 15γ2τ2 − γ3τ3)/6;

L
(2)
4 (τ, γ) = exp

(
−
γτ

2

)
(γ4τ4 − 24γ3τ3 + 180γ2τ2 − 480γτ +

+ 360)/24;

L
(2)
5 (τ, γ) = exp

(
−
γτ

2

)
(2520− 4200γτ + 2100γ2τ2 − 420γ3τ3 +

+ 35γ4τ4 − γ5τ5)/120.
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L
(2)
k (τ, γ)

14

7

0

-7

0 1 2 3 4 τ

L
(2)
0

L
(2)
1

L
(2)
2

L
(2)
3

L
(2)
4

L
(2)
5

Ðèñ. 1.3. Âèä îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 0-5
ïîðÿäêîâ; γ = 4, α = 2

[1.4] L
(α)
k (τ, γ) =

k∑
s=0

(k + α

k − s

) (−γτ)s
s!

exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

L
(α)
0 (τ, γ) = exp

(
−
γτ

2

)
;

L
(α)
1 (τ, γ) = exp

(
−
γτ

2

)
(α+ 1 − γτ);

L
(α)
2 (τ, γ) =

1

2
exp

(
−
γτ

2

)(
γ2τ2 − 2(α+ 2)γτ + (α+ 1)(α+ 2)

)
;

L
(α)
3 (τ, γ) =

1

6
exp

(
−
γτ

2

)(
(α+ 1)(α+ 2)(α+ 3) − 3(α+ 2) ×

× (α+ 3)γτ + 3(α+ 3)γ2τ2 − γ3τ3)
)
;

L
(α)
4 (τ, γ) =

1

24
exp

(
−
γτ

2

)(
γ4τ4 − 4(α+ 4)γ3τ3 + 6(α+ 3) ×

× (α+ 4)γ2τ2 − 4(α+ 2)(α+ 3)(α+ 4)γτ + (α+ 1)(α+ 2) ×
× (α+ 3)(α+ 4)

)
;

L
(α)
5 (τ, γ) =

1

120
exp

(
−
γτ

2

)(
(α+ 1)(α+ 2)(α+ 3)(α+ 4) ×

× (α+ 5)− 5(α+ 2)(α+ 3)(α+ 4)(α+ 5)γτ + 10(α+ 3)(α+ 4)×
× (α+ 5)γ2τ2 − 10(α+ 4)(α+ 5)γ3τ3 + 5(α+ 5)γ4τ4 − γ5τ5

)
.

à)

0
1

2
3

4
α

0

2

4
τ

0

10

20

L
(α)
k (τ, γ)

á)

0

1

2

3

4

γ

0

2

4

τ

0

1

2

3

L
(α)
k (τ, γ)

Ðèñ. 1.4. Âèä îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 4, α ∈ [0; 5]; á) γ ∈ (0; 5], α = 1

[1.5] P
(−1/2,0)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s×

× exp

(
−
(4s+ 1)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(−1/2,0)
0 (τ, γ) = exp

(
−
γτ

2

)
;

P
(−1/2,0)
1 (τ, γ) = exp

(
−
γτ

2

)(
1 − 3 exp(−2γτ)

)
/2;

P
(−1/2,0)
2 (τ, γ) = exp

(
−
γτ

2

)(
3 − 30 exp(−2γτ) + 35 ×

× exp(−4γτ)
)
/8;

P
(−1/2,0)
3 (τ, γ) = exp

(
−
γτ

2

)(
5 − 105 exp(−2γτ) + 315 ×

× exp(−4γτ) − 231 exp(−6γτ)
)
/16;

P
(−1/2,0)
4 (τ, γ) = exp

(
−
γτ

2

)(
35 − 1260 exp(−2γτ) + 6930 ×

× exp(−4γτ) − 12012 exp(−6γτ) + 6435 exp(−8γτ)
)
/128;

P
(−1/2,0)
5 (τ, γ) = exp

(
−
γτ

2

)(
63 − 3465 exp(−2γτ) + 15015 ×

× exp(−4γτ) − 45045 exp(−6γτ) + 109395 exp(−8γτ) − 46189 ×
× exp(−10γτ)

)
/256.
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P
(−1/2,0)
k (τ, γ)

0,5

0

-0,5

-1
0 1 2 3 4 τ

P
(−1/2,0)
0

P
(−1/2,0)
1

P
(−1/2,0)
2

P
(−1/2,0)
3

P
(−1/2,0)
4

P
(−1/2,0)
5

Ðèñ. 1.5. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ;
γ = 1, c = 2, α = −1/2, β = 0

[1.6] Legk(τ, γ) =

k∑
s=0

(k
s

)(k + s

s

)
(−1)s exp

(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

Leg0(τ, γ) = exp(−γτ);

Leg1(τ, γ) = exp(−γτ)
(
1 − 2 exp(−2γτ)

)
;

Leg2(τ, γ) = exp(−γτ)
(
1 − 6 exp(−2γτ) + 6 exp(−4γτ)

)
;

Leg3(τ, γ) = exp(−γτ)
(
1 − 12 exp(−2γτ) + 30 exp(−4γτ) −

− 20 exp(−6γτ)
)
;

Leg4(τ, γ) = exp(−γτ)
(
1 − 20 exp(−2γτ) + 90 exp(−4γτ) −

− 140 exp(−6γτ) + 70 exp(−8γτ)
)
;

Leg5(τ, γ) = exp(−γτ)
(
1 − 30 exp(−2γτ) + 210 exp(−4γτ) −

− 560 exp(−6γτ) + 630 exp(−8γτ) − 252 exp(−10γτ)
)
.

Legk(τ, γ)

0,5

0

-0,5

-1
0 1 2 3 4 τ

Leg0

Leg1

Leg2

Leg3

Leg4

Leg5

Ðèñ. 1.6. Âèä îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 0-5
ïîðÿäêîâ; γ = 1, c = 2

[1.7] P
(1/2,0)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s×

× exp

(
−
(4s+ 3)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(1/2,0)
0 (τ, γ) = exp

(
−

3γτ

2

)
;

P
(1/2,0)
1 (τ, γ) = exp

(
−

3γτ

2

)(
3 − 5 exp(−2γτ)

)
/2;

P
(1/2,0)
2 (τ, γ) = exp

(
−

3γτ

2

)(
15 − 70 exp(−2γτ) + 63 ×

× exp(−4γτ)
)
/8;

P
(1/2,0)
3 (τ, γ) = exp

(
−

3γτ

2

)(
35 − 315 exp(−2γτ) + 693 ×

× exp(−4γτ) − 429 exp(−6γτ)
)
/16;

P
(1/2,0)
4 (τ, γ) = exp

(
−

3γτ

2

)(
315 − 4620 exp(−2γτ) + 18018 ×

× exp(−4γτ) − 25740 exp(−6γτ) + 12155 exp(−8γτ)
)
/128;

P
(1/2,0)
5 (τ, γ) = exp

(
−

3γτ

2

)(
693 − 15015 exp(−2γτ) + 45045 ×

× exp(−4γτ)− 218790 exp(−6γτ) + 230945 exp(−8γτ)− 88179×
× exp(−10γτ)

)
/256.

P
(1/2,0)
k (τ, γ)

0,5

0

-0,5

-1
0 1 2 3 4 τ

P
(1/2,0)
0

P
(1/2,0)
1

P
(1/2,0)
2

P
(1/2,0)
3

P
(1/2,0)
4

P
(1/2,0)
5

Ðèñ. 1.7. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ;
γ = 1, c = 2, α = 1/2, β = 0

[1.8] P
(1,0)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s×

× exp
(
−(s + 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(1,0)
0 (τ, γ) = exp(−γτ);

P
(1,0)
1 (τ, γ) = exp(−γτ)

(
2 − 3 exp(−γτ)

)
;

P
(1,0)
2 (τ, γ) = exp(−γτ)

(
3 − 12 exp(−γτ) + 10 exp(−2γτ)

)
;

P
(1,0)
3 (τ, γ) = exp(−γτ)

(
4 − 30 exp(−γτ) + 60 exp(−2γτ) −

− 35 exp(−3γτ)
)
;

P
(1,0)
4 (τ, γ) = exp(−γτ)

(
5 − 60 exp(−γτ) + 210 exp(−2γτ) −

− 280 exp(−3γτ) + 126 exp(−4γτ)
)
;

P
(1,0)
5 (τ, γ) = exp(−γτ)

(
6 − 105 exp(−γτ) + 560 exp(−2γτ) −

− 1260 exp(−3γτ) + 1260 exp(−4γτ) − 462 exp(−5γτ)
)
.

P
(1,0)
k (τ, γ)

0,5

0

-0,5

-1
0 1 2 3 4 τ

P
(1,0)
0

P
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Ðèñ. 1.8. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ;
γ = 1, c = 1, α = 1, β = 0
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[1.9] P
(2,0)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s×

× exp
(
−(2s + 3)γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(2,0)
0 (τ, γ) = exp(−3γτ);

P
(2,0)
1 (τ, γ) = exp(−3γτ)

(
3 − 4 exp(−2γτ)

)
;

P
(2,0)
2 (τ, γ) = exp(−3γτ)

(
6 − 20 exp(−2γτ) + 15 exp(−4γτ)

)
;

P
(2,0)
3 (τ, γ) = exp(−3γτ)

(
10 − 60 exp(−2γτ) + 105 ×

× exp(−4γτ) − 56 exp(−6γτ)
)
;

P
(2,0)
4 (τ, γ) = exp(−γτ)

(
15 − 140 exp(−2γτ) + 420 ×

× exp(−4γτ) − 504 exp(−6γτ) + 210 exp(−8γτ)
)
;

P
(2,0)
5 (τ, γ) = exp(−γτ)

(
21 − 280 exp(−2γτ) + 1260 ×

× exp(−4γτ) − 2520 exp(−6γτ) + 2310 exp(−8γτ) − 792 ×
× exp(−10γτ)

)
.

P
(2,0)
k (τ, γ)
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Ðèñ. 1.9. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ;
γ = 1, c = 2, α = 2, β = 0

[1.10] P
(α,0)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s×

× exp
(
−(2s+ α+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(α,0)
0 (τ, γ) = exp

(
−(α+ 1)cγτ/2

)
;

P
(α,0)
1 (τ, γ) = exp

(
−(α+ 1)cγτ/2

)(
α+ 1 − (α+ 2) exp(−cγτ)

)
;

P
(α,0)
2 (τ, γ) = exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)(α+ 2) − 2(α+ 2) ×

× (α+ 3) exp(−cγτ) + (α+ 3)(α+ 4) exp(−2cγτ)
)
/2;

P
(α,0)
3 (τ, γ) = exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)(α+ 2)(α+ 3) −

− 3(α+ 2)(α+ 3)(α+ 4) exp(−cγτ) + 3(α+ 3)(α+ 4)(α+ 5) ×
× exp(−2cγτ) − (α+ 4)(α+ 5)(α+ 6) exp(−3cγτ)

)
/6;

P
(α,0)
4 (τ, γ) = exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)(α+ 2)(α+ 3) ×

× (α+ 4)− 4(α+ 2)(α+ 3)(α+ 4)(α+ 5) exp(−cγτ) + 6(α+ 3)×
× (α+ 4)(α+ 5)(α+ 6) exp(−2cγτ) − 4(α+ 4)(α+ 5)(α+ 6) ×
× (α+ 7) exp(−3cγτ) + (α+ 5)(α+ 6)(α+ 7)(α+ 8) ×
× exp(−4cγτ)

)
/24;

P
(α,0)
5 (τ, γ) = exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)(α+ 2)(α+ 3) ×

× (α+ 4)(α+ 5) − 5(α+ 2)(α+ 3)(α+ 4)(α+ 5)(α+ 6) ×
× exp(−cγτ) + 10(α+ 3)(α+ 4)(α+ 5)(α+ 6)(α+ 7) ×
× exp(−2cγτ) − 10(α+ 4)(α+ 5)(α+ 6)(α+ 7)(α+ 8) ×
× exp(−3cγτ) + 5(α+ 5)(α+ 6)(α+ 7)(α+ 8)(α+ 9) ×
× exp(−4cγτ) − (α+ 6)(α+ 7)(α+ 8)(α+ 9)(α+ 10) ×
× exp(−5cγτ)

)
/120.

à)

0
1

2
3

4
α0

2

4
τ

0

0, 5

1

P
(α,0)
k (τ, γ)

á)

0
0, 4

0, 8

1, 2
1, 6

γ

0

2

4

τ

0

0, 5

1

P
(α,0)
k (τ, γ)

Ðèñ. 1.10. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α ∈ [0; 5], β = 0; á) γ ∈ (0; 2], c = 2, α = 1, β = 0

[1.11] P
(0,1)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s×

× exp
(
−(2s + 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(0,1)
0 (τ, γ) = exp(−γτ);

P
(0,1)
1 (τ, γ) = exp(−γτ)(1 − 3 exp(−2γτ));
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P
(0,1)
2 (τ, γ) = exp(−γτ)(1 − 8 exp(−2γτ) + 10 exp(−4γτ));

P
(0,1)
3 (τ, γ) = exp(−γτ)(1 − 15 exp(−2γτ) + 45 exp(−4γτ) −

− 35 exp(−6γτ));

P
(0,1)
4 (τ, γ) = exp(−γτ)(1 − 24 exp(−2γτ) + 126 exp(−4γτ) −

− 224 exp(−6γτ) + 126 exp(−8γτ));

P
(0,1)
5 (τ, γ) = exp(−γτ)(1 − 35 exp(−2γτ) + 280 exp(−4γτ) −

− 840 exp(−6γτ) + 1050 exp(−8γτ) − 462 exp(−10γτ).

P
(0,1)
k (τ, γ)

0

-5

0 1 2 3 4 τ

P
(0,1)
0

P
(0,1)
1

P
(0,1)
2

P
(0,1)
3

P
(0,1)
4

P
(0,1)
5

Ðèñ. 1.11. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ;
γ = 1, c = 2, α = 0, β = 1

[1.12] P
(0,2)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s×

× exp
(
−(2s + 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(0,2)
0 (τ, γ) = exp(−γτ);

P
(0,2)
1 (τ, γ) = exp(−γτ)(1 − 4 exp(−2γτ));

P
(0,2)
2 (τ, γ) = exp(−γτ)(1 − 10 exp(−2γτ) + 15 exp(−4γτ));

P
(0,2)
3 (τ, γ) = exp(−γτ)(1 − 18 exp(−2γτ) + 63 exp(−4γτ) −

− 56 exp(−6γτ));

P
(0,2)
4 (τ, γ) = exp(−γτ)(1 − 28 exp(−2γτ) + 168 exp(−4γτ) −

− 336 exp(−6γτ) + 210 exp(−8γτ));

P
(0,2)
5 (τ, γ) = exp(−γτ)(1 − 40 exp(−2γτ) + 360 exp(−4γτ) −

− 1200 exp(−6γτ) + 1650 exp(−8γτ) − 792 exp(−10γτ).
P

(0,2)
k (τ, γ)

10

0

-10

-21
0 1 2 3 4 τ

P
(0,2)
0

P
(0,2)
1

P
(0,2)
2

P
(0,2)
3

P
(0,2)
4

P
(0,2)
5

Ðèñ. 1.12. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ;
γ = 1, c = 2, α = 0, β = 2

[1.13] P
(0,β)
k (τ, γ) =

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s×

× exp
(
−(2s + 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ ôóíêöèé 0-5 ïîðÿäêîâ:

P
(0,β)
0 (τ, γ) = exp(−cγτ/2);

P
(0,β)
1 (τ, γ) = exp(−cγτ/2)

(
1 − (β + 2) exp(−cγτ)

)
;

P
(0,β)
2 (τ, γ) = exp(−cγτ/2)

(
1 − 2(β + 3) exp(−cγτ) + (β + 3) ×

× (β + 4) exp(−2cγτ)/2
)
;

P
(0,β)
3 (τ, γ) = exp(−cγτ/2)

(
1− 3(β +4) exp(−cγτ) + 3(β +4)×

× (β + 5) exp(−2cγτ)/2 − (β + 4)(β + 5)(β + 6) exp(−3cγτ)/6
)
;

P
(0,β)
4 (τ, γ) = exp(−cγτ/2)

(
1− 4(β +5) exp(−cγτ) + 3(β +5)×

× (β + 6) exp(−2cγτ) − 2(β + 5)(β + 6)(β + 7) ×
× exp(−3cγτ)/3 + (β + 5)(β + 6)(β + 7)(β + 8) exp(−4cγτ)/24

)
;

P
(0,β)
5 (τ, γ) = exp(−cγτ/2)

(
1− 5(β +6) exp(−cγτ) + 5(β +6)×

× (β + 7) exp(−2cγτ) − 5(β + 6)(β + 7)(β + 8) exp(−3cγτ)/3 +
+ 5(β+6)(β+7)(β+8)(β+9) exp(−4cγτ)/24− (β+6)(β+7)×
× (β + 8)(β + 9)(β + 10) exp(−5cγτ)/120

)
.

à)

0
1

2
3

4
β

0

2

4
τ

0

10

20

P
(0,β)
k (τ, γ)

á)

0

0, 4

0, 8

1, 2

1, 6
γ

0

2

4
τ

0

1

2

3

P
(0,β)
k (τ, γ)
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Ðèñ. 1.13. Âèä îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, β ∈ [0; 5], α = 0; á) γ ∈ (0; 2], c = 2, α = 0, β = 1

1.2 Àíàëèòè÷åñêèå ñîîòíîøåíèÿ

äëÿ ïðîèçâîäíûõ îðòîãîíàëü-

íûõ

ôóíêöèé

[1.14]
∂Lk(τ, γ)

∂τ
= −γ

(
k∑
s=1

(k
s

) (−γτ)s−1

(s− 1)!
+

+
1

2

k∑
s=0

(k
s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂L0(τ, γ)

∂τ
= −

γ

2
exp

(
−
γτ

2

)
;

∂L1(τ, γ)

∂τ
=
γ

2
exp

(
−
γτ

2

)
(γτ − 3);

∂L2(τ, γ)

∂τ
= −

γ

4
exp

(
−
γτ

2

)
(γ

2
τ
2 − 8γτ + 10);

∂L3(τ, γ)

∂τ
=

γ

12
exp

(
−
γτ

2

)
(γ

3
τ
3 − 15γ

2
τ
2
+ 54γτ − 42);

∂L4(τ, γ)

∂τ
= −

γ

48
exp

(
−
γτ

2

)
(γ

4
τ
4 − 24γ

3
τ
3
+ 168γ

2
τ
2 −

− 384γτ + 216);
∂L5(τ, γ)

∂τ
=

γ

240
exp

(
−
γτ

2

)
(γ

5
τ
5 − 35γ

4
τ
4
+ 400γ

3
τ
3 −

− 1800γ
2
τ
2
+ 3000γτ − 1320).

∂Lk(τ, γ)

∂τ

0

-2

-4

-6
0 1 2 3 4 τ

L0
L1

L2

L3

L4

L5

Ðèñ. 1.14. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1

[1.15]
∂2Lk(τ, γ)

∂τ2
= γ2

(
k∑
s=2

(k
s

) (−γτ)s−2

(s− 2)!
+

+

k∑
s=1

(k
s

) (−γτ)s−1

(s− 1)!
+
1

4

k∑
s=0

(k
s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂2L0(τ, γ)

∂τ2
=
γ2

4
exp

(
−
γτ

2

)
;

∂2L1(τ, γ)

∂τ2
= −

γ2

4
exp

(
−
γτ

2

)
(γτ − 5);

∂2L2(τ, γ)

∂τ2
=
γ2

8
exp

(
−
γτ

2

)
(γ

2
τ
2 − 12γτ + 26);

∂2L3(τ, γ)

∂τ2
= −

γ2

24
exp

(
−
γτ

2

)
(γ

3
τ
3 − 21γ

2
τ
2
+ 114γτ − 150);

∂2L4(τ, γ)

∂τ2
=
γ2

96
exp

(
−
γτ

2

)
(γ

4
τ
4 − 32γ

3
τ
3
+ 312γ

2
τ
2 −

− 1056γτ + 984);

∂2L5(τ, γ)

∂τ2
= −

γ2

480
exp

(
−
γτ

2

)
(γ

5
τ
5 − 45γ

4
τ
4
+ 680γ

3
τ
3 −

− 4200γ
2
τ
2
+ 10200γτ − 7320).

∂2Lk(τ, γ)

∂τ2

-5

0

5

10

15

0 1 2 3 4 τ

L0

L1

L2

L3

L4

L5

Ðèñ. 1.15. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1

[1.16]
∂3Lk(τ, γ)

∂τ3
= −γ3

(
k∑
s=3

(k
s

) (−γτ)s−3

(s− 3)!
+

+
3

2

k∑
s=2

(k
s

) (−γτ)s−2

(s− 2)!
+

3

4

k∑
s=1

(k
s

) (−γτ)s−1

(s− 1)!
+

+
1

8

k∑
s=0

(k
s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂3L0(τ, γ)

∂τ3
= −

γ3

8
exp

(
−
γτ

2

)
;

∂3L1(τ, γ)

∂τ3
=
γ3

8
exp

(
−
γτ

2

)
(γτ − 7);

∂3L2(τ, γ)

∂τ3
= −

γ3

16
exp

(
−
γτ

2

)
(γ

2
τ
2 − 16γτ + 50);

∂3L3(τ, γ)

∂τ3
=
γ3

48
exp

(
−
γτ

2

)
(γ

3
τ
3 − 27γ

2
τ
2
+ 198γτ − 378);

∂3L4(τ, γ)

∂τ3
= −

γ3

192
exp

(
−
γτ

2

)
(γ

4
τ
4 − 40γ

3
τ
3
+ 504γ

2
τ
2 −

− 2304γτ + 3096);

∂3L5(τ, γ)

∂τ3
=

γ3

960
exp

(
−
γτ

2

)
(γ

5
τ
5 − 55γ

4
τ
4
+ 1040γ

3
τ
3 −

− 8280γ
2
τ
2
+ 27000γτ − 27720).
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∂3Lk(τ, γ)

∂τ3

0

-10

-20

-30
0 1 2 3 4 τ

L0 L1

L2

L3

L4

L5

Ðèñ. 1.16. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1

[1.17]
∂nLk(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2−j×

×
k∑
s=0

(k
s

)
(−γτ)s−n+j

(s− n+ j)!
, åñëè s− n+ j ≥ 0;

0, èíà÷å.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nL0(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×


(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å.

;

∂nL1(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

;

∂nL2(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


2(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

;

∂nL3(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


3(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


3(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

;

∂nL4(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


4(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


6(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


4(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

;

∂nL5(τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


5(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


10(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


10(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


5(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)5−n+j

(5 − n+ j)!
, åñëè 5 − n+ j ≥ 0;

0, èíà÷å

.
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0

2

4
τ 0

1
2

3
4

n

−2

0

2

∂nLk(τ, γ)

∂τn

Ðèñ. 1.17. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëàãåððà 2-îãî ïîðÿäêà; n = 0..5, γ = 1

[1.18]
∂L

(1)
k (τ, γ)

∂τ
= −γ

(
k∑
s=1

(k + 1

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

2

k∑
s=0

(k + 1

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂L
(1)
0 (τ, γ)

∂τ
= −

γ

2
exp

(
−
γτ

2

)
;

∂L
(1)
1 (τ, γ)

∂τ
=
γ

2
exp

(
−
γτ

2

)
(γτ − 4);

∂L
(1)
2 (τ, γ)

∂τ
= −

γ

4
exp

(
−
γτ

2

)
(γ

2
τ
2 − 10γτ + 18);

∂L
(1)
3 (τ, γ)

∂τ
=

γ

12
exp

(
−
γτ

2

)
(γ

3
τ
3 − 18γ

2
τ
2
+ 84γτ − 96);

∂L
(1)
4 (τ, γ)

∂τ
= −

γ

48
exp

(
−
γτ

2

)
(γ

4
τ
4 − 28γ

3
τ
3
+ 240γ

2
τ
2 −

− 720γτ + 600);

∂L
(1)
5 (τ, γ)

∂τ
=

γ

240
exp

(
−
γτ

2

)
(γ

5
τ
5 − 40γ

4
τ
4
+ 540γ

3
τ
3 −

− 3000γ
2
τ
2
+ 6600γτ − 4320).

∂L
(1)
k (τ, γ)

∂τ

0

-5

-10

-15

-20
0 1 2 3 4 τ

L
(1)
0

L
(1)
1

L
(1)
2

L
(1)
3

L
(1)
4

L
(1)
5

Ðèñ. 1.18. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1, α = 1

[1.19]
∂2L

(1)
k (τ, γ)

∂τ2
= γ2

(
k∑
s=2

(k + 1

k − s

) (−γτ)s−2

(s− 2)!
+

+

k∑
s=1

(k + 1

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

4

k∑
s=0

(k + 1

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2L
(1)
0 (τ, γ)

∂τ2
=
γ2

4
exp

(
−
γτ

2

)
;

∂2L
(1)
1 (τ, γ)

∂τ2
= −

γ2

4
exp

(
−
γτ

2

)
(γτ − 6);

∂2L
(1)
2 (τ, γ)

∂τ2
=
γ2

8
exp

(
−
γτ

2

)
(γ

2
τ
2 − 14γτ + 38);

∂2L
(1)
3 (τ, γ)

∂τ2
= −

γ2

24
exp

(
−
γτ

2

)
(γ

3
τ
3 − 24γ

2
τ
2
+ 156γτ − 264);

∂2L
(1)
4 (τ, γ)

∂τ2
=
γ2

96
exp

(
−
γτ

2

)
(γ

4
τ
4 − 36γ

3
τ
3
+ 408γ

2
τ
2 −

− 1680γτ + 2040);

∂2L
(1)
5 (τ, γ)

∂τ2
= −

γ2

480
exp

(
−
γτ

2

)
(γ

5
τ
5 − 50γ

4
τ
4
+ 860γ

3
τ
3 −

− 6240γ
2
τ
2
+ 18600γτ − 17520).

∂2L
(1)
k (τ, γ)

∂τ2
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40
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Ðèñ. 1.19. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1, α = 1

[1.20]
∂3L

(1)
k (τ, γ)

∂τ3
= −γ3

(
k∑
s=3

(k + 1

k − s

) (−γτ)s−3

(s− 3)!
+

+
3

2

k∑
s=2

(k + 1

k − s

) (−γτ)s−2

(s− 2)!
+

3

4

k∑
s=1

(k + 1

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

8

k∑
s=0

(k + 1

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3L
(1)
0 (τ, γ)

∂τ3
= −

γ3

8
exp

(
−
γτ

2

)
;

∂3L
(1)
1 (τ, γ)

∂τ3
=
γ3

8
exp

(
−
γτ

2

)
(γτ − 8);

∂3L
(1)
2 (τ, γ)

∂τ3
= −

γ3

16
exp

(
−
γτ

2

)
(γ

2
τ
2 − 18γτ + 66);



18 Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ âî âðåìåííîé îáëàñòè

∂3L
(1)
3 (τ, γ)

∂τ3
=
γ3

48
exp

(
−
γτ

2

)
(γ

3
τ
3 − 30γ

2
τ
2
+ 252γτ − 576);

∂3L
(1)
4 (τ, γ)

∂τ3
= −

γ3

192
exp

(
−
γτ

2

)
(γ

4
τ
4 − 44γ

3
τ
3
+ 624γ

2
τ
2 −

− 3312γτ + 5400);

∂3L
(1)
5 (τ, γ)

∂τ3
=

γ3

960
exp

(
−
γτ

2

)
(γ

5
τ
5 − 60γ

4
τ
4
+ 1260γ

3
τ
3 −

− 11400γ
2
τ
2
+ 43560γτ − 54720).

∂3L
(1)
k (τ, γ)

∂τ3
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Ðèñ. 1.20. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1, α = 1

[1.21]
∂nL

(1)
k (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2−j×

×
k∑
s=0

(k + 1

k − s

)
(−γτ)s−n+j

(s− n+ j)!
, åñëè s− n+ j ≥ 0;

0, èíà÷å.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nL
(1)
0 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×


(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å.

;

∂nL
(1)
1 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




2(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(1)
2 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




3(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


3(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(1)
3 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




4(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


6(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


4(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(1)
4 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




5(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


10(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


10(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


5(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(1)
5 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




6(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


15(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


20(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


15(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


6(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)5−n+j

(5 − n+ j)!
, åñëè 5 − n+ j ≥ 0;

0, èíà÷å

.
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Ðèñ. 1.21. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ñîíèíà-Ëàãåððà 2-îãî ïîðÿäêà; n = 0..5, γ = 1, α = 1

[1.22]
∂L

(2)
k (τ, γ)

∂τ
= −γ

(
k∑
s=1

(k + 2

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

2

k∑
s=0

(k + 2

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂L
(2)
0 (τ, γ)

∂τ
= −

γ

2
exp

(
−
γτ

2

)
;

∂L
(2)
1 (τ, γ)

∂τ
=
γ

2
exp

(
−
γτ

2

)
(γτ − 5);

∂L
(2)
2 (τ, γ)

∂τ
= −

γ

4
exp

(
−
γτ

2

)
(γ

2
τ
2 − 12γτ + 28);

∂L
(2)
3 (τ, γ)

∂τ
=

γ

12
exp

(
−
γτ

2

)
(γ

3
τ
3 − 21γ

2
τ
2
+ 120γτ − 180);

∂L
(2)
4 (τ, γ)

∂τ
= −

γ

48
exp

(
−
γτ

2

)
(γ

4
τ
4 − 32γ

3
τ
3
+ 324γ

2
τ
2 −

− 1200γτ + 1320);

∂L
(2)
5 (τ, γ)

∂τ
=

γ

240
exp

(
−
γτ

2

)
(γ

5
τ
5 − 45γ

4
τ
4
+ 700γ

3
τ
3 −

− 4620γ
2
τ
2
+ 12600γτ − 10920).

∂L
(2)
k (τ, γ)

∂τ

-20
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Ðèñ. 1.22. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1, α = 2

[1.23]
∂2L

(2)
k (τ, γ)

∂τ2
= γ2

(
k∑
s=2

(k + 2

k − s

) (−γτ)s−2

(s− 2)!
+

+

k∑
s=1

(k + 2

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

4

k∑
s=0

(k + 2

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2L
(2)
0 (τ, γ)

∂τ2
=
γ2

4
exp

(
−
γτ

2

)
;

∂2L
(2)
1 (τ, γ)

∂τ2
= −

γ2

4
exp

(
−
γτ

2

)
(γτ − 7);

∂2L
(2)
2 (τ, γ)

∂τ2
=
γ2

8
exp

(
−
γτ

2

)
(γ

2
τ
2 − 16γτ + 52);

∂2L
(2)
3 (τ, γ)

∂τ2
= −

γ2

24
exp

(
−
γτ

2

)
(γ

3
τ
3 − 27γ

2
τ
2
+ 204γτ − 420);

∂2L
(2)
4 (τ, γ)

∂τ2
=
γ2

96
exp

(
−
γτ

2

)
(γ

4
τ
4 − 40γ

3
τ
3
+ 516γ

2
τ
2 −

− 2496γτ + 3720);

∂2L
(2)
5 (τ, γ)

∂τ2
= −

γ2

480
exp

(
−
γτ

2

)
(γ

5
τ
5 − 55γ

4
τ
4
+ 1060γ

3
τ
3 −

− 8820γ
2
τ
2
+ 31080γτ − 36120).

∂2L
(2)
k (τ, γ)

∂τ2

60

40

20

0

-20
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L
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5

Ðèñ. 1.23. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1, α = 2

[1.24]
∂3L

(2)
k (τ, γ)

∂τ3
= −γ3

(
k∑
s=3

(k + 2

k − s

) (−γτ)s−3

(s− 3)!
+

+
3

2

k∑
s=2

(k + 2

k − s

) (−γτ)s−2

(s− 2)!
+

3

4

k∑
s=1

(k + 2

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

8

k∑
s=0

(k + 2

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3L
(2)
0 (τ, γ)

∂τ3
= −

γ3

8
exp

(
−
γτ

2

)
;

∂3L
(2)
1 (τ, γ)

∂τ3
=
γ3

8
exp

(
−
γτ

2

)
(γτ − 9);

∂3L
(2)
2 (τ, γ)

∂τ3
= −

γ3

16
exp

(
−
γτ

2

)
(γ

2
τ
2 − 20γτ + 84);
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∂3L
(2)
3 (τ, γ)

∂τ3
=
γ3

48
exp

(
−
γτ

2

)
(γ

3
τ
3 − 33γ

2
τ
2
+ 312γτ − 828);

∂3L
(2)
4 (τ, γ)

∂τ3
= −

γ3

192
exp

(
−
γτ

2

)
(γ

4
τ
4 − 48γ

3
τ
3
+ 756γ

2
τ
2 −

− 4560γτ + 8712);

∂3L
(2)
5 (τ, γ)

∂τ3
=

γ3

960
exp

(
−
γτ

2

)
(γ

5
τ
5 − 65γ

4
τ
4
+ 1500γ

3
τ
3 −

− 15180γ
2
τ
2
+ 66360γτ − 98280).

∂3L
(2)
k (τ, γ)

∂τ3
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Ðèñ. 1.24. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1, α = 2

[1.25]
∂nL

(2)
k (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2−j×

×
k∑
s=0

(k + 2

k − s

)
(−γτ)s−n+j

(s− n+ j)!
, åñëè s− n+ j ≥ 0;

0, èíà÷å.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nL
(2)
0 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×


(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å.

;

∂nL
(2)
1 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




3(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(2)
2 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




6(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


4(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(2)
3 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




10(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


10(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


5(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(2)
4 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




15(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


20(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


15(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


6(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(2)
5 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




21(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


35(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


35(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


21(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


7(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)5−n+j

(5 − n+ j)!
, åñëè 5 − n+ j ≥ 0;

0, èíà÷å

.
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0

2

4
τ 0

1
2

3
4

n
−5

0

5

∂nL
(2)
k (τ, γ)

∂τn

Ðèñ. 1.25. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ñîíèíà-Ëàãåððà 2-îãî ïîðÿäêà; n = 0..5, γ = 1, α = 2

[1.26]
∂L

(α)
k (τ, γ)

∂τ
= −γ

(
k∑
s=1

(k + α

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

2

k∑
s=0

(k + α

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂L
(α)
0 (τ, γ)

∂τ
= −

γ

2
exp

(
−
γτ

2

)
;

∂L
(α)
1 (τ, γ)

∂τ
=
γ

2
exp

(
−
γτ

2

)
(γτ − α− 3);

∂L
(α)
2 (τ, γ)

∂τ
= −

γ

4
exp

(
−
γτ

2

)(
γ
2
τ
2 − 2(α+ 4)γτ + α

2
+ 10

)
;

∂L
(α)
3 (τ, γ)

∂τ
=

γ

12
exp

(
−
γτ

2

)(
γ
3
τ
3 − 3(α+ 5)γ

2
τ
2
+ 3(α

2
+

+ 9α+ 18)γτ − α
3 − 12α

2 − 41α− 42
)
;

∂L
(α)
4 (τ, γ)

∂τ
= −

γ

48
exp

(
−
γτ

2

)(
γ
4
τ
4 − 4(α+ 6)γ

3
τ
3
+

+6(α
2
+11α+28)γ

2
τ
2 −4(α

3
+15α

2
+68α+96)γτ+α

4
+18α

3
+

107α
2
+ 258α+ 216

)
;

∂L
(α)
5 (τ, γ)

∂τ
=

γ

240
exp

(
−
γτ

2

)(
γ
5
τ
5 − 5(α+ 7)γ

4
τ
4
+

+ 10(α
2
+ 13α + 40)γ

3
τ
3 − 10(α

3
+ 18α

2
+ 101α + 180)γ

2
τ
2
+

5(α
4
+ 22α

3
+ 167α

2
+ 530α + 600)γτ − α

5 − 25α
4 − 225α

3 −
935α

2 − 1814α− 1320
)
.

à)

0

2

4
τ 0

1
2

3
4

α
−15

−10

−5

0

∂L
(α)
k (τ, γ)

∂τ

á)

0

2

4

τ

0

1

2

3

4

γ

−20

−10

0

∂L
(α)
k (τ, γ)

∂τ

Ðèñ. 1.26. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 1, α ∈ [0; 5]; á) γ ∈ (0; 5], α = 1

[1.27]
∂2L

(α)
k (τ, γ)

∂τ2
= γ2

(
k∑
s=2

(k + α

k − s

) (−γτ)s−2

(s− 2)!
+

+
k∑
s=1

(k + α

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

4

k∑
s=0

(k + α

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2L
(α)
0 (τ, γ)

∂τ2
=
γ2

4
exp

(
−
γτ

2

)
;
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∂2L
(α)
1 (τ, γ)

∂τ2
= −

γ2

4
exp

(
−
γτ

2

)(
γτ − α− 5

)
;

∂2L
(α)
2 (τ, γ)

∂τ2
=
γ2

8
exp

(
−
γτ

2

)(
γ
2
τ
2 − 2(α+ 6)γτ + α

2
+ 11α+

+ 26
)
;

∂2L
(α)
3 (τ, γ)

∂τ2
= −

γ2

24
exp

(
−
γτ

2

)(
γ
3
τ
3 − 3(α+ 7)γ

2
τ
2
+ 3(α

2
+

+ 13α+ 38)γτ − α
3 − 18α

2 − 95α− 150
)
;

∂2L
(α)
4 (τ, γ)

∂τ2
=
γ2

96
exp

(
−
γτ

2

)(
γ
4
τ
4 − 4(α+ 8)γ

3
τ
3
+ 6(α

2
+

+ 15α+ 52)γ
2
τ
2 − 4(α

3
+ 21α

2
+ 134α+ 264)γτ + α

4
+ 26α

3
+

+ 227α
2
+ 802α+ 984

)
;

∂2L
(α)
5 (τ, γ)

∂τ2
= −

γ2

480
exp

(
−
γτ

2

)(
γ
5
τ
5 − 5(α+ 9)γ

4
τ
4
+ 10 ×

× (α
2
+ 17α+ 63)γ

3
τ
3 − 10(α

3
+ 24α

2
+ 179α+ 420)γ

2
τ
2
+

+ 5(α
4
+ 30α

3
+ 311α

2
+ 1338α+ 2040)γτ − α

5 − 35α
4 −

− 445α
3 − 1555α

2 − 7114α− 7320
)
.

à)

0

2

4
τ 0

1
2

3
4

α
0

5

10

∂2L
(α)
k (τ, γ)

∂τ2

á)

0

2

4

τ

0

1

2

3

4

γ

0

50

100

∂2L
(α)
k (τ, γ)

∂τ2

Ðèñ. 1.27. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 1, α ∈ [0; 5]; á) γ ∈ (0; 5], α = 1

[1.28]
∂3L

(α)
k (τ, γ)

∂τ3
= −γ3

(
k∑
s=3

(k + α

k − s

) (−γτ)s−3

(s− 3)!
+

+
3

2

k∑
s=2

(k + α

k − s

) (−γτ)s−2

(s− 2)!
+

3

4

k∑
s=1

(k + α

k − s

) (−γτ)s−1

(s− 1)!
+

+
1

8

k∑
s=0

(k + α

k − s

) (−γτ)s
s!

)
exp
(
−
γτ

2

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3L
(α)
0 (τ, γ)

∂τ3
=
γ3

8
exp

(
−
γτ

2

)
;

∂3L
(α)
1 (τ, γ)

∂τ3
= −

γ3

8
exp

(
−
γτ

2

)(
γτ − α− 7

)
;

∂3L
(α)
2 (τ, γ)

∂τ3
=
γ3

16
exp

(
−
γτ

2

)(
γ
2
τ
2 − 2(α+ 8)γτ + α

2
+ 15α+

+ 50
)
;

∂3L
(α)
3 (τ, γ)

∂τ3
= −

γ3

48
exp

(
−
γτ

2

)(
γ
3
τ
3 − 3(α+ 9)γ

2
τ
2
+ 3(α

2
+

+ 17α+ 66)γτ − α
3 − 24α

2 − 173α− 378
)
;

∂3L
(α)
4 (τ, γ)

∂τ3
=

γ3

192
exp

(
−
γτ

2

)(
γ
4
τ
4 − 4(α+ 10)γ

3
τ
3
+ 6(α

2
+

+ 19α+ 84)γ
2
τ
2 − 4(α

3
+ 27α

2
+ 224α+ 576)γτ + α

4
+ 34α

3
+

+ 395α
2
+ 1874α+ 3096

)
;

∂3L
(α)
5 (τ, γ)

∂τ3
= −

γ3

960
exp

(
−
γτ

2

)(
γ
5
τ
5 − 5(α+ 11)γ

4
τ
4
+ 10 ×

× (α
2
+ 21α+ 104)γ

3
τ
3 − 10(α

3
+ 30α

2
+ 281α+ 828)γ

2
τ
2
+

+5(α
4
+38α

3
+503α

2
+2770α+5400)γτ −α

5 − 45α
4 − 745α

3 −
− 5715α

2 − 20494α− 27720
)
.
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á)
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Ðèñ. 1.28. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 1, α ∈ [0; 5]; á) γ ∈ (0; 5], α = 1

[1.29]
∂nL

(α)
k (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2−j×

×
k∑
s=0

(k + α

k − s

)
(−γτ)s−n+j

(s− n+ j)!
, åñëè s− n+ j ≥ 0;

0, èíà÷å.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nL
(α)
0 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×


(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å.

;

∂nL
(α)
1 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(α+ 1)(−γτ)−n+j

(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(α)
2 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(α+ 1)(α+ 2)(−γτ)−n+j

2(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 2)(−γτ)1−n+j

(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(α)
3 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(α+ 3)!(−γτ)−n+j

6α!(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 2)(α+ 3)(−γτ)1−n+j

2(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 3)(−γτ)2−n+j

(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(α)
4 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×

×




(α+ 4)!(−γτ)−n+j

24α!(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 3)!(−γτ)1−n+j

6(α+ 1)!(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 3)(α+ 4)(−γτ)2−n+j

2(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 4)(−γτ)3−n+j

(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

;

∂nL
(α)
5 (τ, γ)

∂τn
= (−γ)n exp

(
−
γτ

2

) n∑
j=0

(n
j

)
2
−j ×
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×




(α+ 5)!(−γτ)−n+j

120α!(−n+ j)!
, åñëè −n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 5)!(−γτ)1−n+j

24(α+ 1)!(1 − n+ j)!
, åñëè 1 − n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 5)!(−γτ)2−n+j

6(α+ 2)!(2 − n+ j)!
, åñëè 2 − n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 4)(α+ 5)(−γτ)3−n+j

2(3 − n+ j)!
, åñëè 3 − n+ j ≥ 0;

0, èíà÷å

+

+


(α+ 5)(−γτ)4−n+j

(4 − n+ j)!
, åñëè 4 − n+ j ≥ 0;

0, èíà÷å

+

+


(−γτ)5−n+j

(5 − n+ j)!
, åñëè 5 − n+ j ≥ 0;

0, èíà÷å

.
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4
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n
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∂nL
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∂τn
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á)

0

2

4

τ
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3

4

n
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∂nL
(α)
k (τ, γ)

∂τn
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Ðèñ. 1.29. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) n = 0..5, γ = 1, α ∈ [0; 5]; á) n = 0..5,
γ ∈ (0; 5], α = 1

[1.30]
∂P

(−1/2,0)
k (τ, γ)

∂τ
= −

γ

2

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
×

× (−1)s(4s+ 1) exp

(
−
(4s+ 1)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(−1/2,0)
0 (τ, γ)

∂τ
= −

γ

2
exp

(
−
γτ

2

)
;

∂P
(−1/2,0)
1 (τ, γ)

∂τ
=
γ

4
exp

(
−
γτ

2

)(
15 exp(−2γτ) − 1

)
;

∂P
(−1/2,0)
2 (τ, γ)

∂τ
= −

γ

16
exp

(
−
γτ

2

)(
315 exp(−4γτ) −

− 150 exp(−2γτ) + 3
)
;

∂P
(−1/2,0)
3 (τ, γ)

∂τ
=

γ

32
exp

(
−
γτ

2

)(
3003 exp(−6γτ) −

− 2835 exp(−4γτ) + 525 exp(−2γτ) − 5
)
;

∂P
(−1/2,0)
4 (τ, γ)

∂τ
= −

γ

256
exp

(
−
γτ

2

)(
109395 exp(−8γτ) −

− 156156 exp(−6γτ) + 62370 exp(−4γτ) − 6300 exp(−2γτ) + 35
)
;

∂P
(−1/2,0)
5 (τ, γ)

∂τ
=

γ

512
exp

(
−
γτ

2

)(
969969 exp(−10γτ) −

− 1859715 exp(−8γτ) + 1171170 exp(−6γτ) − 270270 ×
× exp(−4γτ) + 17325 exp(−2γτ) − 63

)
.

∂P
(−1/2,0)
k (τ, γ)

∂τ

10

0
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P
(−1/2,0)
0

P
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Ðèñ. 1.30. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = −1/2, β = 0

1÷èñëîâîé ýêâèâàëåíò, õàðàêòåðèçóþùèé ïîðÿäîê êðèâîé ïðè èçìåíåíèè àíàëèçèðóåìîãî ïàðàìåòðà ñ ðàâíîìåðíûì
øàãîì â âûáðàííîì äèàïàçîíå. Íàïðèìåð, ïàðàìåòð α ∈ [0; 5]: ⟨0⟩ - êðèâàÿ ïðè çíà÷åíèè α = 0, ⟨5⟩ - êðèâàÿ ïðè çíà÷åíèè
α = 5.
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[1.31]
∂2P

(−1/2,0)
k (τ, γ)

∂τ2
=
γ2

4

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
×

× (−1)s(4s+ 1)2 exp

(
−
(4s+ 1)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(−1/2,0)
0 (τ, γ)

∂τ2
=
γ2

4
exp

(
−
γτ

2

)
;

∂2P
(−1/2,0)
1 (τ, γ)

∂τ2
= −

γ2

8
exp

(
−
γτ

2

)(
75 exp(−2γτ) − 1

)
;

∂2P
(−1/2,0)
2 (τ, γ)

∂τ2
=

3γ2

32
exp

(
−
γτ

2

)(
945 exp(−4γτ) −

− 250 exp(−2γτ) + 1
)
;

∂2P
(−1/2,0)
3 (τ, γ)

∂τ2
= −

γ2

64
exp

(
−
γτ

2

)(
39039 exp(−6γτ) −

− 25515 exp(−4γτ) + 2625 exp(−2γτ) − 5
)
;

∂2P
(−1/2,0)
4 (τ, γ)

∂τ2
=

γ2

512
exp

(
−
γτ

2

)(
1859715 exp(−8γτ) −

− 2030028 exp(−6γτ) + 561330 exp(−4γτ) − 31500 exp(−2γτ) +

+ 35
)
;

∂2P
(−1/2,0)
5 (τ, γ)

∂τ2
= −

9γ2

1024
exp

(
−
γτ

2

)(
2263261 exp(−10γτ) −

− 3512795 exp(−8γτ) + 1691690 exp(−6γτ) − 270270 ×
× exp(−4γτ) + 9625 exp(−2γτ) − 7

)
.

∂2P
(−1/2,0)
k (τ, γ)

∂τ2
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Ðèñ. 1.31. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = −1/2, β = 0

[1.32]
∂3P

(−1/2,0)
k (τ, γ)

∂τ3
= −

γ3

8

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
×

× (−1)s(4s+ 1)3 exp

(
−
(4s+ 1)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(−1/2,0)
0 (τ, γ)

∂τ3
= −

γ3

8
exp

(
−
γτ

2

)
;

∂3P
(−1/2,0)
1 (τ, γ)

∂τ3
=
γ3

16
exp

(
−
γτ

2

)(
375 exp(−2γτ) − 1

)
;

∂3P
(−1/2,0)
2 (τ, γ)

∂τ3
= −

γ3

64
exp

(
−
γτ

2

)(
25515 exp(−4γτ) −

− 1875 exp(−2γτ) + 3
)
;

∂3P
(−1/2,0)
3 (τ, γ)

∂τ3
=

γ3

128
exp

(
−
γτ

2

)(
507507 exp(−6γτ) −

− 229635 exp(−4γτ) + 13125 exp(−2γτ) − 5
)
;

∂3P
(−1/2,0)
4 (τ, γ)

∂τ3
= −

γ3

1024
exp

(
−
γτ

2

)(
31615155 exp(−8γτ) −

−26390364 exp(−6γτ)+5051970 exp(−4γτ)−157500 exp(−2γτ)+

+ 35
)
;

∂3P
(−1/2,0)
5 (τ, γ)

∂τ3
=

9γ3

2048
exp

(
−
γτ

2

)(
47528481 exp(−10γτ) −

− 59717515 exp(−8γτ) + 21991970 exp(−6γτ) − 2432430 ×
× exp(−4γτ) + 48125 exp(−2γτ) − 7

)
.

∂3P
(−1/2,0)
k (τ, γ)

∂τ3
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Ðèñ. 1.32. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = −1/2, β = 0

[1.33]
∂nP

(−1/2,0)
k (τ, γ)

∂τn
=
(
−
γ

2

)n k∑
s=0

(k
s

)
×

×
(k + s− 1/2

s− 1/2

)
(−1)s(4s+ 1)n exp

(
−
(4s+ 1)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(−1/2,0)
0 (τ, γ)

∂τn
=

(
−
γ

2

)n
exp

(
−
γτ

2

)
;

∂nP
(−1/2,0)
1 (τ, γ)

∂τn
= −

1

2

(
−
γ

2

)n
exp

(
−
γτ

2

)(
3· 5n ×

× exp(−2γτ) − 1
)
;

∂nP
(−1/2,0)
2 (τ, γ)

∂τn
=

1

8

(
−
γ

2

)n
exp

(
−
γτ

2

)(
35· 9n ×

× exp(−4γτ) − 30· 5n exp(−2γτ) + 3
)
;

∂nP
(−1/2,0)
3 (τ, γ)

∂τn
= −

1

16

(
−
γ

2

)n
exp

(
−
γτ

2

)(
231· 13n ×

× exp(−6γτ) − 315· 9n exp(−4γτ) + 105· 5n exp(−2γτ) − 5
)
;

∂nP
(−1/2,0)
4 (τ, γ)

∂τn
=

1

128

(
−
γ

2

)n
exp

(
−
γτ

2

)(
6435· 17n ×

× exp(−8γτ) − 12012· 13n exp(−6γτ) + 6930· 9n exp(−4γτ) −
− 1260· 5n exp(−2γτ) + 35

)
;

∂nP
(−1/2,0)
5 (τ, γ)

∂τn
= −

1

256

(
−
γ

2

)n
exp

(
−
γτ

2

)(
46189· 21n ×

× exp(−10γτ) − 109395· 17n exp(−8γτ) + 90090· 13n ×
× exp(−6γτ) − 30030· 9n exp(−4γτ) + 3465· 5n exp(−2γτ) − 63

)
.
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∂τn

Ðèñ. 1.33. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 2, α = −1/2,

β = 0

[1.34]
∂Legk(τ, γ)

∂τ
= −γ

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× (2s+ 1) exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂Leg0(τ, γ)

∂τ
= −γ exp(−γτ);

∂Leg1(τ, γ)

∂τ
= γ exp(−γτ)

(
6 exp(−2γτ) − 1

)
;

∂Leg2(τ, γ)

∂τ
= −γ exp(−γτ)

(
30 exp(−4γτ) − 18 exp(−2γτ) +

+ 1
)
;

∂Leg3(τ, γ)

∂τ
= γ exp(−γτ)

(
140 exp(−6γτ) − 150 exp(−4γτ) +

+ 36 exp(−2γτ) − 1
)
;

∂Leg4(τ, γ)

∂τ
= −γ exp(−γτ)

(
630 exp(−8γτ) − 980 ×

× exp(−6γτ) + 450 exp(−4γτ) − 60 exp(−2γτ) + 1
)
;

∂Leg5(τ, γ)

∂τ
= γ exp(−γτ)

(
2772 exp(−10γτ) − 5670 ×

× exp(−8γτ) + 3920 exp(−6γτ) − 1050 exp(−4γτ) + 90 ×
× exp(−2γτ) − 1

)
.

∂Legk(τ, γ)

∂τ
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Ðèñ. 1.34. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2

[1.35]
∂2Legk(τ, γ)

∂τ2
= γ2

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× (2s+ 1)2 exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂2Leg0(τ, γ)

∂τ2
= γ

2
exp(−γτ);

∂2Leg1(τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
18 exp(−2γτ) − 1

)
;

∂2Leg2(τ, γ)

∂τ2
= γ

2
exp(−γτ)

(
150 exp(−4γτ) − 54 exp(−2γτ) +

+ 1
)
;

∂2Leg3(τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
980 exp(−6γτ) − 750 ×

× exp(−4γτ) + 108 exp(−2γτ) − 1
)
;

∂2Leg4(τ, γ)

∂τ2
= γ

2
exp(−γτ)

(
5670 exp(−8γτ) − 6860 ×

× exp(−6γτ) + 2250 exp(−4γτ) − 180 exp(−2γτ) + 1
)
;

∂2Leg5(τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
30492 exp(−10γτ) − 51030 ×

× exp(−8γτ) + 27440 exp(−6γτ) − 5250 exp(−4γτ) +

+ 270 exp(−2γτ) − 1
)
.

∂2Legk(τ, γ)

∂τ2
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Ðèñ. 1.35. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2

[1.36]
∂3Legk(τ, γ)

∂τ3
= −γ3

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× (2s+ 1)3 exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂3Leg0(τ, γ)

∂τ3
= −γ3

exp(−γτ);

∂3Leg1(τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
54 exp(−2γτ) − 1

)
;

∂3Leg2(τ, γ)

∂τ3
= −γ3

exp(−γτ)
(
750 exp(−4γτ) − 162 ×

× exp(−2γτ) + 1
)
;

∂3Leg3(τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
6860 exp(−6γτ) − 3750 ×

× exp(−4γτ) + 324 exp(−2γτ) − 1
)
;

∂3Leg4(τ, γ)

∂τ3
= −γ3

exp(−γτ)
(
51030 exp(−8γτ) − 48020 ×

× exp(−6γτ) + 11250 exp(−4γτ) − 540 exp(−2γτ) + 1
)
;

∂3Leg5(τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
335412 exp(−10γτ) − 459270 ×
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× exp(−8γτ) + 192080 exp(−6γτ) − 26250 exp(−4γτ) + 810 ×
× exp(−2γτ) − 1

)
.

∂3Legk(τ, γ)

∂τ3
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Ðèñ. 1.36. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2

[1.37]
∂nLegk(τ, γ)

∂τn
= (−γ)n

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× (2s+ 1)n exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:
∂nLeg0(τ, γ)

∂τn
= (−γ)n exp(−γτ);

∂nLeg1(τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
2· 3n exp(−2γτ) − 1

)
;

∂nLeg2(τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
6· 5n exp(−4γτ) − 6· 3n ×

× exp(−2γτ) + 1
)
;

∂nLeg3(τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
20· 7n exp(−6γτ) −

− 30· 5n exp(−4γτ) + 12· 3n exp(−2γτ) − 1
)
;

∂nLeg4(τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
70· 9n exp(−8γτ) − 140· 7n ×

× exp(−6γτ) + 90· 5n exp(−4γτ) − 20· 3n exp(−2γτ) + 1
)
;

∂nLeg5(τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
252· 11n exp(−10γτ) −

− 630· 9n exp(−8γτ) + 560· 7n exp(−6γτ) − 210· 5n exp(−4γτ) +

+ 30· 3n exp(−2γτ) − 1
)
.
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∂τn

Ðèñ. 1.37. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
Ëåæàíäðà 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 2

[1.38]
∂P

(1/2,0)
k (τ, γ)

∂τ
= −

γ

2

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
×

× (−1)s(4s+ 3) exp

(
−
(4s+ 3)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(1/2,0)
0 (τ, γ)

∂τ
= −

3γ

2
exp

(
−

3γτ

2

)
;

∂P
(1/2,0)
1 (τ, γ)

∂τ
=
γ

4
exp

(
−

3γτ

2

)(
35 exp(−2γτ) − 9

)
;

∂P
(1/2,0)
2 (τ, γ)

∂τ
= −

γ

16
exp

(
−

3γτ

2

)(
693 exp(−4γτ) − 490 ×

× exp(−2γτ) + 45
)
;

∂P
(1/2,0)
3 (τ, γ)

∂τ
=

γ

32
exp

(
−

3γτ

2

)(
6435 exp(−6γτ) − 7623 ×

× exp(−4γτ) + 2205 exp(−2γτ) − 105
)
;

∂P
(1/2,0)
4 (τ, γ)

∂τ
= −

γ

256
exp

(
−

3γτ

2

)(
230945 exp(−8γτ) −

− 386100 exp(−6γτ) + 198198 exp(−4γτ) − 32340 exp(−2γτ) +

+ 945
)
;

∂P
(1/2,0)
5 (τ, γ)

∂τ
=

γ

512
exp

(
−

3γτ

2

)(
2028117 exp(−10γτ) −

− 4387955 × exp(−8γτ) + 3281850 exp(−6γτ) − 990990 ×
× exp(−4γτ) + 105105 exp(−2γτ) − 2079

)
.

∂P
(1/2,0)
k (τ, γ)
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Ðèñ. 1.38. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 1/2, β = 0

[1.39]
∂2P

(1/2,0)
k (τ, γ)

∂τ2
=
γ2

4

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
×

× (−1)s(4s+ 3)2 exp

(
−
(4s+ 3)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(1/2,0)
0 (τ, γ)

∂τ2
=

9γ2

4
exp

(
−

3γτ

2

)
;

∂2P
(1/2,0)
1 (τ, γ)

∂τ2
= −

γ2

8
exp

(
−

3γτ

2

)(
245 exp(−2γτ) − 27

)
;

∂2P
(1/2,0)
2 (τ, γ)

∂τ2
=
γ2

32
exp

(
−

3γτ

2

)(
7623 exp(−4γτ) − 3430 ×

× exp(−2γτ) + 135
)
;

∂2P
(1/2,0)
3 (τ, γ)

∂τ2
= −

γ2

64
exp

(
−

3γτ

2

)(
96525 exp(−6γτ) −

− 83853 exp(−4γτ) + 15435 exp(−2γτ) − 315
)
;
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∂2P
(1/2,0)
4 (τ, γ)

∂τ2
=

γ2

512
exp

(
−

3γτ

2

)(
4387955 exp(−8γτ) −

−1447875 exp(−6γτ)+2180178 exp(−4γτ)−226380 exp(−2γτ)+

+ 2835
)
;

∂2P
(1/2,0)
5 (τ, γ)

∂τ2
= −

9γ2

1024
exp

(
−

3γτ

2

)(
46646681 exp(−10γτ) −

− 83371145 exp(−8γτ) + 49227750 exp(−6γτ) − 10900890 ×
× exp(−4γτ) + 735735 exp(−2γτ) − 6237

)
.

∂2P
(1/2,0)
k (τ, γ)

∂τ2
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Ðèñ. 1.39. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 1/2, β = 0

[1.40]
∂3P

(1/2,0)
k (τ, γ)

∂τ3
= −

γ3

8

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
×

× (−1)s(4s+ 3)3 exp

(
−
(4s+ 3)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(1/2,0)
0 (τ, γ)

∂τ3
= −

27γ3

8
exp

(
−

3γτ

2

)
;

∂3P
(1/2,0)
1 (τ, γ)

∂τ3
=
γ3

16
exp

(
−

3γτ

2

)(
1715 exp(−2γτ) − 81

)
;

∂3P
(1/2,0)
2 (τ, γ)

∂τ3
= −

γ3

64
exp

(
−

3γτ

2

)(
83853 exp(−4γτ) −

− 24010 exp(−2γτ) + 405
)
;

∂3P
(1/2,0)
3 (τ, γ)

∂τ3
=

γ3

128
exp

(
−

3γτ

2

)(
1447875 exp(−6γτ) −

− 922383 exp(−4γτ) + 108045 exp(−2γτ) − 945
)
;

∂3P
(1/2,0)
4 (τ, γ)

∂τ3
= −

γ3

1024
exp

(
−

3γτ

2

)(
83371145 ×

× exp(−8γτ) − 86872500 exp(−6γτ) + 23981958 exp(−4γτ) −
− 1584660 exp(−2γτ) + 8505

)
;

∂3P
(1/2,0)
5 (τ, γ)

∂τ3
=

9γ3

2048
exp

(
−

3γτ

2

)(
1072873893 ×

× exp(−10γτ) − 1584051755 exp(−8γτ) + 738416250 ×
× exp(−6γτ) − 119909790 exp(−4γτ) + 5150145 exp(−2γτ) −
18711

)
.

∂3P
(1/2,0)
k (τ, γ)

∂τ3
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Ðèñ. 1.40. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 1/2, β = 0

[1.41]
∂nP

(1/2,0)
k (τ, γ)

∂τn
=
(
−
γ

2

)n k∑
s=0

(k
s

)
×

×
(k + s+ 1/2

s+ 1/2

)
(−1)s(4s+ 3)n exp

(
−
(4s+ 3)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(1/2,0)
0 (τ, γ)

∂τn
= 3

n
(
−
γ

2

)n
exp

(
−

3γτ

2

)
;

∂nP
(1/2,0)
1 (τ, γ)

∂τn
= −

1

2

(
−
γ

2

)n
exp

(
−

3γτ

2

)(
5· 7n exp(−2γτ) −

− 3· 3n
)
;

∂nP
(1/2,0)
2 (τ, γ)

∂τn
=

1

8

(
−
γ

2

)n
exp

(
−

3γτ

2

)(
63· 11n exp(−4γτ) −

− 70· 7n exp(−2γτ) + 15· 3n
)
;

∂nP
(1/2,0)
3 (τ, γ)

∂τn
= −

1

16

(
−
γ

2

)n
exp

(
−

3γτ

2

)(
429· 15n ×

× exp(−6γτ) − 693· 11n exp(−4γτ) + 315· 7n exp(−2γτ) −
− 35· 3n

)
;

∂nP
(1/2,0)
4 (τ, γ)

∂τn
=

1

128

(
−
γ

2

)n
exp

(
−

3γτ

2

)(
12155· 19n ×

× exp(−8γτ) − 25740· 15n exp(−6γτ) + 18018· 11n exp(−4γτ) −
− 4620· 7n exp(−2γτ) + 315· 3n

)
;

∂nP
(1/2,0)
5 (τ, γ)

∂τn
= −

1

256

(
−
γ

2

)n
exp

(
−

3γτ

2

)(
88179· 23n ×

× exp(−10γτ) − 230945· 19n exp(−8γτ) + 218790· 15n ×
× exp(−6γτ) − 90090· 11n exp(−4γτ) + 15015· 7n exp(−2γτ) −
693· 3n

)
.
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Ðèñ. 1.41. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 2, α = 1/2, β = 0

[1.42]
∂P

(1,0)
k (τ, γ)

∂τ
= −γ

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s×

× (s + 1) exp
(
−(s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(1,0)
0 (τ, γ)

∂τ
= −γ exp(−γτ);

∂P
(1,0)
1 (τ, γ)

∂τ
= 2γ exp(−γτ)

(
3 exp(−γτ) − 1

)
;

∂P
(1,0)
2 (τ, γ)

∂τ
= −3γ exp(−γτ)

(
10 exp(−2γτ) − 8 exp(−γτ) +

+ 1
)
;

∂P
(1,0)
3 (τ, γ)

∂τ
= 4γ exp(−γτ)

(
35 exp(−3γτ) − 45 exp(−2γτ) +

+ 15 exp(−γτ) − 1
)
;

∂P
(1,0)
4 (τ, γ)

∂τ
= −5γ exp(−γτ)

(
126 exp(−4γτ) − 224 ×

× exp(−3γτ) + 126 exp(−2γτ) − 24 exp(−γτ) + 1
)
;

∂P
(1,0)
5 (τ, γ)

∂τ
= 6γ exp(−γτ)

(
462 exp(−5γτ) − 1050 ×

× exp(−4γτ) + 840 exp(−3γτ) − 280 exp(−2γτ) + 210 ×
× exp(−γτ) − 1

)
.

∂P
(1,0)
k (τ, γ)

∂τ
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Ðèñ. 1.42. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 1, α = 1, β = 0

[1.43]
∂2P

(1,0)
k (τ, γ)

∂τ2
= γ2

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s×

× (s+ 1)2 exp
(
−(s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(1,0)
0 (τ, γ)

∂τ2
= γ

2
exp(−γτ);

∂2P
(1,0)
1 (τ, γ)

∂τ2
= −2γ

2
exp(−γτ)

(
6 exp(−γτ) − 1

)
;

∂2P
(1,0)
2 (τ, γ)

∂τ2
= 3γ

2
exp(−γτ)

(
30 exp(−2γτ) − 16 exp(−γτ) +

+ 1
)
;

∂2P
(1,0)
3 (τ, γ)

∂τ2
= −4γ

2
exp(−γτ)

(
140 exp(−3γτ) − 135 ×

× exp(−2γτ) + 30 exp(−γτ) − 1
)
;

∂2P
(1,0)
4 (τ, γ)

∂τ2
= 5γ

2
exp(−γτ)

(
630 exp(−4γτ) − 896 ×

× exp(−3γτ) + 378 exp(−2γτ) − 48 exp(−γτ) + 1
)
;

∂2P
(1,0)
5 (τ, γ)

∂τ2
= −6γ

2
exp(−γτ)

(
2772 exp(−5γτ) − 5250 ×

× exp(−4γτ) + 3360 exp(−3γτ) − 840 exp(−2γτ) + 70 ×
× exp(−γτ) − 1

)
.

∂2P
(1,0)
k (τ, γ)

∂τ2
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Ðèñ. 1.43. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 1, α = 1, β = 0

[1.44]
∂3P

(1,0)
k (τ, γ)

∂τ3
= −γ3

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s×

× (s+ 1)3 exp
(
−(s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(1,0)
0 (τ, γ)

∂τ3
= −γ3

exp(−γτ);

∂3P
(1,0)
1 (τ, γ)

∂τ3
= 2γ

3
exp(−γτ)

(
12 exp(−γτ) − 1

)
;

∂3P
(1,0)
2 (τ, γ)

∂τ3
= −3γ

3
exp(−γτ)

(
90 exp(−2γτ) − 32 ×

× exp(−γτ) + 1
)
;

∂3P
(1,0)
3 (τ, γ)

∂τ3
= 4γ

3
exp(−γτ)

(
560 exp(−3γτ) − 405 ×

× exp(−2γτ) + 60 exp(−γτ) − 1
)
;

∂3P
(1,0)
4 (τ, γ)

∂τ3
= −5γ

3
exp(−γτ)

(
3150 exp(−4γτ) − 3584 ×

× exp(−3γτ) + 1134 exp(−2γτ) − 96 exp(−γτ) + 1
)
;
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∂3P
(1,0)
5 (τ, γ)

∂τ3
= 6γ

3
exp(−γτ)

(
16632 exp(−5γτ) − 26250 ×

× exp(−4γτ) + 13440 exp(−3γτ) − 2520 exp(−2γτ) + 140 ×
× exp(−γτ) − 1

)
.

∂3P
(1,0)
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∂τ3
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Ðèñ. 1.44. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 1, α = 1, β = 0

[1.45]
∂nP

(1,0)
k (τ, γ)

∂τn
= (−γ)n

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
×

× (−1)s(s+ 1)n exp
(
−(s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(1,0)
0 (τ, γ)

∂τn
= (−γ)n exp(−γτ);

∂nP
(1,0)
1 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
3· 2n exp(−γτ) − 2

)
;

∂nP
(1,0)
2 (τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
10· 3n exp(−2γτ) − 12· 2n ×

× exp(−γτ) + 3
)
;

∂nP
(1,0)
3 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
35· 4n exp(−3γτ) −

− 60· 3n exp(−2γτ) + 30· 2n exp(−γτ) − 4
)
;

∂nP
(1,0)
4 (τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
126· 5n exp(−4γτ) −

− 280· 4n exp(−3γτ) + 210· 3n exp(−2γτ) − 60· 2n exp(−γτ) +
+ 5

)
;

∂nP
(1,0)
5 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
462· 6n exp(−5γτ) −

− 1260· 5n exp(−4γτ) + 1260· 4n exp(−3γτ) − 560· 3n ×
× exp(−2γτ) + 105· 2n exp(−γτ) − 1

)
.
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∂nP
(1,0)
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∂τn

Ðèñ. 1.45. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 1, α = 1, β = 0

[1.46]
∂P

(2,0)
k (τ, γ)

∂τ
= −γ

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s×

× (2s+ 3) exp
(
−(2s+ 3)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(2,0)
0 (τ, γ)

∂τ
= −3γ exp(−3γτ);

∂P
(2,0)
1 (τ, γ)

∂τ
= γ exp(−3γτ)

(
20 exp(−2γτ) − 9

)
;

∂P
(2,0)
2 (τ, γ)

∂τ
= −γ exp(−3γτ)

(
105 exp(−4γτ) − 100 ×

× exp(−2γτ) + 18
)
;

∂P
(2,0)
3 (τ, γ)

∂τ
= γ exp(−3γτ)

(
504 exp(−6γτ) − 735 ×

× exp(−4γτ) + 300 exp(−2γτ) − 30
)
;

∂P
(2,0)
4 (τ, γ)

∂τ
= −γ exp(−3γτ)

(
2310 exp(−8γτ) − 4536 ×

× exp(−6γτ) + 2940 exp(−4γτ) − 700 exp(−2γτ) + 45
)
;

∂P
(2,0)
5 (τ, γ)

∂τ
= γ exp(−3γτ)

(
10296 exp(−10γτ) − 25410 ×

× exp(−8γτ) + 22680 exp(−6γτ) − 8820 exp(−4γτ) + 1400 ×
× exp(−2γτ) − 63

)
.

∂P
(2,0)
k (τ, γ)

∂τ
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Ðèñ. 1.46. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 2, β = 0
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[1.47]
∂2P

(2,0)
k (τ, γ)

∂τ2
= γ2

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s×

× (2s+ 3)2 exp
(
−(2s+ 3)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(2,0)
0 (τ, γ)

∂τ2
= 9γ

2
exp(−3γτ);

∂2P
(2,0)
1 (τ, γ)

∂τ2
= −γ2

exp(−3γτ)
(
100 exp(−2γτ) − 27

)
;

∂2P
(2,0)
2 (τ, γ)

∂τ2
= γ

2
exp(−3γτ)

(
735 exp(−4γτ) − 500 ×

× exp(−2γτ) + 54
)
;

∂2P
(2,0)
3 (τ, γ)

∂τ2
= −γ2

exp(−3γτ)
(
4536 exp(−6γτ) − 5145 ×

× exp(−4γτ) + 1500 exp(−2γτ) − 90
)
;

∂2P
(2,0)
4 (τ, γ)

∂τ2
= γ

2
exp(−3γτ)

(
25410 exp(−8γτ) − 40824 ×

× exp(−6γτ) + 20580 exp(−4γτ) − 3500 exp(−2γτ) + 135
)
;

∂2P
(2,0)
5 (τ, γ)

∂τ2
= −γ2

exp(−3γτ)
(
133848 exp(−10γτ) −

− 279510 exp(−8γτ) + 204120 exp(−6γτ) − 61740 ×
× exp(−4γτ) + 7000 exp(−2γτ) − 189

)
.

∂2P
(2,0)
k (τ, γ)

∂τ2
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Ðèñ. 1.47. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 2, β = 0

[1.48]
∂3P

(2,0)
k (τ, γ)

∂τ3
= −γ3

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s×

× (2s+ 3)3 exp
(
−(2s+ 3)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(2,0)
0 (τ, γ)

∂τ3
= −27γ

3
exp(−3γτ);

∂3P
(2,0)
1 (τ, γ)

∂τ3
= γ

3
exp(−3γτ)

(
500 exp(−2γτ) − 81

)
;

∂3P
(2,0)
2 (τ, γ)

∂τ3
= −γ3

exp(−3γτ)
(
5145 exp(−4γτ) − 2500 ×

× exp(−2γτ) + 162
)
;

∂3P
(2,0)
3 (τ, γ)

∂τ3
= γ

3
exp(−3γτ)

(
40824 exp(−6γτ) − 36015 ×

× exp(−4γτ) + 7500 exp(−2γτ) − 270
)
;

∂3P
(2,0)
4 (τ, γ)

∂τ3
= −γ3

exp(−3γτ)
(
279510 exp(−8γτ) −

− 367416 exp(−6γτ) + 144060 exp(−4γτ) − 17500 exp(−2γτ) +

+ 405
)
;

∂3P
(2,0)
5 (τ, γ)

∂τ3
= γ

3
exp(−3γτ)

(
1740024 exp(−10γτ) −

− 3074610 exp(−8γτ) + 1837080 exp(−6γτ) − 432180 ×
× exp(−4γτ) + 35000 exp(−2γτ) − 567

)
.

∂3P
(2,0)
k (τ, γ)

∂τ3
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Ðèñ. 1.48. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 2, β = 0

[1.49]
∂nP

(2,0)
k (τ, γ)

∂τn
= (−γ)n

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
×

× (−1)s(2s+ 3)n exp
(
−(2s+ 3)γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(2,0)
0 (τ, γ)

∂τn
= (−3γ)

n
exp(−3γτ);

∂nP
(2,0)
1 (τ, γ)

∂τn
= −(−γ)n exp(−3γτ)

(
4· 5n exp(−2γτ) −

− 3· 3n
)
;

∂nP
(2,0)
2 (τ, γ)

∂τn
= (−γ)n exp(−3γτ)

(
15· 7n exp(−4γτ) −

− 20· 5n exp(−2γτ) + 6· 3n
)
;

∂nP
(2,0)
3 (τ, γ)

∂τn
= −(−γ)n exp(−3γτ)

(
56· 9n exp(−6γτ) −

− 105· 7n exp(−4γτ) + 60· 5n exp(−2γτ) − 10· 3n
)
;

∂nP
(2,0)
4 (τ, γ)

∂τn
= (−γ)n exp(−3γτ)

(
210· 11n exp(−8γτ) −

− 504· 9n exp(−6γτ) + 420· 7n exp(−4γτ) − 140· 5n exp(−2γτ) +

+ 15· 3n
)
;

∂nP
(2,0)
5 (τ, γ)

∂τn
= −(−γ)n exp(−3γτ)

(
792· 13n exp(−10γτ) −

− 2310· 11n exp(−8γτ) + 2520· 9n exp(−6γτ) − 1260· 7n ×
× exp(−4γτ) + 280· 5n exp(−2γτ) − 21· 3n

)
.
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Ðèñ. 1.49. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 2, α = 2, β = 0

[1.50]
∂P

(α,0)
k (τ, γ)

∂τ
= −

cγ

2

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s×

× (2s+ α+ 1) exp
(
−(2s+ α+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(α,0)
0 (τ, γ)

∂τ
= −

(α+ 1)cγ

2
exp

(
−(α+ 1)cγτ/2

)
;

∂P
(α,0)
1 (τ, γ)

∂τ
= −

cγ

2
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

2 − (α+ 2) ×

× (α+ 3) exp(−cγτ)
)
;

∂P
(α,0)
2 (τ, γ)

∂τ
= −

cγ

4
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

2
(α+ 2) −

−2(α+2)(α+3)
2
exp(−cγτ)+(α+3)(α+4)(α+5) exp(−2cγτ)

)
;

∂P
(α,0)
3 (τ, γ)

∂τ
= −

cγ

12
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

2
(α+ 2) ×

× (α+3)− 3(α+2)(α+3)
2
(α+4) exp(−cγτ)+ 3(α+3)(α+4)×

× (α+5)
2
exp(−2cγτ)− (α+4)(α+5)(α+6)(α+7) exp(−3cγτ)

)
;

∂P
(α,0)
4 (τ, γ)

∂τ
= −

cγ

48
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

2
(α+ 2) ×

× (α+ 3)(α+ 4) − 4(α+ 2)(α+ 3)
2
(α+ 4)(α+ 5) exp(−cγτ) +

+ 6(α+ 3)(α+ 4)(α+ 5)
2
(α+ 6) exp(−2cγτ) − 4(α+ 4) ×

× (α+ 5)(α+ 6)(α+ 7)
2
exp(−3cγτ) + (α+ 5)(α+ 6)(α+ 7) ×

× (α+ 8)(α+ 9) exp(−4cγτ)
)
;

∂P
(α,0)
5 (τ, γ)

∂τ
= −

cγ

240
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

2 ×

× (α+ 2)(α+ 3)(α+ 4)(α+ 5) − 5(α+ 2)(α+ 3)
2
(α+ 4) ×

× (α+ 5)(α+ 6) exp(−cγτ) + 10(α+ 3)(α+ 4)(α+ 5)
2 ×

× (α+ 6)(α+ 7) exp(−2cγτ) − 10(α+ 4)(α+ 5)(α+ 6) ×
× (α+ 7)

2
(α+ 8) exp(−3cγτ) + 5(α+ 5)(α+ 6)(α+ 7)(α+ 8) ×

× (α+ 9)
2
exp(−4cγτ) − (α+ 6)(α+ 7)(α+ 8)(α+ 9) ×

× (α+ 10)(α+ 11) exp(−5cγτ)
)
.

à)

0

2

4
τ 0

1
2

3
4

α

−5

0

∂P
(α,0)
k (τ, γ)

∂τ

á)

0

2

4

τ

0

0, 4
0, 8
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1, 6
γ

−30

−20

−10

0

∂P
(α,0)
k (τ, γ)

∂τ

Ðèñ. 1.50. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α ∈ [0; 5], β = 0; á) γ ∈ (0; 2],
c = 2, α = 1, β = 0

[1.51]
∂2P

(α,0)
k (τ, γ)

∂τ2
=
c2γ2

4

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s(2s+ α+ 1)2 exp
(
−(2s+ α+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(α,0)
0 (τ, γ)

∂τ2
=

(α+ 1)2c2γ2

4
exp

(
−(α+ 1)cγτ/2

)
;

∂2P
(α,0)
1 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−(α+1)cγτ/2

)(
(α+1)

3 − (α+2)×

× (α+ 3)
2
exp(−cγτ)

)
;

∂2P
(α,0)
2 (τ, γ)

∂τ2
=
c2γ2

8
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

3
(α+ 2) −
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− 2(α+ 2)(α+ 3)
3
exp(−cγτ) + (α+ 3)(α+ 4)(α+ 5)

2 ×
× exp(−2cγτ)

)
;

∂2P
(α,0)
3 (τ, γ)

∂τ2
=
c2γ2

24
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

3
(α+ 2) ×

× (α+ 3) − 3(α+ 2)(α+ 3)
3
(α+ 4) exp(−cγτ) + 3(α+ 3) ×

× (α+ 4)(α+ 5)
3
exp(−2cγτ) − (α+ 4)(α+ 5)(α+ 6)(α+ 7)

2 ×
× exp(−3cγτ)

)
;

∂2P
(α,0)
4 (τ, γ)

∂τ2
=
c2γ2

96
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

3
(α+ 2) ×

× (α+ 3)(α+ 4) − 4(α+ 2)(α+ 3)
3
(α+ 4)(α+ 5) exp(−cγτ) +

+ 6(α+ 3)(α+ 4)(α+ 5)
3
(α+ 6) exp(−2cγτ)− 4(α+ 4)(α+ 5)×

× (α+ 6)(α+ 7)
3
exp(−3cγτ) + (α+ 5)(α+ 6)(α+ 7)(α+ 8) ×

× (α+ 9)
2
exp(−4cγτ)

)
;

∂2P
(α,0)
5 (τ, γ)

∂τ2
=
c2γ2

480
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

3
(α+ 2) ×

× (α+3)(α+4)(α+5)− 5(α+2)(α+3)
3
(α+4)(α+5)(α+6)×

× exp(−cγτ) + 10(α+ 3)(α+ 4)(α+ 5)
3
(α+ 6)(α+ 7) ×

× exp(−2cγτ) − 10(α+ 4)(α+ 5)(α+ 6)(α+ 7)
3
(α+ 8) ×

× exp(−3cγτ) + 5(α+ 5)(α+ 6)(α+ 7)(α+ 8)(α+ 9)
3 ×

× exp(−4cγτ)− (α+ 6)(α+ 7)(α+ 8)(α+ 9)(α+ 10)(α+ 11)
2 ×

× exp(−5cγτ)
)
.

à)
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4 τ 0
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2
3

4
α
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0

∂2P
(α,0)
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∂2P
(α,0)
k (τ, γ)
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Ðèñ. 1.51. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α ∈ [0; 5], β = 0; á) γ ∈ (0; 2],
c = 2, α = 1, β = 0

[1.52]
∂3P

(α,0)
k (τ, γ)

∂τ3
= −

c3γ3

8

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s(2s+ α+ 1)3 exp
(
−(2s+ α+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(α,0)
0 (τ, γ)

∂τ3
= −

(α+ 1)3c3γ3

8
exp

(
−(α+ 1)cγτ/2

)
;

∂3P
(α,0)
1 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

4 −

− (α+ 2)(α+ 3)
3
exp(−cγτ)

)
;

∂3P
(α,0)
2 (τ, γ)

∂τ3
= −

c3γ3

16
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

4
(α+ 2)−

− 2(α+ 2)(α+ 3)
4
exp(−cγτ) + (α+ 3)(α+ 4)(α+ 5)

3 ×
× exp(−2cγτ)

)
;

∂3P
(α,0)
3 (τ, γ)

∂τ3
= −

c3γ3

48
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

4
(α+ 2)×

× (α+3)− 3(α+2)(α+3)
4
(α+4) exp(−cγτ)+ 3(α+3)(α+4)×

× (α+ 5)
4
exp(−2cγτ) − (α+ 4)(α+ 5)(α+ 6)(α+ 7)

3 ×
× exp(−3cγτ)

)
;

∂3P
(α,0)
4 (τ, γ)

∂τ3
= −

c3γ3

192
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

4
(α+ 2)×

× (α+ 3)(α+ 4) − 4(α+ 2)(α+ 3)
4
(α+ 4)(α+ 5) exp(−cγτ) +

+ 6(α+ 3)(α+ 4)(α+ 5)
4
(α+ 6) exp(−2cγτ)− 4(α+ 4)(α+ 5)×

× (α+ 6)(α+ 7)
4
exp(−3cγτ) + (α+ 5)(α+ 6)(α+ 7)(α+ 8) ×

× (α+ 9)
3
exp(−4cγτ)

)
;

∂3P
(α,0)
5 (τ, γ)

∂τ3
= −

c3γ3

960
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

4
(α+ 2)×

× (α+3)(α+4)(α+5)− 5(α+2)(α+3)
4
(α+4)(α+5)(α+6)×

× exp(−cγτ) + 10(α+ 3)(α+ 4)(α+ 5)
4
(α+ 6)(α+ 7) ×

× exp(−2cγτ) − 10(α+ 4)(α+ 5)(α+ 6)(α+ 7)
4
(α+ 8) ×

× exp(−3cγτ) + 5(α+ 5)(α+ 6)(α+ 7)(α+ 8)(α+ 9)
4 ×

× exp(−4cγτ)− (α+ 6)(α+ 7)(α+ 8)(α+ 9)(α+ 10)(α+ 11)
3 ×

× exp(−5cγτ)
)
.
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à)
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0

∂3P
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k (τ, γ)

∂τ3
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Ðèñ. 1.52. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α ∈ [0; 5], β = 0; á) γ ∈ (0; 2],
c = 2, α = 1, β = 0

[1.53]
∂nP

(α,0)
k (τ, γ)

∂τn
=
(
−
cγ

2

)n k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s(2s+ α+ 1)n exp
(
−(2s+ α+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(α,0)
0 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−(α+ 1)cγτ/2

)
;

∂nP
(α,0)
1 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

n+1 −

− (α+ 2)(α+ 3)
n
exp(−cγτ)

)
;

∂nP
(α,0)
2 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

n+1 ×

×(α+2)−2(α+2)(α+3)
n+1

exp(−cγτ)+(α+3)(α+4)(α+5)
n×

× exp(−2cγτ)
)
;

∂nP
(α,0)
3 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

n+1 ×

× (α+ 2)(α+ 3) − 3(α+ 2)(α+ 3)
n+1

(α+ 4) exp(−cγτ) + 3 ×
× (α+3)(α+4)(α+5)

n+1
exp(−2cγτ)− (α+4)(α+5)(α+6)×

× (α+ 7)
n
exp(−3cγτ)

)
;

∂nP
(α,0)
4 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

n+1 ×

× (α+ 2)(α+ 3)(α+ 4) − 4(α+ 2)(α+ 3)
n+1

(α+ 4)(α+ 5) ×
× exp(−cγτ) + 6(α+ 3)(α+ 4)(α+ 5)

n+1
(α+ 6) exp(−2cγτ) −

− 4(α+4)(α+5)(α+6)(α+7)
n+1

exp(−3cγτ)+ (α+5)(α+6)×
× (α+ 7)(α+ 8)(α+ 9)

n
exp(−4cγτ)

)
;

∂nP
(α,0)
5 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−(α+ 1)cγτ/2

)(
(α+ 1)

n+1 ×

× (α+ 2)(α+ 3)(α+ 4)(α+ 5) − 5(α+ 2)(α+ 3)
n+1

(α+ 4) ×
× (α+5)(α+6) exp(−cγτ)+10(α+3)(α+4)(α+5)

n+1
(α+6)×

× (α+ 7) exp(−2cγτ) − 10(α+ 4)(α+ 5)(α+ 6)(α+ 7)
n+1 ×

× (α+8) exp(−3cγτ)+5(α+5)(α+6)(α+7)(α+8)(α+9)
n+1 ×

× exp(−4cγτ)− (α+ 6)(α+ 7)(α+ 8)(α+ 9)(α+ 10)(α+ 11)
n ×

× exp(−5cγτ)
)
.
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à)

0

2

4
τ 0

1

2

3

4

n

0
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∂nP
(α,0)
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0
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0
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4
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∂nP
(α,0)
k (τ, γ)

∂τn
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Ðèñ. 1.53. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) n = 0..5, γ = 0, 25, c = 2, α ∈ [0; 5], β = 0; á)
n = 0..5, γ ∈ (0; 2], c = 2, α = 1, β = 0

[1.54]
∂P

(0,1)
k (τ, γ)

∂τ
= −γ

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s×

× (2s+ 1) exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(0,1)
0 (τ, γ)

∂τ
= −γ exp(−γτ);

∂P
(0,1)
1 (τ, γ)

∂τ
= γ exp(−γτ)

(
9 exp(−2γτ) − 1

)
;

∂P
(0,1)
2 (τ, γ)

∂τ
= −γ exp(−γτ)

(
50 exp(−4γτ) − 24 exp(−2γτ) +

+ 1
)
;

∂P
(0,1)
3 (τ, γ)

∂τ
= γ exp(−γτ)

(
245 exp(−6γτ) − 225 exp(−4γτ) +

+ 45 exp(−2γτ) − 1
)
;

∂P
(0,1)
4 (τ, γ)

∂τ
= −γ exp(−γτ)

(
1134 exp(−8γτ) − 1568 ×

× exp(−6γτ) + 630 exp(−4γτ) − 72 exp(−2γτ) + 1
)
;

∂P
(0,1)
5 (τ, γ)

∂τ
= γ exp(−γτ)

(
5082 exp(−10γτ) − 9450 ×

× exp(−8γτ) + 5880 exp(−6γτ) − 1400 exp(−4γτ) + 105 ×
× exp(−2γτ) − 1

)
.

∂P
(0,1)
k (τ, γ)

∂τ
40
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-20

-40
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P
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0

P
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P
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2

P
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3

P
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4

P
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5

Ðèñ. 1.54. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 0, β = 1

[1.55]
∂2P

(0,1)
k (τ, γ)

∂τ2
= γ2

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s×

× (2s+ 1)2 exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(0,1)
0 (τ, γ)

∂τ2
= γ

2
exp(−γτ);

∂2P
(0,1)
1 (τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
27 exp(−2γτ) − 1

)
;

∂2P
(0,1)
2 (τ, γ)

∂τ2
= γ

2
exp(−γτ)

(
250 exp(−4γτ) − 72 ×

× exp(−2γτ) + 1
)
;

∂2P
(0,1)
3 (τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
1715 exp(−6γτ) − 1125 ×

× exp(−4γτ) + 135 exp(−2γτ) − 1
)
;

∂2P
(0,1)
4 (τ, γ)

∂τ2
= γ

2
exp(−γτ)

(
10206 exp(−8γτ) − 10976 ×
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× exp(−6γτ) + 3150 exp(−4γτ) − 216 exp(−2γτ) + 1
)
;

∂2P
(0,1)
5 (τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
55902 exp(−10γτ) − 85050 ×

× exp(−8γτ) + 41160 exp(−6γτ) − 7000 exp(−4γτ) + 315 ×
× exp(−2γτ) − 1

)
.

∂2P
(0,1)
k (τ, γ)

∂τ2
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0

-100

-200

-300

-400
0 1 2 3 4 τ

P
(0,1)
0

P
(0,1)
1

P
(0,1)
2

P
(0,1)
3

P
(0,1)
4

P
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Ðèñ. 1.55. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 0, β = 1

[1.56]
∂3P

(0,1)
k (τ, γ)

∂τ3
= −γ3

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s×

× (2s+ 1)3 exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(0,1)
0 (τ, γ)

∂τ3
= −γ3

exp(−γτ);

∂3P
(0,1)
1 (τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
81 exp(−2γτ) − 1

)
;

∂3P
(0,1)
2 (τ, γ)

∂τ3
= −γ3

exp(−γτ)
(
1250 exp(−4γτ) − 216 ×

× exp(−2γτ) + 1
)
;

∂3P
(0,1)
3 (τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
12005 exp(−6γτ) − 5625 ×

× exp(−4γτ) + 405 exp(−2γτ) − 1
)
;

∂3P
(0,1)
4 (τ, γ)

∂τ3
= −γ3

exp(−γτ)
(
91854 exp(−8γτ) − 76832 ×

× exp(−6γτ) + 15750 exp(−4γτ) − 648 exp(−2γτ) + 1
)
;

∂3P
(0,1)
5 (τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
614922 exp(−10γτ) −

− 765450 exp(−8γτ) + 288120 exp(−6γτ) − 35000 exp(−4γτ) +

+ 945 exp(−2γτ) − 1
)
.

∂3P
(0,1)
k (τ, γ)

∂τ3
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P
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Ðèñ. 1.56. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 0, β = 1

[1.57]
∂nP

(0,1)
k (τ, γ)

∂τn
= (−γ)n

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

× (−1)s(2s+ 1)n exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(0,1)
0 (τ, γ)

∂τn
= (−γ)n exp(−γτ);

∂nP
(0,1)
1 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
3· 3n exp(−2γτ) − 1

)
;

∂nP
(0,1)
2 (τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
10· 5n exp(−4γτ) − 8· 3n ×

× exp(−2γτ) + 1
)
;

∂nP
(0,1)
3 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
35· 7n exp(−6γτ) −

− 45· 5n exp(−4γτ) + 15· 3n exp(−2γτ) − 1
)
;

∂nP
(0,1)
4 (τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
126· 9n exp(−8γτ) −

− 224· 7n exp(−6γτ) + 126· 5n exp(−4γτ) − 24· 3n exp(−2γτ) +

+ 1
)
;

∂nP
(0,1)
5 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
462· 11n exp(−10γτ) −

− 1050· 9n exp(−8γτ) + 840· 7n exp(−6γτ)− 280· 5n exp(−4γτ) +

+ 35· 3n exp(−2γτ) − 1
)
.

0
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4
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Ðèñ. 1.57. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 2, α = 0, β = 1

[1.58]
∂P

(0,2)
k (τ, γ)

∂τ
= −γ

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s×

× (2s+ 1) exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(0,2)
0 (τ, γ)

∂τ
= −γ exp(−γτ);

∂P
(0,2)
1 (τ, γ)

∂τ
= γ exp(−γτ)

(
12 exp(−2γτ) − 1

)
;

∂P
(0,2)
2 (τ, γ)

∂τ
= −γ exp(−γτ)

(
75 exp(−4γτ) − 30 exp(−2γτ) +
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+ 1
)
;

∂P
(0,2)
3 (τ, γ)

∂τ
= γ exp(−γτ)

(
392 exp(−6γτ) − 315 exp(−4γτ) +

+ 54 exp(−2γτ) − 1
)
;

∂P
(0,2)
4 (τ, γ)

∂τ
= −γ exp(−γτ)

(
1890 exp(−8γτ) − 2352 ×

× exp(−6γτ) + 840 exp(−4γτ) − 84 exp(−2γτ) + 1
)
;

∂P
(0,2)
5 (τ, γ)

∂τ
= γ exp(−γτ)

(
8712 exp(−10γτ) − 14850 ×

× exp(−8γτ) + 8400 exp(−6γτ) − 1800 exp(−4γτ) + 120 ×
× exp(−2γτ) − 1

)
.

∂P
(0,2)
k (τ, γ)

∂τ

100
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P
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Ðèñ. 1.58. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 0, β = 2

[1.59]
∂2P

(0,2)
k (τ, γ)

∂τ2
= γ2

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s×

× (2s+ 1)2 exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(0,2)
0 (τ, γ)

∂τ2
= γ

2
exp(−γτ);

∂2P
(0,2)
1 (τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
36 exp(−2γτ) − 1

)
;

∂2P
(0,2)
2 (τ, γ)

∂τ2
= γ

2
exp(−γτ)

(
375 exp(−4γτ) − 90 ×

× exp(−2γτ) + 1
)
;

∂2P
(0,2)
3 (τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
2744 exp(−6γτ) − 1575 ×

× exp(−4γτ) + 162 exp(−2γτ) − 1
)
;

∂2P
(0,2)
4 (τ, γ)

∂τ2
= γ

2
exp(−γτ)

(
17010 exp(−8γτ) − 16464 ×

× exp(−6γτ) + 4200 exp(−4γτ) − 252 exp(−2γτ) + 1
)
;

∂2P
(0,2)
5 (τ, γ)

∂τ2
= −γ2

exp(−γτ)
(
95832 exp(−10γτ) − 133650 ×

× exp(−8γτ) + 58800 exp(−6γτ) − 9000 exp(−4γτ) + 360 ×
× exp(−2γτ) − 1

)
.

∂2P
(0,2)
k (τ, γ)

∂τ2
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P
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5

Ðèñ. 1.59. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 0, β = 2

[1.60]
∂3P

(0,2)
k (τ, γ)

∂τ3
= −γ3

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s×

× (2s+ 1)3 exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(0,2)
0 (τ, γ)

∂τ3
= −γ3

exp(−γτ);

∂3P
(0,2)
1 (τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
108 exp(−2γτ) − 1

)
;

∂3P
(0,2)
2 (τ, γ)

∂τ3
= −γ3

exp(−γτ)
(
1875 exp(−4γτ) − 270 ×

× exp(−2γτ) + 1
)
;

∂3P
(0,2)
3 (τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
19208 exp(−6γτ) − 7875 ×

× exp(−4γτ) + 486 exp(−2γτ) − 1
)
;

∂3P
(0,2)
4 (τ, γ)

∂τ3
= −γ3

exp(−γτ)
(
153090 exp(−8γτ) − 115248 ×

× exp(−6γτ) + 21000 exp(−4γτ) − 756 exp(−2γτ) + 1
)
;

∂3P
(0,2)
5 (τ, γ)

∂τ3
= γ

3
exp(−γτ)

(
1054152 exp(−10γτ) −

− 1202850 exp(−8γτ) + 411600 exp(−6γτ) − 45000 exp(−4γτ) +

+ 1080 exp(−2γτ) − 1
)
.

∂3P
(0,2)
k (τ, γ)

∂τ3
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Ðèñ. 1.60. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2, α = 0, β = 2
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[1.61]
∂nP

(0,2)
k (τ, γ)

∂τn
= (−γ)n

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

× (−1)s(2s+ 1)n exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(0,2)
0 (τ, γ)

∂τn
= (−γ)n exp(−γτ);

∂nP
(0,2)
1 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
4· 3n exp(−2γτ) − 1

)
;

∂nP
(0,2)
2 (τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
15· 5n exp(−4γτ) − 10· 3n ×

× exp(−2γτ) + 1
)
;

∂nP
(0,2)
3 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
56· 7n exp(−6γτ) −

− 63· 5n exp(−4γτ) + 18· 3n exp(−2γτ) − 1
)
;

∂nP
(0,2)
4 (τ, γ)

∂τn
= (−γ)n exp(−γτ)

(
210· 9n exp(−8γτ) −

− 336· 7n exp(−6γτ) + 168· 5n exp(−4γτ) − 28· 3n exp(−2γτ) +

+ 1
)
;

∂nP
(0,2)
5 (τ, γ)

∂τn
= −(−γ)n exp(−γτ)

(
792· 11n exp(−10γτ) −

−1650· 9n exp(−8γτ)+1200· 7n exp(−6γτ)−360· 5n exp(−4γτ)+

+ 40· 3n exp(−2γτ) − 1
)
.
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Ðèñ. 1.61. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 0, 25, c = 2, α = 0, β = 2

[1.62]
∂P

(0,β)
k (τ, γ)

∂τ
= −

cγ

2

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s×

× (2s+ 1) exp
(
−(2s+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ 1-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂P
(0,β)
0 (τ, γ)

∂τ
= −

cγ

2
exp

(
−cγτ/2

)
;

∂P
(0,β)
1 (τ, γ)

∂τ
= −

cγ

2
exp

(
−cγτ/2

)(
1 − 3(β + 2) exp(−cγτ)

)
;

∂P
(0,β)
2 (τ, γ)

∂τ
= −

cγ

2
exp

(
−cγτ/2

)(
1 − 6(β + 3) exp(−cγτ) +

+ 5(β + 3)(β + 4) exp(−2cγτ)/2
)
;

∂P
(0,β)
3 (τ, γ)

∂τ
= −

cγ

2
exp

(
−cγτ/2

)(
1 − 9(β + 4) exp(−cγτ) +

+ 15(β + 4)(β + 5) exp(−2cγτ)/2 − 7(β + 4)(β + 5)(β + 6) ×
× exp(−3cγτ)/6

)
;

∂P
(0,β)
4 (τ, γ)

∂τ
= −

cγ

2
exp

(
−cγτ/2

)(
1 − 12(β + 5) exp(−cγτ) +

+ 15(β + 5)(β + 6) exp(−2cγτ) − 14(β + 5)(β + 6)(β + 7) ×
× exp(−3cγτ)/3 + 3(β + 5)(β + 6)(β + 7)(β + 8) exp(−4cγτ)/8

)
;

∂P
(0,β)
5 (τ, γ)

∂τ
= −

cγ

2
exp

(
−cγτ/2

)(
1 − 15(β + 6) exp(−cγτ) +

25(β + 6)(β + 7) exp(−2cγτ) − 35(β + 6)(β + 7)(β + 8) ×
× exp(−3cγτ)/3+ 15(β+6)(β+7)(β+8)(β+9) exp(−4cγτ)/8−
− 11(β + 6)(β + 7)(β + 8)(β + 9)(β + 10) exp(−5cγτ)/120

)
.
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Ðèñ. 1.62. Âèä 1-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α = 0, β ∈ [0; 5]; á) γ ∈ (0; 2],
c = 2, α = 0, β = 1

[1.63]
∂2P

(0,β)
k (τ, γ)

∂τ2
=
c2γ2

4

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)s(2s+ 1)2 exp
(
−(2s+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ 2-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂2P
(0,β)
0 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−cγτ/2

)
;

∂2P
(0,β)
1 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−cγτ/2

)(
1 − 9(β + 2) exp(−cγτ)

)
;

∂2P
(0,β)
2 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−cγτ/2

)(
1 − 18(β + 3) ×

× exp(−cγτ) + 25(β + 3)(β + 4) exp(−2cγτ)/2
)
;

∂2P
(0,β)
3 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−cγτ/2

)(
1 − 27(β + 4) ×

×exp(−cγτ)+75(β+4)(β+5) exp(−2cγτ)/2−49(β+4)(β+5)×
× (β + 6) exp(−3cγτ)/6

)
;

∂2P
(0,β)
4 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−cγτ/2

)(
1 − 36(β + 5) ×

× exp(−cγτ) + 75(β + 5)(β + 6) exp(−2cγτ)− 98(β + 5)(β + 6)×
× (β + 7) exp(−3cγτ)/3 + 27(β + 5)(β + 6)(β + 7)(β + 8) ×
× exp(−4cγτ)/8

)
;

∂2P
(0,β)
5 (τ, γ)

∂τ2
=
c2γ2

4
exp

(
−cγτ/2

)(
1 − 45(β + 6) exp(−cγτ) +

+ 125(β + 6)(β + 7) exp(−2cγτ) − 245(β + 6)(β + 7)(β + 8) ×
× exp(−3cγτ/3+135(β+6)(β+7)(β+8)(β+9) exp(−4cγτ)/8−
− 121(β + 6)(β + 7)(β + 8)(β + 9)(β + 10) exp(−5cγτ)/120

)
.
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Ðèñ. 1.63. Âèä 2-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α = 0, β ∈ [0; 5]; á) γ ∈ (0; 2],
c = 2, α = 0, β = 1
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[1.64]
∂3P

(0,β)
k (τ, γ)

∂τ3
= −

c3γ3

8

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)s(2s+ 1)3 exp
(
−(2s+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ 3-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂3P
(0,β)
0 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−cγτ/2

)
;

∂3P
(0,β)
1 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−cγτ/2

)(
1 − 27(β + 2) ×

× exp(−cγτ)
)
;

∂3P
(0,β)
2 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−cγτ/2

)(
1 − 54(β + 3) ×

× exp(−cγτ) + 125(β + 3)(β + 4) exp(−2cγτ)/2
)
;

∂3P
(0,β)
3 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−cγτ/2

)(
1 − 81(β + 4) ×

× exp(−cγτ) + 375(β + 4)(β + 5) exp(−2cγτ)/2 − 343(β + 4) ×
× (β + 5)(β + 6) exp(−3cγτ)/6

)
;

∂3P
(0,β)
4 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−cγτ/2

)(
1 − 108(β + 5) ×

× exp(−cγτ) + 375(β + 5)(β + 6) exp(−2cγτ) − 686(β + 5) ×
× (β+6)(β+7) exp(−3cγτ)/3+243(β+5)(β+6)(β+7)(β+8)×
× exp(−4cγτ)/8

)
;

∂3P
(0,β)
5 (τ, γ)

∂τ3
= −

c3γ3

8
exp

(
−cγτ/2

)(
1 − 135(β + 6) ×

× exp(−cγτ) + 625(β + 6)(β + 7) exp(−2cγτ) − 1715(β + 6) ×
× (β+7)(β+8) exp(−3cγτ)/3+1215(β+6)(β+7)(β+8)(β+9)×
× exp(−4cγτ)/8 − 1331(β + 6)(β + 7)(β + 8)(β + 9)(β + 10) ×
× exp(−5cγτ)/120

)
.
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Ðèñ. 1.64. Âèä 3-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α = 0, β ∈ [0; 5]; á) γ ∈ (0; 2],
c = 2, α = 0, β = 1

[1.65]
∂nP

(0,β)
k (τ, γ)

∂τn
=
(
−
cγ

2

)n k∑
s=0

(k
s

)(k + s+ β

s

)
×

(−1)s(2s+ 1)n exp
(
−(2s+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ n-îé ïðîèçâîäíîé ôóíêöèé 0-5 ïîðÿäêîâ:

∂nP
(0,β)
0 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−cγτ/2

)
;

∂nP
(0,β)
1 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−cγτ/2

)(
1 − 3

n
(β + 2) ×

× exp(−cγτ)
)
;

∂nP
(0,β)
2 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−cγτ/2

)(
1 − 2· 3n(β + 3) ×

× exp(−cγτ) + 5
n
(β + 3)(β + 4) exp(−2cγτ)/2

)
;

∂nP
(0,β)
3 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−cγτ/2

)(
1 − 3· 3n(β + 4) ×

× exp(−cγτ) + 3· 5n(β + 4) ×
× (β+5) exp(−2cγτ)/2− 7

n
(β+4)(β+5)(β+6) exp(−3cγτ)/6

)
;

∂nP
(0,β)
4 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−cγτ/2

)(
1 − 4· 3n(β + 5) ×

× exp(−cγτ) + 3· 5n(β + 5)(β + 6) exp(−2cγτ) − 2· 7n(β + 5) ×
× (β+6)(β+7) exp(−3cγτ)/3+ 9

n
(β+5)(β+6)(β+7)(β+8)×

× exp(−4cγτ)/24
)
;

∂nP
(0,β)
5 (τ, γ)

∂τn
=

(
−
cγ

2

)n
exp

(
−cγτ/2

)(
1 − 5· 3n(β + 6) ×

× exp(−cγτ) + 5· 5n(β + 6)(β + 7) exp(−2cγτ) − 5· 7n(β + 6) ×
× (β+7)(β+8) exp(−3cγτ) + 5· 9n(β+6)(β+7)(β+8)(β+9)×
× exp(−4cγτ) − 11

n
(β + 6)(β + 7)(β + 8)(β + 9)(β + 10) ×

× exp(−5cγτ)/120
)
.
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à)
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4
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n
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∂nP
(0,β)
k (τ, γ)
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Ðèñ. 1.65. Âèä n-îé ïðîèçâîäíîé îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) n = 0..5, γ = 0, 25, c = 2, α = 0, β ∈ [0; 5]; á)
n = 0..5, γ ∈ (0; 2], c = 2, α = 0, β = 1

1.3 Àíàëèòè÷åñêèå ñîîòíîøåíèÿ

äëÿ íåîïðåäåëåííûõ èíòåãðàëîâ

îò îðòîãîíàëüíûõ ôóíêöèé

[1.66]

∫
Lk(τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k
s

)
(−γ)s×

×
s∑
j=0

( 2
γ

)j τs−j

(s− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
L0(τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)
;∫

L1(τ, γ)dτ =
2

γ
exp

(
−
γτ

2

)
(γτ + 1);∫

L2(τ, γ)dτ = −
1

γ
exp

(
−
γτ

2

)
(γ

2
τ
2
+ 2);∫

L3(τ, γ)dτ =
1

3γ
exp

(
−
γτ

2

)
(γ

3
τ
3 − 3γ

2
τ
2
+ 6γτ + 6);∫

L4(τ, γ)dτ = −
1

12γ
exp

(
−
γτ

2

)
(γ

4
τ
4 − 8γ

3
τ
3
+ 24γ

2
τ
2
+

+ 24);∫
L5(τ, γ)dτ =

1

60γ
exp

(
−
γτ

2

)
(γ

5
τ
5 − 15γ

4
τ
4
+ 80γ

3
τ
3 −

− 120γ
2
τ
2
+ 120γτ + 120).

∫
Lk(τ, γ)dτ
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Ðèñ. 1.66. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 8

[1.67]

∫
τLk(τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k
s

)
(−γ)s×

× (s+ 1)

s+1∑
j=0

( 2
γ

)j τs+1−j

(s+ 1− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τL0(τ, γ)dτ = −

2

γ2
exp

(
−
γτ

2

)
(γτ + 2);∫

τL1(τ, γ)dτ =
2

γ2
exp

(
−
γτ

2

)
(γ

2
τ
2
+ 3γτ + 6);∫

τL2(τ, γ)dτ = −
1

γ2
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 2γ

2
τ
2
+ 10γτ +

+ 20);∫
τL3(τ, γ)dτ =

1

3γ2
exp

(
−
γτ

2

)
(γ

4
τ
4 − γ

3
τ
3
+ 12γ

2
τ
2
+

+ 42γτ + 84);∫
τL4(τ, γ)dτ = −

1

12γ2
exp

(
−
γτ

2

)
(γ

5
τ
5 − 6γ

4
τ
4
+ 24γ

3
τ
3
+
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+ 48γ
2
τ
2
+ 216γτ + 432);∫

τL5(τ, γ)dτ =
1

60γ2
exp

(
−
γτ

2

)
(γ

6
τ
6 − 13γ

5
τ
5
+ 70γ

4
τ
4 −

− 40γ
3
τ
3
+ 360γ

2
τ
2
+ 1320γτ + 2640).∫

τLk(τ, γ)dτ
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Ðèñ. 1.67. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 8

[1.68]

∫
τ2Lk(τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k
s

)
(−γ)s×

× (s+ 1)(s+ 2)

s+2∑
j=0

( 2
γ

)j τs+2−j

(s+ 2− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
L0(τ, γ)dτ = −

2

γ3
exp

(
−
γτ

2

)
(γ

2
τ
2
+ 4γτ + 8);∫

τ
2
L1(τ, γ)dτ =

2

γ3
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 5γ

2
τ
2
+ 20γτ + 40);∫

τ
2
L2(τ, γ)dτ = −

1

γ3
exp

(
−
γτ

2

)
(γ

4
τ
4
+ 4γ

3
τ
3
+ 26γ

2
τ
2
+

+ 104γτ + 208);∫
τ
2
L3(τ, γ)dτ =

1

γ3
exp

(
−
γτ

2

)
(γ

5
τ
5
+ γ

4
τ
4
+ 26γ

3
τ
3
+

+ 150γ
2
τ
2
+ 600γτ + 1200);∫

τ
2
L4(τ, γ)dτ = −

1

12γ3
exp

(
−
γτ

2

)
(γ

6
τ
6 − 4γ

5
τ
5
+ 32 ×

× γ
4
τ
4
+ 160γ

3
τ
3
+ 984γ

2
τ
2
+ 3936γτ + 7872);∫

τ
2
L5(τ, γ)dτ =

γ3

960
exp

(
−
γτ

2

)
(γ

7
τ
7 − 11γ

6
τ
6 − 68γ

5
τ
5
+

+ 80γ
4
τ
4
+ 1240γ

3
τ
3
+ 7320γ

2
τ
2
+ 29280γτ + 58560).∫

τ
2
Lk(τ, γ)dτ
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Ðèñ. 1.68. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 8

[1.69]

∫
τ3Lk(τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k
s

)
(−γ)s×

× (s+ 1)(s+ 2)(s+ 3)

s+3∑
j=0

( 2
γ

)j τs+3−j

(s+ 3− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
L0(τ, γ)dτ = −

2

γ4
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 6γ

2
τ
2
+ 24γτ + 48);∫

τ
3
L1(τ, γ)dτ =

2

γ4
exp

(
−
γτ

2

)
(γ

4
τ
4
+ 7γ

3
τ
3
+ 42γ

2
τ
2
+

+ 168γτ + 336);∫
τ
3
L2(τ, γ)dτ = −

1

γ4
exp

(
−
γτ

2

)
(γ

5
τ
5
+ 6γ

4
τ
4
+ 50γ

3
τ
3
+

+ 300γ
2
τ
2
+ 1200γτ + 2400);∫

τ
3
L3(τ, γ)dτ =

1

3γ4
exp

(
−
γτ

2

)
(γ

6
τ
6
+ 3γ

5
τ
5
+ 48γ

4
τ
4
+

+ 378γ
3
τ
3
+ 2268γ

2
τ
2
+ 9072γτ + 18144);∫

τ
3
L4(τ, γ)dτ = −

1

12γ4
exp

(
−
γτ

2

)
(γ

7
τ
7 − 2γ

6
τ
6
+ 48 ×

× γ
5
τ
5
+ 384γ

4
τ
4
+ 3096γ

3
τ
3
+ 18576γ

2
τ
2
+ 74304γτ + 148608);∫

τ
3
L5(τ, γ)dτ =

1

60γ4
exp

(
−
γτ

2

)
(γ

8
τ
8 − 9γ

7
τ
7
+ 74γ

6
τ
6
+

+ 288γ
5
τ
5
+ 3480γ

4
τ
4
+ 27720γ

3
τ
3
+ 166320γ

2
τ
2
+ 665280γτ +

+ 1330560).∫
τ
3
Lk(τ, γ)dτ
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Ðèñ. 1.69. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 8

[1.70]

∫
τnLk(τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k
s

)
(−γ)s×

×
(s+ n)!

s!

s+n∑
j=0

( 2
γ

)j τs+n−j

(s+ n− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
L0(τ, γ)dτ = −

2n!

γ
exp

(
−
γτ

2

) n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
L1(τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!

;
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∫
τ
n
L2(τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 2γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

1

2
γ
2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!

;

∫
τ
n
L3(τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 3γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

3

2
γ
2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

1

6
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!

;

∫
τ
n
L4(τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 4γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+ 3γ

2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

2

3
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!
+

+
1

24
γ
4
(n+ 4)!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!

;

∫
τ
n
L5(τ, γ)dτ = −

2

γ
exp

(
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2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−
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)j τ4+n−j

(4 + n− j)!
−

1

120
γ
5
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(5 + n− j)!

.
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Ðèñ. 1.70. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 2-îãî ïîðÿäêà; n = 0..5,

γ = 8

[1.71]

∫
L
(1)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 1

k − s

)
×

× (−γ)s
s∑
j=0

( 2
γ

)j τs−j

(s− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
L

(1)
0 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)
;∫

L
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1 (τ, γ)dτ = 2 exp

(
−
γτ

2

)
τ ;∫

L
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1

γ
exp
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2

)
(γ

2
τ
2 − 2γτ + 2);∫

L
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3 (τ, γ)dτ =

1

3
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γτ

2

)
τ(γ

2
τ
2 − 6γτ + 12);∫

L
(1)
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1
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exp

(
−
γτ

2

)
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3
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Ðèñ. 1.71. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 8, α = 1

[1.72]

∫
τL

(1)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 1

k − s

)
×

× (−γ)s(s+ 1)

s+1∑
j=0

( 2
γ

)j τs+1−j

(s+ 1− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τL

(1)
0 (τ, γ)dτ = −

2

γ2
exp

(
−
γτ

2

)
(γτ + 2);∫

τL
(1)
1 (τ, γ)dτ =

2

γ2
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(
−
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2

)
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2
τ
2
+ 2γτ + 4);∫
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2 (τ, γ)dτ = −

1
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(
−
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2

)
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3
τ
3
+ 6γτ + 12);∫
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1
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exp

(
−
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2

)
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4
τ
4 − 4γ

3
τ
3
+ 12γ

2
τ
2
+

+ 24γτ + 48);∫
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(1)
4 (τ, γ)dτ = −

1
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exp
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−
γτ

2

)
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5
τ
5 − 10γ

4
τ
4
+ 40 ×

× γ
3
τ
3
+ 120γτ + 240);∫

τL
(1)
5 (τ, γ)dτ =

1
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exp

(
−
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2

)
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6
τ
6 − 18γ

5
τ
5
+ 120 ×

× γ
4
τ
4 − 240γ

3
τ
3
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2
τ
2
+ 720γτ + 1440).
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Ðèñ. 1.72. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 8, α = 1

[1.73]

∫
τ2L

(1)
k (τ, γ)dτ = −

2

γ
exp
(
−
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2

) k∑
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(k + 1
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)
×

× (−γ)s(s+ 1)(s+ 2)
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( 2
γ

)j τs+2−j

(s+ 2− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
L
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0 (τ, γ)dτ = −

2
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)
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2
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2
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2

)
(γ

6
τ
6 − 8γ

5
τ
5
+ 40 ×

× γ
4
τ
4
+ 80γ

3
τ
3
+ 600γ

2
τ
2
+ 2400γτ + 4800);∫

τ
2
L

(1)
5 (τ, γ)dτ =

γ3

960
exp

(
−
γτ

2

)
(γ

7
τ
7 − 16γ

6
τ
6
+ 108 ×

× γ
5
τ
5 − 120γ

4
τ
4
+ 840γ

3
τ
3
+ 4320γ

2
τ
2
+ 17280γτ + 34560).∫

τ
2
L

(1)
k (τ, γ)dτ

1
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Ðèñ. 1.73. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 8, α = 1

[1.74]

∫
τ3L

(1)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 1

k − s

)
×

× (−γ)s(s+ 1)(s+ 2)(s+ 3)

s+3∑
j=0

( 2
γ

)j τs+3−j

(s+ 3− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
L

(1)
0 (τ, γ)dτ = −

2

γ4
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 6γ

2
τ
2
+ 24γτ +

+ 48);∫
τ
3
L

(1)
1 (τ, γ)dτ =

2

γ4
exp

(
−
γτ

2

)
(γ

4
τ
4
+ 6γ

3
τ
3
+ 36γ

2
τ
2
+

+ 144γτ + 288);∫
τ
3
L

(1)
2 (τ, γ)dτ = −

1

γ4
exp

(
−
γτ

2

)
(γ

5
τ
5
+ 4γ

4
τ
4
+ 38γ

3
τ
3
+

+ 228γ
2
τ
2
+ 912γτ + 1824);∫

τ
3
L

(1)
3 (τ, γ)dτ =

1

3γ4
exp

(
−
γτ

2

)
(γ

6
τ
6
+ 36γ

4
τ
4
+ 264 ×

× γ
3
τ
3
+ 1584γ

2
τ
2
+ 6336γτ + 12672);∫

τ
3
L

(1)
4 (τ, γ)dτ = −

1

12γ4
exp

(
−
γτ

2

)
(γ

7
τ
7 − 6γ

6
τ
6
+ 48 ×

× γ
5
τ
5
+ 240γ

4
τ
4
+ 2040γ

3
τ
3
+ 12240γ

2
τ
2
+ 48960γτ + 97920);∫

τ
3
L

(1)
5 (τ, γ)dτ =

1

60γ4
exp

(
−
γτ

2

)
(γ

8
τ
8 − 14γ

7
τ
7
+ 104 ×

× γ
6
τ
6
+ 48γ

5
τ
5
+ 2280γ

4
τ
4
+ 17520γ

3
τ
3
+ 105120γ

2
τ
2
+

+ 420480γτ + 840960).∫
τ
3
L

(1)
k (τ, γ)dτ

2
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L
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Ðèñ. 1.74. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 8, α = 1

[1.75]

∫
τnL

(1)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 1

k − s

)
×

× (−γ)s
(s+ n)!

s!

s+n∑
j=0

( 2
γ

)j τs+n−j

(s+ n− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
L

(1)
0 (τ, γ)dτ = −

2n!

γ
exp

(
−
γτ

2

) n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
L

(1)
1 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−
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− 2γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!

;

∫
τ
n
L

(1)
2 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 3γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

3

2
γ
2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!

;

∫
τ
n
L

(1)
3 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 4γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+ 3γ

2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

2

3
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!

;

∫
τ
n
L

(1)
4 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 5γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+ 5γ

2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

5

3
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!
+

+
5

24
γ
4
(n+ 4)!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!

;

∫
τ
n
L

(1)
5 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 6γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

15

2
γ
2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

10

3
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!
+

+
5

8
γ
4
(n+ 4)!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!
−

1

20
γ
5
(n+ 5)! ×

×
n+5∑
j=0

( 2

γ

)j τ5+n−j

(5 + n− j)!

.

0
2

4 τ 0 1 2 3 4
n

−0, 5

−1

∫
τ
n
L

(1)
k (τ, γ)dτ

Ðèñ. 1.75. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 2-îãî ïîðÿäêà;

n = 0..5, γ = 8, α = 1

[1.76]

∫
L
(2)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 2

k − s

)
×

× (−γ)s
s∑
j=0

( 2
γ

)j τs−j

(s− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
L

(2)
0 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)
;∫

L
(2)
1 (τ, γ)dτ =

2

γ
exp

(
−
γτ

2

)
(γτ − 1);∫

L
(2)
2 (τ, γ)dτ = −

1

γ
exp

(
−
γτ

2

)
(γ

2
τ
2 − 4γτ + 4);∫

L
(2)
3 (τ, γ)dτ =

1

3γ
exp

(
−
γτ

2

)
(γ

3
τ
3 − 9γ

2
τ
2
+ 24γτ − 12);∫

L
(2)
4 (τ, γ)dτ = −

1

12γ
exp

(
−
γτ

2

)
(γ

4
τ
4 − 16γ

3
τ
3
+ 84γ

2
τ
2 −

− 144γτ + 72);∫
L

(2)
5 (τ, γ)dτ =

1

60γ
exp

(
−
γτ

2

)
(γ

5
τ
5 − 25γ

4
τ
4
+ 220γ

3
τ
3 −

− 780γ
2
τ
2
+ 1080γτ − 360).∫

L
(2)
k (τ, γ)dτ

0
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Ðèñ. 1.76. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 8, α = 2

[1.77]

∫
τL

(2)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 2

k − s

)
×

× (−γ)s(s+ 1)

s+1∑
j=0

( 2
γ

)j τs+1−j

(s+ 1− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τL

(2)
0 (τ, γ)dτ = −

2

γ2
exp

(
−
γτ

2

)
(γτ + 2);∫

τL
(2)
1 (τ, γ)dτ =

2

γ2
exp

(
−
γτ

2

)
(γ

2
τ
2
+ γτ + 2);∫

τL
(2)
2 (τ, γ)dτ = −

1

γ2
exp

(
−
γτ

2

)
(γ

3
τ
3 − 2γ

2
τ
2
+ 4γτ + 8);∫

τL
(2)
3 3(τ, γ)dτ =

1

3γ2
exp

(
−
γτ

2

)
(γ

4
τ
4 − 7γ

3
τ
3
+ 18γ

2
τ
2
+

+ 12γτ + 24);∫
τL

(2)
4 (τ, γ)dτ = −

1

12γ2
exp

(
−
γτ

2

)
(γ

5
τ
5 − 14γ

4
τ
4
+ 68 ×

× γ
3
τ
3 − 72γ

2
τ
2
+ 72γτ + 144);
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∫
τL

(2)
5 (τ, γ)dτ =

1

60γ2
exp

(
−
γτ

2

)
(γ

6
τ
6 − 23γ

5
τ
5
+ 190 ×

× γ
4
τ
4 − 580γ

3
τ
3
+ 720γ

2
τ
2
+ 360γτ + 720).∫

τL
(2)
k (τ, γ)dτ
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Ðèñ. 1.77. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 8, α = 2

[1.78]

∫
τ2L

(2)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 2

k − s

)
×

× (−γ)s(s+ 1)(s+ 2)

s+2∑
j=0

( 2
γ

)j τs+2−j

(s+ 2− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
L

(2)
0 (τ, γ)dτ = −

2

γ3
exp

(
−
γτ

2

)
(γ

2
τ
2
+ 4γτ + 8);∫

τ
2
L

(2)
1 (τ, γ)dτ =

2

γ3
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 3γ

2
τ
2
+ 12γτ + 24);∫

τ
2
L

(2)
2 (τ, γ)dτ = −

1

γ3
exp

(
−
γτ

2

)
(γ

4
τ
4
+ 12γ

2
τ
2
+ 48γτ +

+ 96);∫
τ
2
L

(2)
3 (τ, γ)dτ =

1

γ3
exp

(
−
γτ

2

)
(γ

5
τ
5 − 5γ

4
τ
4
+ 20γ

3
τ
3
+

+ 60γ
2
τ
2
+ 240γτ + 480);∫

τ
2
L

(2)
4 (τ, γ)dτ = −

1

12γ3
exp

(
−
γτ

2

)
(γ

6
τ
6 − 12γ

5
τ
5
+ 60 ×

× γ
4
τ
4
+ 360γ

2
τ
2
+ 1440γτ + 2880);∫

τ
2
L

(2)
5 (τ, γ)dτ =

γ3

960
exp

(
−
γτ

2

)
(γ

7
τ
7 − 21γ

6
τ
6
+ 168 ×

× γ
5
τ
5 − 420γ

4
τ
4
+ 840γ

3
τ
3
+ 2520γ

2
τ
2
+ 10080γτ + 20160).∫

τ
2
L

(2)
k (τ, γ)dτ
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Ðèñ. 1.78. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 8, α = 2

[1.79]

∫
τ3L

(2)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 2

k − s

)
×

× (−γ)s(s+ 1)(s+ 2)(s+ 3)

s+3∑
j=0

( 2
γ

)j τs+3−j

(s+ 3− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
L

(2)
0 (τ, γ)dτ = −

2

γ4
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 6γ

2
τ
2
+ 24γτ +

+ 48);∫
τ
3
L

(2)
1 (τ, γ)dτ =

2

γ4
exp

(
−
γτ

2

)
(γ

4
τ
4
+ 5γ

3
τ
3
+ 30γ

2
τ
2
+

+ 120γτ + 240);∫
τ
3
L

(2)
2 (τ, γ)dτ = −

1

γ4
exp

(
−
γτ

2

)
(γ

5
τ
5
+ 2γ

4
τ
4
+ 28γ

3
τ
3
+

+ 168γ
2
τ
2
+ 672γτ + 1344);∫

τ
3
L

(2)
3 (τ, γ)dτ =

1

3γ4
exp

(
−
γτ

2

)
(γ

6
τ
6 − 3γ

5
τ
5
+ 30γ

4
τ
4
+

+ 180γ
3
τ
3
+ 1080γ

2
τ
2
+ 4320γτ + 8640);∫

τ
3
L

(2)
4 (τ, γ)dτ = −

1

12γ4
exp

(
−
γτ

2

)
(γ

7
τ
7 − 10γ

6
τ
6
+ 60 ×

× γ
5
τ
5
+ 120γ

4
τ
4
+ 1320γ

3
τ
3
+ 7920γ

2
τ
2
+ 31680γτ + 63360);∫

τ
3
L

(2)
5 (τ, γ)dτ =

1

60γ4
exp

(
−
γτ

2

)
(γ

8
τ
8 − 19γ

7
τ
7
+ 154 ×

× γ
6
τ
6 − 252γ

5
τ
5
+ 1680γ

4
τ
4
+ 10920γ

3
τ
3
+ 65520γ

2
τ
2
+

+ 262080γτ + 524160).∫
τ
3
L

(2)
k (τ, γ)dτ
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Ðèñ. 1.79. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 8, α = 2

[1.80]

∫
τnL

(2)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + 2

k − s

)
×

× (−γ)s
(s+ n)!

s!

s+n∑
j=0

( 2
γ

)j τs+n−j

(s+ n− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
L

(2)
0 (τ, γ)dτ = −

2n!

γ
exp

(
−
γτ

2

) n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
L

(2)
1 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−
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− 3γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!

;

∫
τ
n
L

(2)
2 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 4γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+ 3γ

2
(n+ 2)! ×

×
2+n∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!

;

∫
τ
n
L

(2)
3 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 5γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+ 5γ

2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

5

3
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!

;

∫
τ
n
L

(2)
4 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 6γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

15

2
γ
2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

10

3
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j
×

×
τ3+n−j

(3 + n− j)!
+

5

8
γ
4
(n+ 4)!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!

;

∫
τ
n
L

(2)
5 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− 7γ(n+ 1)!

1+n∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

21

2
γ
2
(n+ 2)! ×

×
n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

35

6
γ
3
(n+ 3)!

n+3∑
j=0

( 2

γ

)j
×

×
τ3+n−j

(3 + n− j)!
+

35

24
γ
4
(n+ 4)!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!
−

−
7

40
γ
5
(n+ 5)!

n+5∑
j=0

( 2

γ

)j τ5+n−j

(5 + n− j)!

.

0
2

4 τ 0 1 2 3 4
n

−0, 5

−1

∫
τ
n
L

(2)
k (τ, γ)dτ

Ðèñ. 1.80. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 2-îãî ïîðÿäêà;

n = 0..5, γ = 8, α = 2

[1.81]

∫
L
(α)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + α

k − s

)
×

× (−γ)s
s∑
j=0

( 2
γ

)j τs−j

(s− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé
0-5 ïîðÿäêîâ:∫

L
(α)
0 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)
;∫

L
(α)
1 (τ, γ)dτ =

2

γ
exp

(
−
γτ

2

)
(γτ − α+ 1);∫

L
(α)
2 (τ, γ)dτ = −

1

γ
exp

(
−
γτ

2

)(
γ
2
τ
2 − 2αγτ + α

2 − α+ 2
)
;∫

L
(α)
3 (τ, γ)dτ =

1

3γ
exp

(
−
γτ

2

)(
γ
3
τ
3 − 3(α+ 1)γ

2
τ
2
+ 3 ×

× (α
2
+ α+ 2)γτ − α

3 − 5α+ 6
)
;∫

L
(α)
4 (τ, γ)dτ = −

1

12γ
exp

(
−
γτ

2

)(
γ
4
τ
4 − 4(α+ 2)γ

3
τ
3
+ 6 ×

× (α
2
+ 3α+ 4)γ

2
τ
2 − 4(α

3
+ 3α

2
+ 8α)γτ + α

4
+ 2α

3
+ 11α

2 −
− 14α+ 24

)
;∫

L
(α)
5 (τ, γ)dτ =

1

60γ
exp

(
−
γτ

2

)(
γ
5
τ
5 − 5(α+ 3)γ

4
τ
4
+ 10 ×

× (α
2
+5α+8)γ

3
τ
3 −10(α

3
+6α

2
+17α+12)γ

2
τ
2
+5(α

4
+6α

3
+

+ 23α
2
+ 18α+ 24)γτ − α

5 − 5α
4 − 25α

3
+ 5α

2 − 94α+ 120
)
.
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Ðèñ. 1.81. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 8, α ∈ [0; 5]; á)
γ ∈ [5; 10], α = 1

[1.82]

∫
τL

(α)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + α

k − s

)
×

× (−γ)s(s+ 1)

s+1∑
j=0

( 2
γ

)j τs+1−j

(s+ 1− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τL
(α)
0 (τ, γ)dτ = −

2

γ2
exp

(
−
γτ

2

)
(γτ + 2);∫

τL
(α)
1 (τ, γ)dτ =

2

γ2
exp

(
−
γτ

2

)(
γ
2
τ
2 − (α− 3)γτ − 2α+ 6

)
;∫

τL
(α)
2 (τ, γ)dτ = −

1

γ2
exp

(
−
γτ

2

)(
γ
3
τ
3 − 2(α− 1)γ

2
τ
2
+

+ (α
2 − 5α+ 10)γτ + 2α

2 − 10α+ 20
)
;∫

τL
(α)
3 (τ, γ)dτ =

1

3γ2
exp

(
−
γτ

2

)(
γ
4
τ
4 − (3α+ 1)γ

3
τ
3
+

+ 3(α
2 − α+ 4)γ

2
τ
2 − (α

3 − 6α
2
+ 23α− 42)γτ − 2(α

3
+ 6α

2 −
− 23α+ 42)

)
;∫

τL
(α)
4 (τ, γ)dτ = −

1

12γ2
exp

(
−
γτ

2

)(
γ
5
τ
5 − 2(2α+ 3)γ

4
τ
4
+

+ 2(3α
2
+ 5α+ 12)γ

3
τ
3 − 4(α

3
+ 11α− 12)γ

2
τ
2
+ (α

4
+ 6α

3
+

+ 35α
2 − 126α+ 216)γτ + 2(α

4 − 6α
3
+ 35α

2 − 126α+ 216)
)
;∫

τL
(α)
5 (τ, γ)dτ =

1

60γ2
exp

(
−
γτ

2

)(
γ
6
τ
6 − (5α+ 13)γ

5
τ
5
+

+10(α
2
+4α+7)γ

4
τ
4−10(α

3
+4α

2
+15α+4)γ

3
τ
3
+5(α

4
+2α

3
+

+ 23α
2 − 26α+ 72)γ

2
τ
2 − (α

5 − 5α
4
+ 45α

3 − 235α
2
+ 794α−

− 1320)γτ − 2(α
5 − 5α

4
+ 45α

3 − 235α
2
+ 794α− 1320)

)
.
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Ðèñ. 1.82. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 8,
α ∈ [0; 5]; á) γ ∈ [5; 10], α = 1
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[1.83]

∫
τ2L

(α)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + α

k − s

)
×

× (−γ)s(s+ 1)(s+ 2)

s+2∑
j=0

( 2
γ

)j τs+2−j

(s+ 2− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
2
L

(α)
0 (τ, γ)dτ = −

2

γ3
exp

(
−
γτ

2

)
(γ

2
τ
2
+ 4γτ + 8);∫

τ
2
L

(α)
1 (τ, γ)dτ =

2

γ3
exp

(
−
γτ

2

)(
γ
3
τ
3 − (α− 5)γ

2
τ
2 − 4 ×

× (α− 5)γτ − 8(α− 5)
)
;∫

τ
2
L

(α)
2 (τ, γ)dτ = −

1

γ3
exp

(
−
γτ

2

)(
γ
4
τ
4 − 2(α− 2)γ

3
τ
3
+

+ (α
2 − 9α+ 26)γ

2
τ
2
+ 4(α

2 − 9α+ 26)γτ + 8(α
2 − 9α+ 26)

)
;∫

τ
2
L

(α)
3 (τ, γ)dτ =

1

3γ3
exp

(
−
γτ

2

)(
γ
5
τ
5 − (3α− 1)γ

4
τ
4
+

+ (3α
2 − 9α+ 26)γ

3
τ
3 − (α

3 − 12α
2
+ 65α− 150)γ

2
τ
2 − 4 ×

× (α
3 − 12α

2
+ 65α− 150)γτ − 8(α

3
+ 12α

2 − 65α+ 150)
)
;∫

τ
2
L

(α)
4 (τ, γ)dτ = −

1

12γ3
exp

(
−
γτ

2

)(
γ
6
τ
6 − 4(α+ 1)γ

5
τ
5
+

+ 2(3α
2
+ α+ 16)γ

4
τ
4 − 4(α

3 − 3α
2
+ 22α− 40)γ

3
τ
3
+

+ (α
4 − 14α

3
+ 107α

2 − 478α+ 984)γ
2
τ
2
+ 4(α

4 − 14α
3
+ 107×

× α
2 − 478α+ 984)γτ + 8(α

4 − 14α
3
+ 107α

2 − 478α+ 984)
)
;∫

τ
2
L

(α)
5 (τ, γ)dτ =

1

60γ3
exp

(
−
γτ

2

)(
γ
7
τ
7 − (5α+ 11)γ

6
τ
6
+

+ 2(5α
2
+ 15α+ 34)γ

5
τ
5 − 10(α

3
+ 2α

2
+ 17α− 8)γ

4
τ
4
+ 5 ×

×(α
4−2α

3
+39α

2−118α+248)γ
3
τ
3−(α

5−15α
4
+145α

3−945×
×α2

+3814α−7320)γ
2
τ
2−4(α

5−15α
4
+145α

3−945α
2
+3814×

× α− 7320)γτ − 8(α
5 − 15α

4
+ 145α

3 − 945α
2
+ 3814α− 7320)

)
.
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Ðèñ. 1.83. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 8,
α ∈ [0; 5]; á) γ ∈ [5; 10], α = 1

[1.84]

∫
τ3L

(α)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + α

k − s

)
×

× (−γ)s(s+ 1)(s+ 2)(s+ 3)

s+3∑
j=0

( 2
γ

)j τs+3−j

(s+ 3− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
3
L

(α)
0 (τ, γ)dτ = −

2

γ4
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 6γ

2
τ
2
+ 24γτ +

+ 48);∫
τ
3
L

(α)
1 (τ, γ)dτ =

2

γ4
exp

(
−
γτ

2

)(
γ
4
τ
4 − (α− 7)γ

3
τ
3 − 6 ×

× (α− 7)γ
2
τ
2 − 24(α− 7)γτ − 48(α− 7)

)
;∫

τ
3
L

(α)
2 (τ, γ)dτ = −

1

γ4
exp

(
−
γτ

2

)(
γ
5
τ
5 − 2(α− 3)γ

4
τ
4
+

+ (α
2 − 13α+ 50)γ

3
τ
3
+ 6(α

2 − 13α+ 50)γ
2
τ
2
+ 24(α

2 − 13α+

+ 50)γτ + 48(α
2 − 13α+ 50)

)
;

∫
τ
3
L

(α)
3 (τ, γ)dτ =

1

3γ4
exp

(
−
γτ

2

)(
γ
6
τ
6 − 3(α− 1)γ

5
τ
5
+ 3×

× (α
2 − 5α+ 16)γ

4
τ
4 − (α

3 − 18α
2
+ 131α− 378)γ

3
τ
3 − 6(α

3 −
− 18α

2
+ 131α− 378)γ

2
τ
2 − 24(α

3 − 18α
2
+ 131α− 378)γτ −

− 48(α
3 − 18α

2
+ 131α− 378)

)
;∫

τ
3
L

(α)
4 (τ, γ)dτ = −

1

12γ4
exp

(
−
γτ

2

)(
γ
7
τ
7 − 2(2α+ 1) ×

× γ
6
τ
6
+ 6(α

2 − α+ 8)γ
5
τ
5 − 4(α

3 − 6α
2
+ 41α− 96)γ

4
τ
4
+

+4(α
4 −22α

3
+227α

2 −1262α+3096)γ
3
τ
3
+6(α

4 −22α
3
+227×

× α
2 − 1262α+ 3096)γ

2
τ
2
+ 24(α

4 − 22α
3
+ 227α

2 − 1262α+

+ 3096)γτ + 48(α
4 − 22α

3
+ 227α

2 − 1262α+ 3096)
)
;∫

τ
3
L

(α)
5 (τ, γ)dτ =

1

60γ4
exp

(
−
γτ

2

)(
γ
8
τ
8 − (5α+ 9)γ

7
τ
7
+

+ 2(5α
2
+ 10α+ 37)γ

6
τ
6 − 2(5α

3 − 115α+ 144)γ
5
τ
5
+ 5(α

4 −
−6α

3
+71α

2 −306α+696)γ
4
τ
4 − (α

5 −25α
4
+325α

3 −2615α
2
+

+ 12514α− 27720)γ
3
τ
3 − 6(α

5 − 25α
4
+ 325α

3 − 2615α
2
+

+ 12514α− 27720)γ
2
τ
2 − 24(α

5 − 25α
4
+ 325α

3 − 2615α
2
+

+12514α− 27720)γτ − 48(α
5 − 25α

4
+325α

3 − 2615α
2
+12514×

× α− 27720)
)
.
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Ðèñ. 1.84. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 8,
α ∈ [0; 5]; á) γ ∈ [5; 10], α = 1

[1.85]

∫
τnL

(α)
k (τ, γ)dτ = −

2

γ
exp
(
−
γτ

2

) k∑
s=0

(k + α

k − s

)
×

× (−γ)s
(s+ n)!

s!

s+n∑
j=0

( 2
γ

)j τs+n−j

(s+ n− j)!
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
L

(α)
0 (τ, γ)dτ = −

2n!

γ
exp

(
−
γτ

2

) n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
L

(α)
1 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− (α+ 1)γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!

;

∫
τ
n
L

(α)
2 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− (α+ 2)γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

+ (α+ 1)(α+ 2)γ
2
(n+ 2)!

1

4

n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!

;

∫
τ
n
L

(α)
3 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− (α+ 3)γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

+ (α+ 2)(α+ 3)γ
2
(n+ 2)!

1

4

n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

− (α+ 1)(α+ 2)(α+ 3)γ
3
(n+ 3)!

1

36

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!

;

∫
τ
n
L

(α)
4 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− (α+ 4)γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

+ (α+ 3)(α+ 4)γ
2
(n+ 2)!

1

4

n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

− (α+ 2)(α+ 3)(α+ 4)γ
3
(n+ 3)!

1

36

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!
+

+ (α+ 4)!γ
4
(n+ 4)!

1

24α!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!

;

∫
τ
n
L

(α)
5 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)n! n∑
j=0

( 2

γ

)j τn−j

(n− j)!
−

− (α+ 5)γ(n+ 1)!

n+1∑
j=0

( 2

γ

)j τ1+n−j

(1 + n− j)!
+

+ (α+ 4)(α+ 5)γ
2
(n+ 2)!

1

4

n+2∑
j=0

( 2

γ

)j τ2+n−j

(2 + n− j)!
−

− (α+ 3)(α+ 4)(α+ 5)γ
3
(n+ 3)!

1

36

n+3∑
j=0

( 2

γ

)j τ3+n−j

(3 + n− j)!
+

+ (α+ 4)!γ
4
(n+ 4)!

1

576(α+ 1)!

n+4∑
j=0

( 2

γ

)j τ4+n−j

(4 + n− j)!
−

− (α+ 5)!γ
5
(n+ 5)!

1

14400α!

n+5∑
j=0

( 2

γ

)j τ5+n−j

(5 + n− j)!

.
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à)

0
1

2
3

4
τ 0

1

2
3

4

n

−2

−1

0

∫
τ
n
L

(α)
k (τ, γ)dτ

⟨5⟩

⟨0⟩

á)

0
1

2

3

4
τ

0
1

2

3

4

n

−20

−10

∫
τ
n
L

(α)
k (τ, γ)dτ

⟨5⟩

⟨0⟩

Ðèñ. 1.85. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé Ñîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) n = 0..5,
γ = 8, α ∈ [0; 5]; á) n = 0..5, γ ∈ [5; 10], α = 1

[1.86]

∫
P

(−1/2,0)
k (τ, γ) = −

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
×

×
2(−1)s

γ(4s+ 1)
exp

(
−
(4s+ 1)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
P

(−1/2,0)
0 (τ, γ)dτ = −

2

γ
exp

(
−
γτ

2

)
;∫

P
(−1/2,0)
1 (τ, γ)dτ = −

1

5γ
exp

(
−
γτ

2

)
(5 − 3 exp(−2γτ));∫

P
(−1/2,0)
2 (τ, γ)dτ = −

1

36γ
exp

(
−
γτ

2

)
(27 − 54 exp(−2γτ) +

+ 35 exp(−4γτ));∫
P

(−1/2,0)
3 (τ, γ)dτ = −

1

104γ
exp

(
−
γτ

2

)
(65 − 273 ×

× exp(−2γτ) + 455 exp(−4γτ) − 231 exp(−6γτ));∫
P

(−1/2,0)
4 (τ, γ)dτ = −

1

1088γ
exp

(
−
γτ

2

)
(595 − 4284 ×

× exp(−2γτ) + 13090 exp(−4γτ) − 15708 exp(−6γτ) +

+ 6435 exp(−8γτ));∫
P

(−1/2,0)
5 (τ, γ)dτ = −

1

2688γ
exp

(
−
γτ

2

)
(1323 − 14553 ×

× exp(−2γτ) + 70070 exp(−4γτ) − 145530 exp(−6γτ) +

+ 135135 exp(−8γτ) − 46189 exp(−10γτ)).

∫
P

(−1/2,0)
k (τ, γ)dτ

-0,2

-0,4

-0,6

-0,8

-1
0 1 2 3 4 τ

P
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P
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P
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P
(−1/2,0)
3

P
(−1/2,0)
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P
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5

Ðèñ. 1.86. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2, α = −1/2, β = 0

[1.87]

∫
τP

(−1/2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
×

×(−1)s exp

(
−
(4s+ 1)

2
γτ

)(
2τ

γ(4s+ 1)
+

4

γ2(4s+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τP

(−1/2,0)
0 (τ, γ)dτ = −

2

γ2
exp

(
−
γτ

2

)
(γτ + 2);∫

τP
(−1/2,0)
1 (τ, γ)dτ = −

1

25γ2
exp

(
−
γτ

2

)(
50 − 6 ×

× exp(−2γτ) + γτ(25 − 15 exp(−2γτ))
)
;∫

τP
(−1/2,0)
2 (τ, γ)dτ = −

1

1620γ2
exp

(
−
γτ

2

)(
2430 − 972 ×

× exp(−2γτ) + 350 exp(−4γτ) + γτ(1215 − 2430 exp(−2γτ) +

+ 1575 exp(−4γτ))
)
;∫

τP
(−1/2,0)
3 (τ, γ)dτ = −

1

60840γ2
exp

(
−
γτ

2

)(
76059 −

− 63882 exp(−2γτ) + 59150 exp(−4γτ) − 20790 exp(−6γτ) +



52 Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ âî âðåìåííîé îáëàñòè

+ γτ(38025 − 159705 exp(−2γτ) + 266175 exp(−4γτ) −
− 135135 exp(−6γτ))

)
;∫

τP
(−1/2,0)
4 (τ, γ)dτ = −

1

10820160γ2
exp

(
−
γτ

2

)(
11834550 −

− 17041752 exp(−2γτ) + 28928900 exp(−4γτ) − 24033240 ×
× exp(−6γτ) + 7528950 exp(−8γτ) + γτ(5917275 −
− 42604380 exp(−2γτ) + 130180050 exp(−4γτ) − 156216060 ×
× exp(−6γτ) + 63996075 exp(−8γτ))

)
;∫

τP
(−1/2,0)
5 (τ, γ)dτ = −

1

187125120γ2
exp

(
−
γτ

2

)
×

×
(
184201290 − 405242838 exp(−2γτ) + 1083982900 ×

× exp(−4γτ) − 1558626300 exp(−6γτ) + 1106755650 ×
× exp(−8γτ) − 306233070 exp(−10γτ) + γτ(92100645 −
− 1013107095 exp(−2γτ) + 4877923050 exp(−4γτ) −
− 10131070950 exp(−6γτ) + 9407423025 exp(−8γτ) −
− 3215447235 exp(−10γτ))

)
.∫

τP
(−1/2,0)
k (τ, γ)dτ

-0,2

-0,4

-0,6

-0,8

-1
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P
(−1/2,0)
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P
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P
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2

P
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4

P
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5

Ðèñ. 1.87. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = −1/2, β = 0

[1.88]

∫
τ2P

(−1/2,0)
k (τ, γ)dτ =

= −
k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s exp

(
−
(4s+ 1)

2
γτ

)
×

×
(

2τ2

γ(4s+ 1)
+

8τ

γ2(4s+ 1)2
+

16

γ3(4s+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
P

(−1/2,0)
0 (τ, γ)dτ = −

2

γ3
exp

(
−
γτ

2

)
(γ

2
τ
2
+ 4γτ + 8);∫

τ
2
P

(−1/2,0)
1 (τ, γ)dτ = −

1

125γ3
exp

(
−
γτ

2

)(
1000 − 24 ×

× exp(−2γτ) + γτ(500 − 60 exp(−2γτ)) + γ
2
τ
2
(125 − 75 ×

× exp(−2γτ))
)
;∫

τ
2
P

(−1/2,0)
2 (τ, γ)dτ = −

1

72900γ3
exp

(
−
γτ

2

)(
437400 −

− 34992 exp(−2γτ) + 7000 exp(−4γτ) + γτ(218700 − 87480 ×
× exp(−2γτ) + 31500 exp(−4γτ)) + γ

2
τ
2
(54675 − 109350 ×

× exp(−2γτ) + 70875 exp(−4γτ))
)
;∫

τ
2
P

(−1/2,0)
3 (τ, γ)dτ = −

1

35591400γ3
exp

(
−
γτ

2

)
×

×
(
177957000 − 29896776 exp(−2γτ) + 15379000 exp(−4γτ) −

− 3742200 exp(−6γτ) + γτ(88978500 − 74741940 exp(−2γτ) +

+ 69205500 exp(−4γτ) − 24324300 exp(−6γτ)) + γ
2
τ
2 ×

× (22244625 − 93427425 exp(−2γτ) + 155712375 exp(−4γτ) −

− 79053975 exp(−6γτ))
)
;∫

τ
2
P

(−1/2,0)
4 (τ, γ)dτ = −

1

107606491200γ3
exp

(
−
γτ

2

)
×

×
(
470778399000 − 135584178912 exp(−2γτ) + 127865738000 ×

× exp(−4γτ) − 73541714400 exp(−6γτ) + 17617743000 ×
× exp(−8γτ) + γτ(235389199500 − 338960447280 exp(−2γτ) +

+ 575395821000 exp(−4γτ) − 478021143600 exp(−6γτ) +

+ 149750815500 exp(−8γτ)) + γ
2
τ
2
(58847299875 −

− 423700559100 exp(−2γτ) + 1294640597250 exp(−4γτ) −
− 1553568716700 exp(−6γτ) + 636440965875 exp(−8γτ))

)
;∫

τ
2
P

(−1/2,0)
5 (τ, γ)dτ = −

1

13026715228800γ3
exp

(
−
γτ

2

)
×

×
(
51292691213400 − 22568784133896 exp(−2γτ) +

+ 33538430926000 exp(−4γτ) − 33385775346000 exp(−6γτ) +

+ 18128657547000 exp(−8γτ) − 4060650508200 exp(−10γτ) +

+ γτ(25646345606700 − 56421960334740 exp(−2γτ) +

+ 150922939167000 exp(−4γτ) − 217007539749000 ×
× exp(−6γτ) + 154093589149500 exp(−8γτ) −
− 42636830336100 exp(−10γτ)) + γ

2
τ
2
(6411586401675 −

− 70527450418425 exp(−2γτ) + 339576613125750 exp(−4γτ) −
− 705274504184250 exp(−6γτ) + 654897753885375 ×
× exp(−8γτ) − 223843359264525 exp(−10γτ))

)
.∫

τ
2
P

(−1/2,0)
k (τ, γ)dτ

-0,5

-1

-1,5

-2
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P
(−1/2,0)
0

P
(−1/2,0)
1P
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P
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P
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5

Ðèñ. 1.88. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = −1/2, β = 0

[1.89]

∫
τ3P

(−1/2,0)
k (τ, γ)dτ =

= −
k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s exp

(
−
(4s+ 1)

2
γτ

)
×

×
(

2τ3

γ(4s+ 1)
+

12τ2

γ2(4s+ 1)2
+

+
48τ

γ3(4s+ 1)3
+

96

γ4(4s+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
P

(−1/2,0)
0 (τ, γ)dτ = −

2

γ4
exp

(
−
γτ

2

)
(γ

3
τ
3
+ 6γ

2
τ
2
+

+ 24γτ + 48);∫
τ
3
P

(−1/2,0)
1 (τ, γ)dτ = −

1

625γ4
exp

(
−
γτ

2

)(
30000 −

− 144 exp(−2γτ) + γτ(15000 − 360 exp(−2γτ)) + γ
2
τ
2
(3750 −

− 450 exp(−2γτ)) + γ
3
τ
3
(625 − 375 exp(−2γτ))

)
;∫

τ
3
P

(−1/2,0)
2 (τ, γ)dτ = −

1

1093500γ4
exp

(
−
γτ

2

)(
39366000 −

− 629856 exp(−2γτ) + 70000 exp(−4γτ) + γτ(19683000 −
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− 1574640 exp(−2γτ) + 315000 exp(−4γτ)) + γ
2
τ
2
(4920750 −

− 1968300 exp(−2γτ) + 708750 exp(−4γτ)) + γ
3
τ
3
(820125 −

− 1640250 exp(−2γτ) + 1063125 exp(−4γτ))
)
;∫

τ
3
P

(−1/2,0)
3 (τ, γ)dτ = −

1

6940323000γ4
exp

(
−
γτ

2

)
×

×
(
208209690000 − 6995845584 exp(−2γτ) + 1999270000 ×

× exp(−4γτ) − 336798000 exp(−6γτ) + γτ(104104845000 −
− 17489613960 exp(−2γτ) + 8996715000 exp(−4γτ) −
− 2189187000 exp(−6γτ)) + γ

2
τ
2
(26026211250 − 21862017450 ×

× exp(−2γτ) + 20242608750 exp(−4γτ) − 7114857750 ×
× exp(−6γτ)) + γ

3
τ
3
(4337701875 − 18218347875 exp(−2γτ) +

+ 30363913125 exp(−4γτ) − 15415525125 exp(−6γτ))
)
;∫

τ
3
P

(−1/2,0)
4 (τ, γ)dτ = −

1

356715518328000γ4
exp

(
−
γτ

2

)
×

×
(
9363782356110000 − 539353863711936 exp(−2γτ) +

+ 282583280980000 exp(−4γτ) − 112518823032000 exp(−6γτ) +

+ 20612759310000 exp(−8γτ) + γτ(4681891178055000 −
− 1348384659279840 exp(−2γτ) + 1271624764410000 ×
× exp(−4γτ)− 731372349708000 exp(−6γτ)+175208454135000×
× exp(−8γτ)) + γ

2
τ
2
(1170472794513750 − 1685480824099800 ×

× exp(−2γτ) + 2861155719922500 exp(−4γτ) −
− 2376960136551000 exp(−6γτ) + 744635930073750 ×
× exp(−8γτ)) + γ

3
τ
3
(195078799085625 − 1404567353416500 ×

× exp(−2γτ) + 4291733579883750 exp(−4γτ) −
− 5150080295860500 exp(−6γτ) + 2109801801875625 ×
× exp(−8γτ))

)
;∫

τ
3
P

(−1/2,0)
5 (τ, γ)dτ = −

1

302284926884304000γ4
×

× exp
(
−
γτ

2

)(
7141481397641682000 − 628450362992468016 ×

× exp(−2γτ) + 518839526425220000 exp(−4γτ) −
− 357561653955660000 exp(−6γτ) + 148473705309930000 ×
× exp(−8γτ) − 26922112869366000 exp(−10γτ) +

+ γτ(3570740698820841000 − 1571125907481170040 exp(−2γτ) +

+ 2334777868913490000 exp(−4γτ) − 2324150750711790000 ×
× exp(−6γτ) + 1262026495134405000 exp(−8γτ) −
− 282682185128343000 exp(−10γτ)) + γ

2
τ
2 ×

× (892685174705210250 − 1963907384351462550 exp(−2γτ) +

+ 5253250205055352500 exp(−4γτ) − 7553489939813317500 ×
× exp(−6γτ) + 5363612604321221250 exp(−8γτ) −
− 1484081471923800750 exp(−10γτ)) + γ

3
τ
3 ×

× (148780862450868375 − 1636589486959552125 exp(−2γτ) +

+ 7879875307583028750 exp(−4γτ) − 16365894869595521250 ×
× exp(−6γτ) + 15196902378910126875 exp(−8γτ) −
− 5194285151733302625 exp(−10γτ))

)
.∫

τ
3
P

(−1/2,0)
k (τ, γ)dτ
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Ðèñ. 1.89. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = −1/2, β = 0

[1.90]

∫
τnP

(−1/2,0)
k (τ, γ)dτ =

= −
k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s exp

(
−
(4s+ 1)

2
γτ

)
×

×
n∑
j=0

n!τn−j

(n− j)!

(
γ(4s+ 1)

2

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
P

(−1/2,0)
0 (τ, γ)dτ = −

2n!

γ
exp

(
−
γτ

2

) n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
P

(−1/2,0)
1 (τ, γ)dτ = − exp

(
−
γτ

2

)
×

×

n!

2

n∑
j=0

τn−j

(n− j)!

(
γ

2

)j+1
−

−
3n!

2
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
5γ

2

)j+1

;

∫
τ
n
P

(−1/2,0)
2 (τ, γ)dτ = − exp

(
−
γτ

2

)
×

×

3n!

8

n∑
j=0

τn−j

(n− j)!

(
γ

2

)j+1
−

−
15n!

4
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
5γ

2

)j+1
+

+
35n!

8
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
9γ

2

)j+1

;

∫
τ
n
P

(−1/2,0)
3 (τ, γ)dτ = − exp

(
−
γτ

2

)
×

×

5n!

16

n∑
j=0

τn−j

(n− j)!

(
γ

2

)j+1
−

−
105n!

16
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
5γ

2

)j+1
+

+
315n!

16
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
9γ

2

)j+1
−

−
231n!

16
exp(−6γτ)

n∑
j=0

τn−j

(n− j)!

(
13γ

2

)j+1

;

∫
τ
n
P

(−1/2,0)
4 (τ, γ)dτ = − exp

(
−
γτ

2

)
×

×

35n!

128

n∑
j=0

τn−j

(n− j)!

(
γ

2

)j+1
−
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−
315n!

32
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
5γ

2

)j+1
+

+
3465n!

64
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
9γ

2

)j+1
−

−
3003n!

32
exp(−6γτ)

n∑
j=0

τn−j

(n− j)!

(
13γ

2

)j+1
+

+
6435n!

128
exp(−8γτ)

n∑
j=0

τn−j

(n− j)!

(
17γ

2

)j+1

;

∫
τ
n
P

(−1/2,0)
5 (τ, γ)dτ = − exp

(
−
γτ

2

)
×

×

63n!

256

n∑
j=0

τn−j

(n− j)!

(
γ

2

)j+1
−

−
3465n!

256
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
5γ

2

)j+1
+

+
15015n!

128
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
9γ

2

)j+1
−

−
45045n!

128
exp(−6γτ)

n∑
j=0

τn−j

(n− j)!

(
13γ

2

)j+1
+

+
109395n!

256
exp(−8γτ)

n∑
j=0

τn−j

(n− j)!

(
17γ

2

)j+1
−

−
46189n!

256
exp(−10γτ)

n∑
j=0

τn−j

(n− j)!

(
21γ

2

)j+1

.
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τ
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k (τ, γ)dτ

Ðèñ. 1.90. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 2,

c = 2, α = −1/2, β = 0

[1.91]

∫
Legk(τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s

s

)
×

×
(−1)s

γ(2s+ 1)
exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
Leg0(τ, γ)dτ = −

1

γ
exp(−γτ);∫

Leg1(τ, γ)dτ = −
1

3γ
exp(−γτ)(3 − 2 exp(−2γτ));∫

Leg2(τ, γ)dτ = −
1

5γ
exp(−γτ)(5 − 10 exp(−2γτ) + 6 ×

× exp(−4γτ));∫
Leg3(τ, γ)dτ = −

1

7γ
exp(−γτ)(7 − 28 exp(−2γτ) + 42 ×

× exp(−4γτ) − 20 exp(−6γτ));∫
Leg4(τ, γ)dτ = −

1

9γ
exp(−γτ)(9 − 60 exp(−2γτ) + 162 ×

× exp(−4γτ) − 180 exp(−6γτ) + 70 exp(−8γτ));∫
Leg5(τ, γ)dτ = −

1

11γ
exp(−γτ)(11 − 110 exp(−2γτ) + 462 ×

× exp(−4γτ) − 880 exp(−6γτ) + 770 exp(−8γτ) − 252 ×
× exp(−10γτ)).∫

Legk(τ, γ)dτ
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Ðèñ. 1.91. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 2, c = 2

[1.92]

∫
τLegk(τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× exp
(
−(2s+ 1)γτ

)( τ

γ(2s+ 1)
+

1

γ2(2s+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τLeg0(τ, γ)dτ = −

1

γ2
exp(−γτ)(γτ + 1);∫

τLeg1(τ, γ)dτ = −
1

9γ2
exp(−γτ)

(
9 − 2 exp(−2γτ) + γτ(9 −

− 6 exp(−2γτ))
)
;∫

τLeg2(τ, γ)dτ = −
1

75γ2
exp(−γτ)

(
75 − 50 exp(−2γτ) +

+ 18 exp(−4γτ) + γτ(75 − 150 exp(−2γτ) + 90 exp(−4γτ))
)
;∫

τLeg3(τ, γ)dτ = −
1

735γ2
exp(−γτ)

(
735 − 980 exp(−2γτ) +

+ 882 exp(−4γτ) − 300 exp(−6γτ) + γτ(735 − 2940 exp(−2γτ) +

+ 4410 exp(−4γτ) − 2100 exp(−6γτ))
)
;
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ôóíêöèé 55

∫
τLeg4(τ, γ)dτ = −

1

2835γ2
exp(−γτ)

(
12835 − 6300 ×

× exp(−2γτ) + 10206 exp(−4γτ) − 8100 exp(−6γτ) + 2450 ×
× exp(−8γτ) + γτ(2835− 18900 exp(−2γτ) + 51030 exp(−4γτ)−
− 56700 exp(−6γτ) + 22050 exp(−8γτ))

)
;∫

τLeg5(τ, γ)dτ = −
1

38115γ2
exp(−γτ)

(
38115 −

− 127050 exp(−2γτ) + 320166 exp(−4γτ) − 435600 exp(−6γτ) +

+ 296450 exp(−8γτ) − 79380 exp(−10γτ) + γτ(38115 −
− 381150 exp(−2γτ) + 1600830 exp(−4γτ) − 3049200 ×
× exp(−6γτ) + 2668050 exp(−8γτ) − 873180 exp(−10γτ))

)
.∫

τLegk(τ, γ)dτ
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Ðèñ. 1.92. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 2, c = 2

[1.93]

∫
τ2Legk(τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× exp
(
−(2s+ 1)γτ

)( τ2

γ(2s+ 1)
+

+
2τ

γ2(2s+ 1)2
+

2

γ3(2s+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
Leg0(τ, γ)dτ = −

1

γ3
exp(−γτ)(γ2

τ
2
+ 2γτ + 2);∫

τ
2
Leg1(τ, γ)dτ = −

1

27γ3
exp(−γτ)

(
54 − 4 exp(−2γτ) +

+ γτ(54 − 12 exp(−2γτ) + γ
2
τ
2
(27 − 18 exp(−2γτ))

)
;∫

τ
2
Leg2(τ, γ)dτ = −

1

1125γ3
exp(−γτ)

(
2250 − 500 ×

× exp(−2γτ) + 108 exp(−4γτ) + γτ(2250 − 1500 exp(−2γτ) +

+ 540 exp(−4γτ)) + γ
2
τ
2
(1125 − 2250 exp(−2γτ) + 1350 ×

× exp(−4γτ))
)
;∫

τ
2
Leg3(τ, γ)dτ = −

1

77175γ3
exp(−γτ)

(
154350 −

− 68600 exp(−2γτ) + 37044 exp(−4γτ) − 9000 exp(−6γτ) +

+ γτ(154350 − 205800 exp(−2γτ) + 185220 exp(−4γτ) −
− 63000 exp(−6γτ)) + γ

2
τ
2
(77175 − 308700 exp(−2γτ) +

+ 463050 exp(−4γτ) − 220500 exp(−6γτ))
)
;∫

τ
2
Leg4(τ, γ)dτ = −

1

893025γ3
exp(−γτ)

(
1786050 −

− 1323000 exp(−2γτ) + 1285956 exp(−4γτ) − 729000 ×
× exp(−6γτ) + 171500 exp(−8γτ) + γτ(1786050 − 3969000 ×
× exp(−2γτ) + 6429780 exp(−4γτ) − 5103000 exp(−6γτ) +

+ 1543500 exp(−8γτ)) + γ
2
τ
2
(893025 − 5953500 exp(−2γτ) +

+ 16074450 exp(−4γτ) − 17860500 exp(−6γτ) + 6945750 ×
× exp(−8γτ))

)
;∫

τ
2
Leg5(τ, γ)dτ = −

1

132068475γ3
exp(−γτ)

(
264136950 −

− 293485500 exp(−2γτ) + 443750076 exp(−4γτ) − 431244000 ×
× exp(−6γτ) + 228266500 exp(−8γτ) − 50009400 exp(−10γτ) +

+ γτ(264136950 − 880456500 exp(−2γτ) + 2218750380 ×
× exp(−4γτ) − 3018708000 exp(−6γτ) + 2054398500 ×
× exp(−8γτ) − 550103400 exp(−10γτ)) + γ

2
τ
2
(132068475 −

− 1320684750 exp(−2γτ) + 5546875950 exp(−4γτ) −
− 10565478000 exp(−6γτ) + 9244793250 exp(−8γτ) −
− 3025568700 exp(−10γτ))

)
.∫

τ
2
Legk(τ, γ)dτ
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Ðèñ. 1.93. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 2, c = 2

[1.94]

∫
τ3Legk(τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× exp
(
−(2s+ 1)γτ

)( τ3

γ(2s+ 1)
+

3τ2

γ2(2s+ 1)2
+

+
6τ

γ3(2s+ 1)3
+

6

γ4(2s+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
Leg0(τ, γ)dτ = −

1

γ4
exp(−γτ)(γ3

τ
3
+ 3γ

2
τ
2
+ 6γτ + 6);∫

τ
3
Leg1(τ, γ)dτ = −

1

27γ4
exp(−γτ)

(
162 − 4 exp(−2γτ) +

+ γτ(162 − 12 exp(−2γτ) + γ
2
τ
2
(81 − 18 exp(−2γτ)) + γ

3
τ
3 ×

× (27 − 18 exp(−2γτ))
)
;∫

τ
3
Leg2(τ, γ)dτ = −

1

5625γ4
exp(−γτ)

(
33750 − 2500 ×

× exp(−2γτ) + 324 exp(−4γτ) + γτ(33750 − 7500 exp(−2γτ) +

+ 1620 exp(−4γτ)) + γ
2
τ
2
(16875 − 11250 exp(−2γτ) + 4050 ×

× exp(−4γτ)) + γ
3
τ
3
(5625 − 11250 exp(−2γτ) + 6750 ×

× exp(−4γτ))
)
;∫

τ
3
Leg3(τ, γ)dτ = −

1

2701125γ4
exp(−γτ)

(
16206750 −

− 2401000 exp(−2γτ) + 777924 exp(−4γτ)− 135000 exp(−6γτ) +

+ γτ(16206750 − 7203000 exp(−2γτ) + 3889620 exp(−4γτ) −
− 945000 exp(−6γτ)) + γ

2
τ
2
(8103375 − 10804500 exp(−2γτ) +

+ 9724050 exp(−4γτ) − 3307500 exp(−6γτ)) + γ
3
τ
3
(2701125 −

− 10804500 exp(−2γτ) + 16206750 exp(−4γτ) − 7717500 ×
× exp(−6γτ))

)
;∫

τ
3
Leg4(τ, γ)dτ = −

1

93767625γ4
exp(−γτ)

(
562605750 −
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− 138915000 exp(−2γτ) + 81015228 exp(−4γτ) − 32805000 ×
× exp(−6γτ) + 6002500 exp(−8γτ) + γτ(562605750 −
− 416745000 exp(−2γτ) + 405076140 exp(−4γτ) − 229635000 ×
× exp(−6γτ) + 54022500 exp(−8γτ)) + γ

2
τ
2
(281302875 −

− 625117500 exp(−2γτ) + 1012690350 exp(−4γτ) − 803722500 ×
× exp(−6γτ) + 243101250 exp(−8γτ)) + γ

3
τ
3
(93767625 −

− 625117500 exp(−2γτ) + 1687817250 exp(−4γτ) −
− 1875352500 exp(−6γτ) + 729303750 exp(−8γτ))

)
;∫

τ
3
Leg5(τ, γ)dτ = −

1

152539088625γ4
exp(−γτ) ×

×
(
915234531750 − 338975752500 exp(−2γτ) +

+ 307518802668 exp(−4γτ) − 213465780000 exp(−6γτ) +

+ 87882602500 exp(−8γτ) − 15752961000 exp(−10γτ) +

+ γτ(915234531750 − 1016927257500 exp(−2γτ) +

+ 1537594013340 exp(−4γτ) − 1494260460000 exp(−6γτ) +

+ 790943422500 exp(−8γτ) − 173282571000 exp(−10γτ)) +

+ γ
2
τ
2
(457617265875 − 1525390886250 exp(−2γτ) +

+ 3843985033350 exp(−4γτ) − 5229911610000 exp(−6γτ) +

+ 3559245401250 exp(−8γτ) − 953054140500 exp(−10γτ)) +

+ γ
3
τ
3
(152539088625 − 1525390886250 exp(−2γτ) +

+ 6406641722250 exp(−4γτ) − 12203127090000 exp(−6γτ) +

+ 10677736203750 exp(−8γτ) − 3494531848500 exp(−10γτ))
)
.∫

τ
3
Legk(τ, γ)dτ
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Ðèñ. 1.94. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 2, c = 2

[1.95]

∫
τnLegk(τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

× exp
(
−(2s+ 1)γτ

) n∑
j=0

n!τn−j

(n− j)!
(
γ(2s+ 1)

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
Leg0(τ, γ)dτ = −

2n!

γ
exp(−γτ)

n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
Leg1(τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1

;

∫
τ
n
Leg2(τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 6n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 6n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1

;

∫
τ
n
Leg3(τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 12n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 30n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 20n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1

;

∫
τ
n
Leg4(τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 20n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 90n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 140n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
+

+ 70n! exp(−8γτ)
n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1

;

∫
τ
n
Leg5(τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 30n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 210n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 560n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
+

+ 630n! exp(−8γτ)
n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
−

− 252n! exp(−10γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1

.
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Ðèñ. 1.95. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 2-îãî ïîðÿäêà; n = 0..5,

γ = 2, c = 2

[1.96]

∫
P

(1/2,0)
k (τ, γ) = −

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
×

×
2(−1)s

γ(4s+ 3)
exp

(
−
(4s+ 3)

2
γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
P

(1/2,0)
0 (τ, γ)dτ = −

2

3γ
exp

(
−

3γτ

2

)
;∫

P
(1/2,0)
1 (τ, γ)dτ = −

1

7γ
exp

(
−

3γτ

2

)
(7 − 5 exp(−2γτ));∫

P
(1/2,0)
2 (τ, γ)dτ = −

1

44γ
exp

(
−

3γτ

2

)
(55 − 110 ×

× exp(−2γτ) +

+ 63 exp(−4γτ));∫
P

(1/2,0)
3 (τ, γ)dτ = −

1

120γ
exp

(
−

3γτ

2

)
(175 − 675 ×

× exp(−2γτ) + 945 exp(−4γτ) − 429 exp(−6γτ));∫
P

(1/2,0)
4 (τ, γ)dτ = −

1

1216γ
exp

(
−

3γτ

2

)
(1995 − 12540 ×

× exp(−2γτ) + 31122 exp(−4γτ) − 32604 exp(−6γτ) + 12155 ×
× exp(−8γτ));∫

P
(1/2,0)
5 (τ, γ)dτ = −

1

2944γ
exp

(
−

3γτ

2

)
(5313 − 49335 ×

× exp(−2γτ) + 188370 exp(−4γτ) − 335478 exp(−6γτ) +

+ 279565 exp(−8γτ) − 88179 exp(−10γτ)).

∫
P

(1/2,0)
k (τ, γ)dτ
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Ðèñ. 1.96. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2, α = 1/2, β = 0

[1.97]

∫
τP

(1/2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
×

×(−1)s exp

(
−
(4s+ 3)

2
γτ

)(
2τ

γ(4s+ 3)
+

4

γ2(4s+ 3)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τP

(1/2,0)
0 (τ, γ)dτ = −

2

9γ2
exp

(
−

3γτ

2

)
(3γτ + 2);∫

τP
(1/2,0)
1 (τ, γ)dτ = −

1

147γ2
exp

(
−

3γτ

2

)(
98 − 30 ×

× exp(−2γτ) + γτ(147 − 105 exp(−2γτ))
)
;∫

τP
(1/2,0)
2 (τ, γ)dτ = −

1

10164γ2
exp

(
−

3γτ

2

)(
8470 − 7260 ×

× exp(−2γτ) + 2646 exp(−4γτ) + γτ(12705− 25410 exp(−2γτ) +

+ 14553 exp(−4γτ))
)
;∫

τP
(1/2,0)
3 (τ, γ)dτ = −

1

138600γ2
exp

(
−

3γτ

2

)(
134750 −

− 222750 exp(−2γτ) + 198450 exp(−4γτ) − 66066 exp(−6γτ) +

+ γτ(202125 − 779625 exp(−2γτ) + 1091475 exp(−4γτ) −
− 495495 exp(−6γτ))

)
;∫

τP
(1/2,0)
4 (τ, γ)dτ = −

1

8895040γ2
exp

(
−

3γτ

2

)(
9728950 −

− 26208600 exp(−2γτ) + 41392260 exp(−4γτ) − 31799768 ×
× exp(−6γτ) + 9359350 exp(−8γτ) + γτ(14593425 − 91730100 ×
× exp(−2γτ) + 227657430 exp(−4γτ) − 238498260 exp(−6γτ) +

+ 88913825 exp(−8γτ))
)
;∫

τP
(1/2,0)
5 (τ, γ)dτ = −

1

495313280γ2
×

× exp
(
−

3γτ

2

)(
595923790 − 2371533450 exp(−2γτ) +

+ 5762238300 exp(−4γτ) − 7525666148 exp(−6γτ) +

+ 4951096150 exp(−8γτ) − 1290058770 exp(−10γτ) +

+ γτ(893885685 − 8300367075 exp(−2γτ) + 31692310650 ×
× exp(−4γτ) − 56442496110 exp(−6γτ) + 47035413425 ×
× exp(−8γτ) − 14835675855 exp(−10γτ))

)
.
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∫
τP

(1/2,0)
k (τ, γ)dτ
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Ðèñ. 1.97. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 1/2, β = 0

[1.98]

∫
τ2P

(1/2,0)
k (τ, γ)dτ =

= −
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s exp

(
−
(4s+ 3)

2
γτ

)
×

×
(

2τ2

γ(4s+ 3)
+

8τ

γ2(4s+ 3)2
+

16

γ3(4s+ 3)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
P

(1/2,0)
0 (τ, γ)dτ = −

2

27γ3
exp

(
−

3γτ

2

)
(9γ

2
τ
2
+ 12γτ +

+ 8);∫
τ
2
P

(1/2,0)
1 (τ, γ)dτ = −

1

3087γ3
exp

(
−

3γτ

2

)(
2744 − 360 ×

× exp(−2γτ) + γτ(4116 − 1260 exp(−2γτ) + γ
2
τ
2
(3087 − 2205 ×

× exp(−2γτ))
)
;∫

τ
2
P

(1/2,0)
2 (τ, γ)dτ = −

1

2347884γ3
exp

(
−

3γτ

2

)(
2608760 −

− 958320 exp(−2γτ) + 222264 exp(−4γτ) + γτ(3913140 −
− 3354120 exp(−2γτ) + 1222452 exp(−4γτ)) + γ

2
τ
2
(2934855 −

− 5869710 exp(−2γτ) + 3361743 exp(−4γτ))
)
;∫

τ
2
P

(1/2,0)
3 (τ, γ)dτ = −

1

160083000γ3
exp

(
−

3γτ

2

)
×

×
(
207515000 − 147015000 exp(−2γτ) + 83349000 exp(−4γτ) −

− 20348328 exp(−6γτ) + γτ(311272500 − 514552500 ×
× exp(−2γτ) + +458419500 exp(−4γτ) − 152612460 ×
× exp(−6γτ)) + γ

2
τ
2
(233454375 − −900466875 ×

× exp(−2γτ) + 1260653625 exp(−4γτ) − 572296725 ×
× exp(−6γτ))

)
;∫

τ
2
P

(1/2,0)
4 (τ, γ)dτ = −

1

195201652800γ3
exp

(
−

3γτ

2

)
×

×
(
284669077000 − 328655844000 exp(−2γτ) + 330310234800 ×

× exp(−4γτ) − 186092242336 exp(−6γτ) + 43240197000 ×
× exp(−8γτ) + γτ(427003615500 − 1150295454000 exp(−2γτ) +

+ 1816706291400 exp(−4γτ) − 1395691817520 exp(−6γτ) +

+ 410781871500 exp(−8γτ)) + γ
2
τ
2
(320252711625 −

− 2013017044500 exp(−2γτ) + 4995942301350 exp(−4γτ) −
− 5233844315700 exp(−6γτ) + 1951213889625 exp(−8γτ))

)
;∫

τ
2
P

(1/2,0)
5 (τ, γ)dτ = −

1

250001948380800γ3
exp

(
−

3γτ

2

)
×

×
(
401044792194200 − 683997677649000 exp(−2γτ) +

+ 1057601217582000 exp(−4γτ) − 1012924560856208 ×
× exp(−6γτ) + 526103476899000 exp(−8γτ) −

− 113241358830600 exp(−10γτ) + γτ(601567188291300 −
− 2393991871771500 exp(−2γτ) + 5816806696701000 ×
× exp(−4γτ) − 7596934206421560 exp(−6γτ) +

+ 4997983030540500 exp(−8γτ) − 1302275626551900 ×
× exp(−10γτ)) + γ

2
τ
2
(451175391218475 − 4189485775600125 ×

× exp(−2γτ) + 15996218415927750 exp(−4γτ) −
− 28488503274080850 exp(−6γτ) + 4997983030540500 ×
× exp(−8γτ) − 1302275626551900 exp(−10γτ))

)
.∫

τ
2
P

(1/2,0)
k (τ, γ)dτ
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Ðèñ. 1.98. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 1/2, β = 0

[1.99]

∫
τ3P

(1/2,0)
k (τ, γ)dτ

= −
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s exp

(
−
(4s+ 3)

2
γτ

)
×

×
(

2τ3

γ(4s+ 3)
+

12τ2

γ2(4s+ 31)2
+

+
48τ

γ3(4s+ 3)3
+

96

γ4(4s+ 3)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
P

(1/2,0)
0 (τ, γ)dτ = −

2

27γ4
exp

(
−

3γτ

2

)
(9γ

3
τ
3
+ 18γ

2
τ
2
+

+ 24γτ + 16);∫
τ
3
P

(1/2,0)
1 (τ, γ)dτ = −

1

21609γ4
exp

(
−

3γτ

2

)(
38416 −

− 2160 × exp(−2γτ) + γτ(57624 − 7560 exp(−2γτ)) + γ
2
τ
2 ×

× (43218 − 13230 exp(−2γτ)) + γ
3
τ
3
(21609 − 15435 ×

× exp(−2γτ))
)
;∫

τ
3
P

(1/2,0)
2 (τ, γ)dτ = −

1

180787068γ4
exp

(
−

3γτ

2

)
×

×
(
401749040 − 63249120 exp(−2γτ) + 9335088 exp(−4γτ) +

+ γτ(602623560 − 221371920 exp(−2γτ) + 51342984 ×
× exp(−4γτ)) + γ

2
τ
2
(451967670 − 387400860 exp(−2γτ) +

+ 141193206 exp(−4γτ)) + γ
3
τ
3
(225983835 − 451967670 ×

× exp(−2γτ) + 258854211 exp(−4γτ))
)
;∫

τ
3
P

(1/2,0)
3 (τ, γ)dτ = −

1

61631955000γ4
exp

(
−

3γτ

2

)
×

×
(
159786550000 − 48514950000 exp(−2γτ) +

+ 17503290000 exp(−4γτ) − 3133642512 exp(−6γτ) +

+ γτ(239679825000 − 169802325000 exp(−2γτ) +

+ 96268095000 exp(−4γτ) − 23502318840 exp(−6γτ)) +

+ γ
2
τ
2
(179759868750 − 297154068750 exp(−2γτ) +

+ 264737261250 exp(−4γτ) − 88133695650 exp(−6γτ)) +



1.3 Àíàëèòè÷åñêèå ñîîòíîøåíèÿ äëÿ íåîïðåäåëåííûõ èíòåãðàëîâ îò îðòîãîíàëüíûõ

ôóíêöèé 59

+ γ
3
τ
3
(89879934375 − 346679746875 exp(−2γτ) +

+ 485351645625 exp(−4γτ) − 220334239125 exp(−6γτ))
)
;∫

τ
3
P

(1/2,0)
4 (τ, γ)dτ = −

1

1427900090232000γ4
exp

(
−

3γτ

2

)
×

×
(
4164708596510000 − 2060672141880000 exp(−2γτ) +

+ 1317937836852000 exp(−4γτ) − 544505901075136 ×
× exp(−6γτ) + 99884855070000 exp(−8γτ) + γτ ×
× (6247062894765000 − 7212352496580000 exp(−2γτ) +

+ 7248658102686000 exp(−4γτ) − 4083794258063520 ×
× exp(−6γτ) + 948906123165000 exp(−8γτ)) + γ

2
τ
2 ×

× (4685297171073750 − 12621616869015000 exp(−2γτ) +

+ 19933809782386500 exp(−4γτ) − 15314228467738200 ×
× exp(−6γτ) + 4507304085033750 exp(−8γτ)) + γ

3
τ
3 ×

× (2342648585536875 − 14725219680517500 exp(−2γτ) +

+ 36545317934375250 exp(−4γτ) − 38285571169345500 ×
× exp(−6γτ) + 14273129602606875 exp(−8γτ))

)
;∫

τ
3
P

(1/2,0)
5 (τ, γ)dτ = −

1

42061577805327696000γ4
×

× exp
(
−

3γτ

2

)(
134947562125426358000 −

− 98639305093762290000 exp(−2γτ) + 97056063737500140000 ×
× exp(−4γτ) − 68167797096501085984 exp(−6γτ) +

+ 27951877727643870000 exp(−8γτ) − 4970163239075034000 ×
× exp(−10γτ) + γτ(202421343188139537000 −
−345237567828168015000 exp(−2γτ)+533808350556250770000×
× exp(−4γτ) − 511258478223758144880 exp(−6γτ) +

+ 265542838412616765000 exp(−8γτ) − 57156877249362891000 ×
× exp(−10γτ)) + γ

2
τ
2
(151816007391104652750 −

−604165743699294026250 exp(−2γτ)+1467972964029689617500×
× exp(−4γτ) − 1917219293339093043300 exp(−6γτ) +

+1261328482459929633750 exp(−8γτ)−328652044183836623250×
× exp(−10γτ)) + γ

3
τ
3
(75908003695552326375 −

−704860034315843030625 exp(−2γτ)+2691283767387764298750×
× exp(−4γτ) − 4793048233347732608250 exp(−6γτ) +

+ 3994206861123110506875 exp(−8γτ) −
− 1259832836038040389125 exp(−10γτ))

)
.∫

τ
3
P

(1/2,0)
k (τ, γ)dτ
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Ðèñ. 1.99. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 1/2, β = 0

[1.100]

∫
τnP

(1/2,0)
k (τ, γ)dτ =

= −
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s exp

(
−
(4s+ 3)

2
γτ

)
×

×
n∑
j=0

n!τn−j

(n− j)!

(
γ(4s+ 3)

2

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
P

(1/2,0)
0 (τ, γ)dτ = −

2n!

3γ
exp

(
−

3γτ

2

) n∑
j=0

( 2

3γ

)j τn−j

(n− j)!
;

∫
τ
n
P

(1/2,0)
1 (τ, γ)dτ = − exp

(
−

3γτ

2

)
×

×

3n!

2

n∑
j=0

τn−j

(n− j)!

(
3γ

2

)j+1
−

−
5n!

2
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
7γ

2

)j+1

;

∫
τ
n
P

(1/2,0)
2 (τ, γ)dτ = − exp

(
−

3γτ

2

)
×

×

15n!

8

n∑
j=0

τn−j

(n− j)!

(
3γ

2

)j+1
−

−
35n!

4
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
7γ

2

)j+1
+

+
63n!

8
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
11γ

2

)j+1

;

∫
τ
n
P

(1/2,0)
3 (τ, γ)dτ = − exp

(
−

3γτ

2

)
×

×

35n!

16

n∑
j=0

τn−j

(n− j)!

(
3γ

2

)j+1
−

−
315n!

16
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
7γ

2

)j+1
+

+
693n!

16
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
11γ

2

)j+1
−

−
429n!

16
exp(−6γτ)

n∑
j=0

τn−j

(n− j)!

(
15γ

2

)j+1

;

∫
τ
n
P

(1/2,0)
4 (τ, γ)dτ = − exp

(
−

3γτ

2

)
×

×

315n!

128

n∑
j=0

τn−j

(n− j)!

(
3γ

2

)j+1
−
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−
1155n!

32
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
7γ

2

)j+1
+

+
9009n!

64
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
11γ

2

)j+1
−

−
6435n!

32
exp(−6γτ)

n∑
j=0

τn−j

(n− j)!

(
15γ

2

)j+1
+

+
12155n!

128
exp(−8γτ)

n∑
j=0

τn−j

(n− j)!

(
19γ

2

)j+1

;

∫
τ
n
P

(1/2,0)
5 (τ, γ)dτ = − exp

(
−

3γτ

2

)
×

×

693n!

256

n∑
j=0

τn−j

(n− j)!

(
3γ

2

)j+1
−

−
15015n!

256
exp(−2γτ)

n∑
j=0

τn−j

(n− j)!

(
7γ

2

)j+1
+

+
45045n!

128
exp(−4γτ)

n∑
j=0

τn−j

(n− j)!

(
11γ

2

)j+1
−

−
109395n!

128
exp(−6γτ)

n∑
j=0

τn−j

(n− j)!

(
15γ

2

)j+1
+

+
230945n!

256
exp(−8γτ)

n∑
j=0

τn−j

(n− j)!

(
19γ

2

)j+1
−

−
88179n!

256
exp(−10γτ)

n∑
j=0

τn−j

(n− j)!

(
23γ

2

)j+1

.

0
1

2
3

4
τ 0

1
2

3
4

n

0, 3

0, 2

0, 1

∫
τ
n
P

(1/2,0)
k (τ, γ)dτ

Ðèñ. 1.100. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 2,

c = 2, α = 1/2, β = 0

[1.101]

∫
P

(1,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
×

×
(−1)s

γ(s+ 1)
exp
(
−(s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
P

(1,0)
0 (τ, γ)dτ = −

1

γ
exp(−γτ);∫

P
(1,0)
1 (τ, γ)dτ = −

1

2γ
exp(−γτ)(4 − 3 exp(−γτ));∫

P
(1,0)
2 (τ, γ)dτ = −

1

3γ
exp(−γτ)(9 − 18 exp(−γτ) + 10 ×

× exp(−2γτ));∫
P

(1,0)
3 (τ, γ)dτ = −

1

4γ
exp(−γτ)(16 − 60 exp(−γτ) + 80 ×

× exp(−2γτ) − 35 exp(−3γτ));∫
P

(1,0)
4 (τ, γ)dτ = −

1

5γ
exp(−γτ)(25 − 150 exp(−γτ) + 350 ×

× exp(−2γτ) − 350 exp(−3γτ) + 126 exp(−4γτ));∫
P

(1,0)
5 (τ, γ)dτ = −

1

6γ
exp(−γτ)(36 − 315 exp(−γτ) + 1120 ×

× exp(−2γτ) − 1890 exp(−3γτ) + 1512 exp(−4γτ) − 462 ×
× exp(−5γτ)).∫

P
(1,0)
k (τ, γ)dτ
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5

Ðèñ. 1.101. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 1, α = 1, β = 0

[1.102]

∫
τP

(1,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
×

× (−1)s exp
(
−(s+ 1)γτ

)( τ

γ(s+ 1)
+

1

γ2(s+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τP

(1,0)
0 (τ, γ)dτ = −

1

γ2
exp(−γτ)(γτ + 1);∫

τP
(1,0)
1 (τ, γ)dτ = −

1

4γ2
exp(−γτ)

(
8 − 3 exp(−γτ) + γτ(8 −

− 6 exp(−γτ))
)
;∫

τP
(1,0)
2 (τ, γ)dτ = −

1

9γ2
exp(−γτ)

(
27 − 27 exp(−γτ) + 10 ×

× exp(−2γτ) + γτ(27 − 54 exp(−γτ) + 30 exp(−2γτ))
)
;∫

τP3(1, 0)(τ, γ)dτ = −
1

48γ2
exp(−γτ)

(
192 − 360 exp(−γτ) +

+ 320 exp(−2γτ) − 105 exp(−3γτ) + γτ(192 − 720 exp(−γτ) +
+ 960 exp(−2γτ) − 420 exp(−3γτ))

)
;
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∫
τP

(1,0)
4 (τ, γ)dτ = −

1

150γ2
exp(−γτ)

(
750 − 2250 ×

× exp(−γτ) + 3500 exp(−2γτ) − 2625 exp(−3γτ) + 756 ×
× exp(−4γτ) + γτ(750 − 4500 exp(−γτ) + 10500 exp(−2γτ) −
− 10500 exp(−3γτ) + 3780 exp(−4γτ))

)
;∫

τP
(1,0)
5 (τ, γ)dτ = −

1

180γ2
exp(−γτ)

(
1080 − 4725 ×

× exp(−γτ) + 11200 exp(−2γτ) − 14175 exp(−3γτ) +

+ 9072 exp(−4γτ) − 2310 exp(−5γτ) + γτ(1080 − 9450 ×
× exp(−γτ) + 33600 exp(−2γτ) − 56700 exp(−3γτ) + 45360 ×
× exp(−4γτ) − 13860 exp(−5γτ))

)
.∫

τP
(1,0)
k (τ, γ)dτ
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Ðèñ. 1.102. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 1,

α = 1, β = 0

[1.103]

∫
τ2P

(1,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
×

× (−1)s exp
(
−(s+ 1)γτ

)( τ2

γ(s+ 1)
+

+
2τ

γ2(s+ 1)2
+

2

γ3(s+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
P

(1,0)
0 (τ, γ)dτ = −

1

γ3
exp(−γτ)(γ2

τ
2
+ 2γτ + 2);∫

τ
2
P

(1,0)
1 (τ, γ)dτ = −

1

4γ3
exp(−γτ)

(
16 − 3 exp(−γτ) +

+ γτ(16 − 6 exp(−γτ) + γ
2
τ
2
(8 − 6 exp(−γτ))

)
;∫

τ
2
P

(1,0)
2 (τ, γ)dτ = −

1

27γ3
exp(−γτ)

(
162 − 81 exp(−γτ) +

+ 20 exp(−2γτ) + γτ(162 − 162 exp(−γτ) + 60 exp(−2γτ)) +

+ γ
2
τ
2
(81 − 162 exp(−γτ) + 90 exp(−2γτ))

)
;∫

τ
2
P

(1,0)
3 (τ, γ)dτ = −

1

288γ3
exp(−γτ)

(
2304 − 2160 ×

× exp(−γτ) + 1280 exp(−2γτ) − 315 exp(−3γτ) + γτ(2304 −
− 4320 exp(−γτ) + 3840 exp(−2γτ) − 1260 exp(−3γτ)) +

+ γ
2
τ
2
(1152 − 4320 exp(−γτ) + 5760 exp(−2γτ) − 2520 ×

× exp(−3γτ))
)
;∫

τ
2
P

(1,0)
4 (τ, γ)dτ = −

1

4500γ3
exp(−γτ)

(
45000 − 67500 ×

× exp(−γτ) + 70000 exp(−2γτ) − 39375 exp(−3γτ) + 9072 ×
× exp(−4γτ) + γτ(45000 − 135000 exp(−γτ) + 210000 ×
× exp(−2γτ) − 157500 exp(−3γτ) + 45360 exp(−4γτ)) + γ

2
τ
2 ×

× (22500 − 135000 exp(−γτ) + 315000 exp(−2γτ) − 315000 ×

× exp(−3γτ) + 113400 exp(−4γτ))
)
;∫

τ
2
P

(1,0)
5 (τ, γ)dτ = −

1

5400γ3
exp(−γτ)

(
64800 − 141750 ×

× exp(−γτ) + 224000 exp(−2γτ)− 212625 exp(−3γτ) + 108864×
× exp(−4γτ) − 23100 exp(−5γτ) + γτ(64800 − 283500 ×
× exp(−γτ) + 672000 exp(−2γτ) − 850500 exp(−3γτ) +

+ 544320 exp(−4γτ) − 138600 exp(−5γτ)) + γ
2
τ
2
(32400 −

− 283500 exp(−γτ) + 1008000 exp(−2γτ)− 1701000 exp(−3γτ) +

+ 1360800 exp(−4γτ) − 415800 exp(−5γτ))
)
.∫

τ
2
P

(1,0)
k (τ, γ)dτ

-0,2

-0,4

-0,6
0 1 2 3 4 τ

P
(1,0)
0

P
(1,0)
1

P
(1,0)
2

P
(1,0)
3

P
(1,0)
4

P
(1,0)
5

Ðèñ. 1.103. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 1,

α = 1, β = 0

[1.104]

∫
τ3P

(1,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
×

× (−1)s exp
(
−(s+ 1)γτ

)( τ3

γ(s+ 1)
+

3τ2

γ2(s+ 1)2
+

+
6τ

γ3(s+ 1)3
+

6

γ4(s+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
P

(1,0)
0 (τ, γ)dτ = −

1

γ4
exp(−γτ)(γ3

τ
3
+ 3γ

2
τ
2
+ 6γτ + 6);∫

τ
3
P

(1,0)
1 (τ, γ)dτ = −

1

8γ4
exp(−γτ)

(
96 − 9 exp(−γτ) +

+ γτ(96 − 18 exp(−γτ) + γ
2
τ
2
(48 − 18 exp(−γτ)) + γ

3
τ
3
(16 −

− 12 exp(−γτ))
)
;∫

τ
3
P

(1,0)
2 (τ, γ)dτ = −

1

54γ4
exp(−γτ)

(
972 − 243 exp(−γτ) +

+ 40 exp(−2γτ) + γτ(972 − 486 exp(−γτ) + 120 exp(−2γτ)) +

+ γ
2
τ
2
(486 − 486 exp(−γτ) + 180 exp(−2γτ)) + γ

3
τ
3
(162 −

− 324 exp(−γτ) + 180 exp(−2γτ))
)
;∫

τ
3
P

(1,0)
3 (τ, γ)dτ = −

1

1152γ4
exp(−γτ)

(
27648 − 12960 ×

× exp(−γτ) + 5120 exp(−2γτ) − 945 exp(−3γτ) + γτ(27648 −
− 25920 exp(−γτ) + 15360 exp(−2γτ) − 3780 exp(−3γτ)) +

+ γ
2
τ
2
(13824 − 25920 exp(−γτ) + 23040 exp(−2γτ) − 7560 ×

× exp(−3γτ)) + γ
3
τ
3
(4608 − 17280 exp(−γτ) + 23040 ×

× exp(−2γτ) − 10080 exp(−3γτ))
)
;∫

τ
3
P

(1,0)
4 (τ, γ)dτ = −

1

90000γ4
exp(−γτ)

(
2700000 −

− 2025000 exp(−γτ) + 1400000 exp(−2γτ) − 590625 ×
× exp(−3γτ) + 108864 exp(−4γτ) + γτ(2700000 − 4050000 ×
× exp(−γτ) + 4200000 exp(−2γτ) − 2362500 exp(−3γτ) +

+ 544320 exp(−4γτ)) + γ
2
τ
2
(1350000 − 4050000 exp(−γτ) +
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+ 6300000 exp(−2γτ) − 4725000 exp(−3γτ) + 1360800 ×
× exp(−4γτ)) + γ

3
τ
3
(450000 − 2700000 exp(−γτ) +

+ 6300000 exp(−2γτ) − 6300000 exp(−3γτ) + 2268000 ×
× exp(−4γτ))

)
;∫

τ
3
P

(1,0)
5 (τ, γ)dτ = −

1

108000γ4
exp(−γτ)

(
3888000 −

− 4252500 exp(−γτ) + 4480000 exp(−2γτ) − 3189375 ×
× exp(−3γτ) + 1306368 exp(−4γτ) − 231000 exp(−5γτ) +

+ γτ(3888000 − 8505000 exp(−γτ) + 13440000 exp(−2γτ) −
− 12757500 exp(−3γτ) + 6531840 exp(−4γτ) − 1386000 ×
× exp(−5γτ)) + γ

2
τ
2
(1944000 − 8505000 exp(−γτ) +

+ 20160000 exp(−2γτ) − 25515000 exp(−3γτ) + 16329600 ×
× exp(−4γτ) − 4158000 exp(−5γτ)) + γ

3
τ
3
(648000 −

− 5670000 exp(−γτ) + 20160000 exp(−2γτ) − 34020000 ×
× exp(−3γτ) + 27216000 exp(−4γτ) − 8316000 exp(−5γτ))

)
.∫

τ
3
P

(1,0)
k (τ, γ)dτ
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Ðèñ. 1.104. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 1,

α = 1, β = 0

[1.105]

∫
τnP

(1,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
×

× (−1)s exp
(
−(s+1)γτ

) n∑
j=0

n!τn−j

(n− j)!
(
γ(s+ 1)

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
P

(1,0)
0 (τ, γ)dτ = −

2n!

γ
exp(−γτ)

n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
P

(1,0)
1 (τ, γ)dτ = − exp(−γτ) ×

×

2n!

n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
2γ

)j+1

;

∫
τ
n
P

(1,0)
2 (τ, γ)dτ = − exp(−γτ) ×

×

3n!

n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 12n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
2γ

)j+1
+

+ 10n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1

;

∫
τ
n
P

(1,0)
3 (τ, γ)dτ = − exp(−γτ) ×

×

4n!

n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 30n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
2γ

)j+1
+

+ 60n! exp(−2γτ)
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 35n! exp(−3γτ)

n∑
j=0

τn−j

(n− j)!
(
4γ

)j+1

;

∫
τ
n
P

(1,0)
4 (τ, γ)dτ = − exp(−γτ) ×

×

5n!

n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 60n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
2γ

)j+1
+

+ 210n! exp(−2γτ)
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 280n! exp(−3γτ)
n∑
j=0

τn−j

(n− j)!
(
4γ

)j+1
+

+ 126n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1

;

∫
τ
n
P

(1,0)
5 (τ, γ)dτ = − exp(−γτ) ×

×

6n!

n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 105n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
2γ

)j+1
+

+ 560n! exp(−2γτ)
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 1260n! exp(−3γτ)

n∑
j=0

τn−j

(n− j)!
(
4γ

)j+1
+

+ 1260n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 462n! exp(−5γτ)

n∑
j=0

τn−j

(n− j)!
(
6γ

)j+1

.
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Ðèñ. 1.105. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 2,

c = 1, α = 1, β = 0

[1.106]

∫
P

(2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
×

×
(−1)s

γ(2s+ 3)
exp
(
−(2s+ 3)γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
P

(2,0)
0 (τ, γ)dτ = −

1

3γ
exp(−3γτ);∫

P
(2,0)
1 (τ, γ)dτ = −

1

5γ
exp(−3γτ)(5 − 4 exp(−2γτ));∫

P
(2,0)
2 (τ, γ)dτ = −

1

7γ
exp(−3γτ)(14 − 28 exp(−2γτ) + 15 ×

× exp(−4γτ));∫
P

(2,0)
3 (τ, γ)dτ = −

1

9γ
exp(−3γτ)(30 − 56 exp(−2γτ) + 108 ×

× exp(−4γτ) − 135 exp(−6γτ));∫
P

(2,0)
4 (τ, γ)dτ = −

1

11γ
exp(−3γτ)(55 − 308 exp(−2γτ) +

+ 660 exp(−4γτ) − 616 exp(−6γτ) + 210 exp(−8γτ));∫
P

(2,0)
5 (τ, γ)dτ = −

1

13γ
exp(−3γτ)(91 − 728 exp(−2γτ) +

+ 2340 exp(−4γτ) − 3640 exp(−6γτ) + 2730 exp(−8γτ) − 792 ×
× exp(−10γτ)).∫

P
(2,0)
k (τ, γ)dτ
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Ðèñ. 1.106. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2, α = 2, β = 0

[1.107]

∫
τP

(2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
×

×(−1)s exp
(
−(2s+3)γτ

)( τ

γ(2s+ 3)
+

1

γ2(2s+ 3)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τP

(2,0)
0 (τ, γ)dτ = −

1

9γ2
exp(−3γτ)(3γτ + 1);∫

τP
(2,0)
1 (τ, γ)dτ = −

1

75γ2
exp(−3γτ)

(
25 − 12 exp(−2γτ) +

+ γτ(75 − 60 exp(−2γτ))
)
;∫

τP
(2,0)
2 (τ, γ)dτ = −

1

735γ2
exp(−3γτ)

(
490 − 588 ×

× exp(−2γτ) + 225 exp(−4γτ) + γτ(1470 − 2940 exp(−2γτ) +

+ 1575 exp(−4γτ))
)
;∫

τP3(2, 0)(τ, γ)dτ = −
1

2835γ2
exp(−3γτ)

(
3150 − 6804 ×

× exp(−2γτ) + 6075 exp(−4γτ) − 1960 exp(−6γτ) + γτ(9450 −
− 34020 exp(−2γτ) + 42535 exp(−4γτ) − 17640 exp(−6γτ))

)
;∫

τP
(2,0)
4 (τ, γ)dτ = −

1

38115γ2
exp(−3γτ)

(
63525 − 213444 ×

× exp(−2γτ) + 326700 exp(−4γτ) − 237160 exp(−6γτ) +

+ 66150 exp(−8γτ) + γτ(190575 − 1067220 exp(−2γτ) +

+2286900 exp(−4γτ)−2134440 exp(−6γτ)+727650 exp(−8γτ))
)
;∫

τP
(2,0)
5 (τ, γ)dτ = −

1

585585γ2
exp(−3γτ)

(
1366365 −

− 6558552 exp(−2γτ) + 15057900 exp(−4γτ) − 18218200 ×
× exp(−6γτ) + 11179350 exp(−8γτ) − 2744280 exp(−10γτ) +

+ γτ(4099095 − 32792760 exp(−2γτ) + 105405300 exp(−4γτ) −
+ 163963800 exp(−6γτ) + 122972850 exp(−8γτ) − 35675640 ×
× exp(−10γτ))

)
.∫

τP
(2,0)
k (τ, γ)dτ
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Ðèñ. 1.107. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 2, β = 0

[1.108]

∫
τ2P

(2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
×

× (−1)s exp
(
−(2s+ 3)γτ

)( τ2

γ(2s+ 3)
+

+
2τ

γ2(2s+ 3)2
+

2

γ3(2s+ 3)3

)
.
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×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
P

(2,0)
0 (τ, γ)dτ = −

1

27γ3
exp(−3γτ)(9γ

2
τ
2
+ 6γτ + 2);∫

τ
2
P

(2,0)
1 (τ, γ)dτ = −

1

1125γ3
exp(−3γτ)

(
250 − 72 ×

× exp(−2γτ) + γτ(750 − 360 exp(−2γτ) + γ
2
τ
2
(1125 − 900 ×

× exp(−2γτ))
)
;∫

τ
2
P

(2,0)
2 (τ, γ)dτ = −

1

77175γ3
exp(−3γτ)

(
34300 − 24696 ×

× exp(−2γτ) + 6750 exp(−4γτ) + γτ(102900 − 123480 ×
× exp(−2γτ) + 47250 exp(−4γτ)) + γ

2
τ
2
(154350 − 308700 ×

× exp(−2γτ) + 165375 exp(−4γτ))
)
;∫

τ
2
P

(2,0)
3 (τ, γ)dτ = −

1

893025γ3
exp(−3γτ)

(
661500 −

− 857304 exp(−2γτ) + 546750 exp(−4γτ) − 137200 exp(−6γτ) +

+ γτ(1984500 − 4286520 exp(−2γτ) + 3827250 exp(−4γτ) −
− 1234800 exp(−6γτ)) + γ

2
τ
2
(2976750 − 10716300 exp(−2γτ) +

+ 13395375 exp(−4γτ) − 5556600 exp(−6γτ))
)
;∫

τ
2
P

(2,0)
4 (τ, γ)dτ = −

1

132068475γ3
exp(−3γτ)

(
146742750 −

− 295833384 exp(−2γτ) + 323433000 exp(−4γτ) − 182613200 ×
× exp(−6γτ) + 41674500 exp(−8γτ) + γτ(440228250 −
− 1479166920 exp(−2γτ) + 2264031000 exp(−4γτ) −
− 1643518800 exp(−6γτ) + 458419500 exp(−8γτ)) +

+ γ
2
τ
2
(660342375 − 3697917300 exp(−2γτ) + 7924108500 ×

× exp(−4γτ) − 7395834600 exp(−6γτ) + 2521307250 ×
× exp(−8γτ))

)
;∫

τ
2
P

(2,0)
5 (τ, γ)dτ = −

1

26377676325γ3
exp(−3γτ) ×

×
(
41031940950 − 118171989936 exp(−2γτ) + 193795173000 ×

× exp(−4γτ) − 182364182000 exp(−6γτ) + 91558876500 ×
× exp(−8γτ) − 19017860400 exp(−10γτ) + γτ(123095822850 −
− 590859949680 exp(−2γτ) + 1356566211000 exp(−4γτ) −
− 1641277638000 exp(−6γτ) + 1007147641500 exp(−8γτ) −
− 247232185200 exp(−10γτ)) + γ

2
τ
2
(184643734275 −

− 1477149874200 exp(−2γτ) + 4747981738500 exp(−4γτ) −
− 7385749371000 exp(−6γτ) + 5539312028250 exp(−8γτ) −
− 1607009203800 exp(−10γτ))

)
.∫

τ
2
P

(2,0)
k (τ, γ)dτ
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Ðèñ. 1.108. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 2, β = 0

[1.109]

∫
τ3P

(2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
×

× (−1)s exp
(
−(2s+ 3)γτ

)( τ3

γ(2s+ 3)
+

3τ2

γ2(2s+ 3)2
+

+
6τ

γ3(2s+ 3)3
+

6

γ4(2s+ 3)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
P

(2,0)
0 (τ, γ)dτ = −

1

27γ4
exp(−3γτ)(9γ

3
τ
3
+ 9γ

2
τ
2
+ 6 ×

× γτ + 2);∫
τ
3
P

(2,0)
1 (τ, γ)dτ = −

1

5625γ4
exp(−3γτ)

(
1250 − 216 ×

× exp(−2γτ) + γτ(3750 − 1080 exp(−2γτ) + γ
2
τ
2
(5625 − 2700 ×

× exp(−2γτ)) + γ
3
τ
3
(5625 − 4500 exp(−2γτ))

)
;∫

τ
3
P

(2,0)
2 (τ, γ)dτ = −

1

2701125γ4
exp(−3γτ)

(
1200500 −

− 518616 exp(−2γτ) + 101250 exp(−4γτ) + γτ(3601500 −
− 2593080 exp(−2γτ) + 708750 exp(−4γτ)) + γ

2
τ
2
(5402250 −

− 6482700 exp(−2γτ) + 2480625 exp(−4γτ)) + γ
3
τ
3
(5402250 −

− 10804500 exp(−2γτ) + 5788125 exp(−4γτ))
)
;∫

τ
3
P

(2,0)
3 (τ, γ)dτ = −

1

93767625γ4
exp(−3γτ)

(
69457500 −

− 54010152 exp(−2γτ) + 24603750 exp(−4γτ) − 4802000 ×
× exp(−6γτ) + γτ(208372500 − 270050760 exp(−2γτ) +

+ 172226250 exp(−4γτ) − 43218000 exp(−6γτ)) +

+ γ
2
τ
2
(312558750 − 675126900 exp(−2γτ) + 602791875 ×

× exp(−4γτ) − 194481000 exp(−6γτ)) + γ
3
τ
3
(312558750 −

1125211500 exp(−2γτ) + 1406514375 exp(−4γτ) −
− 583443000 exp(−6γτ))

)
;∫

τ
3
P

(2,0)
4 (τ, γ)dτ = −

1

152539088625γ4
exp(−3γτ) ×

×
(
169487876250 − 205012535112 exp(−2γτ) + 160099335000 ×

× exp(−4γτ) − 70306082000 exp(−6γτ) + 13127467500 ×
× exp(−8γτ) + γτ(508463628750 − 1025062675560 exp(−2γτ) +

+ 1120695345000 exp(−4γτ) − 632754738000 exp(−6γτ) +

+ 144402142500 exp(−8γτ)) + γ
2
τ
2
(762695443125 −

− 2562656688900 exp(−2γτ) + 3922433707500 exp(−4γτ) −
− 2847396321000 exp(−6γτ) + 794211783750 exp(−8γτ)) +

+ γ
3
τ
3
(762695443125 − 4271094481500 exp(−2γτ) +

+ 9152345317500 exp(−4γτ) − 8542188963000 exp(−6γτ) +

+ 2912109873750 exp(−8γτ))
)
;∫

τ
3
P

(2,0)
5 (τ, γ)dτ = −

1

396060810019875γ4
exp(−3γτ) ×

×
(
616094593364250 − 1064611457333424 exp(−2γτ) +

+ 1247071938255000 exp(−4γτ) − 912732730910000 ×
× exp(−6γτ) + 374933599267500 exp(−8γτ) −
− 65896886286000 exp(−10γτ) + γτ(1848283780092750 −
− 5323057286667120 exp(−2γτ) + 8729503567785000 ×
× exp(−4γτ) − 8214594578190000 exp(−6γτ) +

+ 4124269591942500 exp(−8γτ) − 856659521718000 ×
× exp(−10γτ)) + γ

2
τ
2
(2772425670139125 −

− 13307643216667800 exp(−2γτ) + 30553262487247500 ×
× exp(−4γτ) − 36965675601855000 exp(−6γτ) +

+ 22683482755683750 exp(−8γτ) − 5568286891167000 ×
× exp(−10γτ)) + γ

3
τ
3
(2772425670139125 −

− 22179405361113000 exp(−2γτ) + 71290945803577500 ×
× exp(−4γτ) − 110897026805565000 exp(−6γτ) +
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+ 83172770104173750 exp(−8γτ) − 24129243195057000 ×
× exp(−10γτ))

)
.∫

τ
3
P

(2,0)
k (τ, γ)dτ
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Ðèñ. 1.109. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 2, β = 0

[1.110]

∫
τnP

(2,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
×

×(−1)s exp
(
−(2s+3)γτ

) n∑
j=0

n!τn−j

(n− j)!
(
γ(2s+ 3)

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
P

(2,0)
0 (τ, γ)dτ = −

2n!

γ
exp(−γτ)

n∑
j=0

( 2

3γ

)j τn−j

(n− j)!
;

∫
τ
n
P

(2,0)
1 (τ, γ)dτ = − exp(−3γτ) ×

×

3n!
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1

;

∫
τ
n
P

(2,0)
2 (τ, γ)dτ = − exp(−3γτ) ×

×

6n!

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 20n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
+

+ 15n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1

;

∫
τ
n
P

(2,0)
3 (τ, γ)dτ = − exp(−3γτ) ×

×

10n!
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 60n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
+

+ 105n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
−

− 56n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1

;

∫
τ
n
P

(2,0)
4 (τ, γ)dτ = − exp(−3γτ) ×

×

15n!

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 140n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
+

+ 420n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
−

− 504n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
+

+ 210n! exp(−8γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1

;

∫
τ
n
P

(2,0)
5 (τ, γ)dτ = − exp(−3γτ) ×

×

21n!

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 280n! exp(−2γτ)
n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
+

+ 1260n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
−

− 2520n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
+

− 2310n! exp(−8γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1
−

− 792n! exp(−10γτ)

n∑
j=0

τn−j

(n− j)!
(
13γ

)j+1

.

0
1

2
3

4
τ 0

1
2

3
4

n

0, 08

0, 06

0, 04

0, 02

∫
τ
n
P

(2,0)
k (τ, γ)dτ

Ðèñ. 1.110. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 2,

c = 2, α = 2, β = 0
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[1.111]

∫
P

(α,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

×
2(−1)s

cγ(2s+ α+ 1)
exp
(
−(2s+ α+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé
0-5 ïîðÿäêîâ:∫

P
(α,0)
0 (τ, γ)dτ = −

2

cγ(α+ 1)
exp

(
−cγτ(α+ 1)/2

)
;∫

P
(α,0)
1 (τ, γ)dτ = −

2

cγ(α+ 3)
exp

(
−cγτ(α+ 1)/2

)(
α+ 3 −

− (α+ 2) exp(−cγτ)
)
;∫

P
(α,0)
2 (τ, γ)dτ = −

1

cγ(α+ 5)
exp

(
−cγτ(α+ 1)/2

)(
α

2
+ 7α+

+ 10− 2(α
2
+ 7α+ 10) exp(−cγτ) + (α

2
+ 7α+ 12) exp(−2cγτ)

)
;∫

P
(α,0)
3 (τ, γ)dτ = −

1

3cγ(α+ 7)
exp

(
−cγτ(α+ 1)/2

)(
α

3
+

+ 12α
2
+ 41α+ 42 − (3α

3
+ 39α

2
+ 150α+ 168) exp(−cγτ) +

+ (3α
3
+ 42α

2
+ 183α+ 252) exp(−2cγτ) − (α

3
+ 15α

2
+ 74α+

+ 120) exp(−3cγτ)
)
;∫

P
(α,0)
4 (τ, γ)dτ = −

1

12cγ(α+ 9)
exp

(
−cγτ(α+ 1)/2

)(
α

4
+

+ 18α
3
+ 107α

2
+ 258α+ 216 − (4α

4
+ 80α

3
+ 548α

2
+

+ 1528α+ 1440) exp(−cγτ) + (6α
4
+ 132α

3
+ 1026α

2
+

+ 3348α+ 3888) exp(−2cγτ) − (4α
4
+ 96α

3
+ 836α

2
+ 3144α+

+ 4320) exp(−3cγτ) + (α
4
+ 26α

3
+ 251α

2
+ 1066α+ 1680) ×

× exp(−4cγτ)
)
;∫

P
(α,0)
5 (τ, γ)dτ = −

1

60cγ(α+ 11)
exp

(
−cγτ(α+ 1)/2

)(
α

5
+

+25α
4
+225α

3
+935α

2
+1814α+1320−(5α

5
+140α

4
+1455α

3
+

+ 7060α
2
+ 15940α+ 13200) exp(−cγτ) + (10α

5
+ 310α

4
+

+ 3650α
3
+ 20450α

2
+ 54540α+ 55440) exp(−2cγτ) −

− (10α
5
+ 340α

4
+ 4470α

3
+ 28460α

2
+ 87920α+ 105600) ×

× exp(−3cγτ) + (5α
5
+ 185α

4
+ 2685α

3
+ 19135α

2
+ 67030α+

+ 92400) exp(−4cγτ)− (α
5
+ 40α

4
+ 635α

3
+ 5000α

2
+ 19524α+

+ 30240) exp(−5cγτ)
)
.

à)

0

2

4 τ 0
1

2
3

4
α

0

−0, 05

−0, 1

∫
P

(α,0)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−0, 2

−0, 1

∫
P

(α,0)
k (τ, γ)dτ

Ðèñ. 1.111. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, α ∈ [0; 5]; á) γ ∈ (1; 3, 5],
α = 1

[1.112]

∫
τP

(α,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s exp
(
−(2s+ α+ 1)cγτ/2

)
×

×
(

2τ

cγ(2s+ α+ 1)
+

4

c2γ2(2s+ α+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τP
(α,0)
0 (τ, γ)dτ = −

2

c2γ2(α+ 1)2
exp

(
−cγτ(α+ 1)/2

)
×

×
(
γτ(α+ 1) + 2

)
;∫

τP
(α,0)
1 (τ, γ)dτ = −

2

c2γ2(α+ 1)(α+ 3)2
×

× exp
(
−cγτ(α+ 1)/2

)(
2(α+ 3)

2 − 2(α
2
+ 3α+ 2) exp(−cγτ) +

+ γτ(α
3
+ 7α

2
+ 15α+ 9 − (α

3
+ 6α

2
+ 11α+ 6) exp(−cγτ))

)
;

∫
τP

(α,0)
2 (τ, γ)dτ = −

1

c2γ2(α+ 1)(α+ 3)(α+ 5)2
×

× exp
(
−cγτ(α+1)/2

)(
2α

4
+30α

3
+162α

2
+370α+300− (4α

4
+

+52α
3
+228α

2
+380α+200) exp(−cγτ) + (2α

4
+22α

3
+86α

2
+

+138α+72) exp(−2cγτ)+γτ(α
5
+16α

4
+96α

3
+266α

2
+335α+

+ 150 − (α
5
+ 32α

4
+ 192α

3
+ 532α

2
+ 670α+ 300) exp(−cγτ) +

+ (α
5
+ 16α

4
+ 98α

3
+ 284α

2
+ 381α+ 180) exp(−2cγτ))

)
;∫

τP3(α, 0)(τ, γ)dτ = −
2

c2γ2(α+ 1)2(α+ 3)2(α+ 5)2
×

×
1

(α+ 7)2
exp

(
−cγτ(α+ 1)/2

)((α+ 3

α

)
(2α

6
+ 60α

5
+ 734α

4
+

+4680α
3
+16382α

2
+29820α+22050)−

(α+ 4

α+ 1

)
(6α

6
+156α

5
+

+ 1578α
4
+ 7752α

3
+ 18714α

2
+ 19740α+ 7350) exp(−cγτ) +

+
(α+ 5

α+ 2

)
(6α

6
+ 132α

5
+ 1098α

4
+ 4344α

3
+ 8538α

2
+ 7812α+

+ 2646) exp(−2cγτ) −
(α+ 6

α+ 3

)
(2α

6
+ 36α

5
+ 254α

4
+ 888α

3
+
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+ 1380α
2
+ 1380α+ 450) exp(−3cγτ)

)
+ γτ

((α+ 3

α

)
(α

7
+ 31 ×

×α
6
+397α

5
+2707α

4
+10531α

3
+23101α

2
+25935α+22050)−

−
(α+ 4

α+ 1

)
(3α

7
+87α

6
+1023α

5
+6243α

4
+20985α

3
+37941α

2
+

+ 33285α+ 11025) exp(−cγτ) +
(α+ 5

α+ 2

)
(3α

7
+ 81α

6
+ 879α

5
+

+ 4917α
4
+ 15129α

3
+ 25251α

2
+ 20853α+ 6615) exp(−2cγτ) −

−
(α+ 6

α+ 3

)
(α

7
+ 25α

6
+ 253α

5
+ 1333α

4
+ 3907α

3
+ 6283α

2
+

+ 5055α+ 1575) exp(−3cγτ)
)
;∫

τP
(α,0)
4 (τ, γ)dτ = −

2

c2γ2(α+ 1)2(α+ 3)2(α+ 5)2
×

×
1

(α+ 7)2(α+ 9)2
exp

(
−cγτ(α+ 1)/2

)((α+ 4

α

)
(2α

8
+ 96α

7
+

+ 1976α
6
+ 22752α

5
+ 160076α

4
+ 703776α

3
+ 1885752α

2
+

+ 2812320α+ 1786050) −
(α+ 5

α+ 1

)
(8α

8
+ 352α

7
+ 6496α

6
+

+ 65056α
5
+ 381424α

4
+ 1312672α

3
+ 2504672α

2
+ 2308320α+

+ 793800) exp(−cγτ) +
(α+ 6

α+ 2

)
(12α

8
+ 480α

7
+ 7920α

6
+

+ 69600α
5
+ 351336α

4
+ 1026720α

3
+ 1669680α

2
+ 1360800α+

+ 428652) exp(−2cγτ) −
(α+ 7

α+ 3

)
(8α

8
+ 288α

7
+ 4256α

6
+

+ 33504α
5
+ 152624α

4
+ 408288α

3
+ 618912α

2
+ 479520α+

+145800) exp(−3cγτ) +
(α+ 8

α+ 4

)
(2α

8
+64α

7
+856α

6
+6208α

5
+

+ 26476α
4
+ 67264α

3
+ 98072α

2
+ 73920α+ 22050) ×

× exp(−4cγτ)
)
+ γτ

((α+ 4

α

)
(α

9
+ 49α

8
+ 1036α

7
+ 12364α

6
+

+ 91414α
5
+ 431926α

4
+ 1294764α

3
+ 2349036α

2
+ 2299185α+

+893025)−
(α+ 5

α+ 1

)
(4α

9
+188α

8
+3776α

7
+42272α

6
+288296×

× α
5
+ 1228472α

4
+ 3221344α

3
+ 4911168α

2
+ 23859380α+

+ 1190700) exp(−cγτ) +
(α+ 6

α+ 2

)
(6α

9
+ 270α

8
+ 5160α

7
+

+ 54600α
6
+ 349668α

5
+ 1391700α

4
+ 3401640α

3
+ 4854600α

2
+

+ 3616326α+ 1071630) exp(−2cγτ) −
(α+ 7

α+ 3

)
(4α

9
+ 172α

8
+

+ 3136α
7
+ 31648α

6
+ 193576α

5
+ 738328α

4
+ 1738464α

3
+

+ 2405952α
2
+ 1751220α+ 510300) exp(−3cγτ) +

(α+ 8

α+ 4

)
(α

9
+

+ 41α
8
+ 716α

7
+ 6956α

6
+ 41174α

5
+ 152774α

4
+ 351724α

3
+

+ 478284α
2
+ 343665α+ 99225) exp(−4cγτ)

)
;∫

τP
(α,0)
5 (τ, γ)dτ = −

2

c2γ2(α+ 1)2(α+ 3)2(α+ 5)2
×

×
1

(α+ 7)2(α+ 9)2(α+ 11)2
exp

(
−cγτ(α+ 1)/2

)((α+ 5

α

)
×

× (2α
10

+140α
9
+4330α

8
+77840α

7
+6978440α

6
+6978440α

5
+

+ 36738020α
4
+ 129455760α

3
+ 291833082α

2
+ 379583820α+

+ 216112050)−
(α+ 6

α+ 1

)
(10α

10
+ 660α

9
+ 19010α

8
+ 313200α

7
+

+ 3248340α
6
+ 21969720α

5
+ 96919700α

4
+ 270305520α

3
+

+ 443302690α
2
+ 370962900α+ 120062250) exp(−cγτ) +

+
(α+ 7

α+ 2

)
(20α

10
+ 1240α

9
+ 33220α

8
+ 503200α

7
+

+ 4734760α
6
+ 28629520α

5
+ 111281960α

4
+ 270544800α

3
+

+ 387329220α
2
+ 290145240α+ 86444820) exp(−2cγτ) −

−
(α+ 8

α+ 3

)
(20α

10
+ 1160α

9
+ 28900α

8
+ 51852240α

7
+

+ 3511720α
6
+ 19550000α

5
+ 70171880α

4
+ 158746080α

3
+

+ 213958980α
2
+ 153073800α+ 44104500) exp(−3cγτ) +

+
(α+ 9

α+ 4

)
(10α

10
+ 540α

9
+ 12530α

8
+ 163920α

7
+ 1333140α

6
+

+ 7004520α
5
+ 23907380α

4
+ 51852240α

3
+ 67575010α

2
+

+ 47147100α+ 13340250) exp(−4cγτ) −
(α+ 10

α+ 5

)
(2α

10
+ 100 ×

×α
9
+2170α

8
+26800α

7
+207556α

6
+1046680α

5
+3453380α

4
+

+ 7287600α
3
+ 9296442α

2
+ 6384420α+ 1786050) ×

× exp(−5cγτ)
)
+ γτ

((α+ 5

α

)
(α

11
+ 71α

10
+ 2235α

9
+ 488778×

× α
8
+ 488778α

7
+ 3939078α

6
+ 83096890α

5
+ 83096890α

4
+

+ 210644421α
3
+ 335708451α

2
+ 297847935α+ 108056025) −

−
(α+ 6

α+ 1

)
(5α

11
+ 345α

10
+ 10495α

9
+ 185115α

8
+ 2093970α

7
+

+ 15857370α
6
+ 81414430α

5
+ 280532310α

4
+ 627109625α

3
+

+ 850435485α
2
+ 616475475α+ 180093375) exp(−cγτ) +

+
(α+ 7

α+ 2

)
(10α

11
+ 670α

10
+ 19710α

9
+ 334650α

8
+ 3625380α

7
+

+ 26151660α
6
+ 127214780α

5
+ 413477300α

4
+ 870026610α

3
+

+ 1113395670α
2
+ 768585510α+ 216112050) exp(−2cγτ) −

−
(α+ 8

α+ 3

)
(5α

11
+ 650α

10
+ 18510α

9
+ 303630α

8
+ 3173220α

7
+

+ 22066020α
6
+ 103510940α

5
+ 324974620α

4
+ 662590770α

3
+

+ 825393330α
2
+ 557810550α+ 154365750) exp(−3cγτ) +

+
(α+ 9

α+ 4

)
(5α

11
+ 315α

10
+ 8695α

9
+ 138345α

8
+ 1404210α

7
+

+ 9501390α
6
+ 43474030α

5
+ 133509330α

4
+ 267122585α

3
+

+ 327661095α
2
+ 218832075α+ 60031125) exp(−4cγτ) −

−
(α+ 10

α+ 5

)
(α

11
+ 61α

10
+ 1635α

9
+ 25335α

8
+ 251178α

7
+

+ 1664898α
6
+ 7483430α

5
+ 22637390α

4
+ 44730021α

3
+

+ 54322641α
2
+ 36007335α+ 9823275) exp(−5cγτ)

)
.
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à)

0
2

4 τ 0

1

2

3

4

α

0

−0, 05

−0, 1

−0, 15

∫
τP

(α,0)
k (τ, γ)dτ

á)

0

2

4
τ

1

1, 5

2

2, 5

3

γ

−0, 2

−0, 1

∫
τP

(α,0)
k (τ, γ)dτ

Ðèñ. 1.112. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, α ∈ [0; 5]; á)
γ ∈ (1; 3, 5], α = 1

[1.113]

∫
τ2P

(α,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s exp
(
−(2s+ α+ 1)cγτ/2

)( 2τ2

cγ(2s+ α+ 1)
+

+
8τ

c2γ2(2s+ α+ 1)2
+

16

c3γ3(2s+ α+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
2
P

(α,0)
0 (τ, γ)dτ = −

2

c3γ3(α+ 1)3
exp

(
−cγτ(α+ 1)/2

)(
8 +

+ 4cγτ(α+ 1) + c
2
γ
2
τ
2
(α+ 1)

2);∫
τ
2
P

(α,0)
1 (τ, γ)dτ = −

2

c3γ3(α+ 1)2
exp

(
−cγτ(α+ 1)/2

)(
8 +

+ 4cγτ(α+ 1) + c
2
γ
2
τ
2
(α+ 1)

2)
+

2

c3γ3(α+ 3)3
×

× exp
(
−cγτ(α+3)/2

)
)(α+2)

(
8+4cγτ(α+3)+ c

2
γ
2
τ
2
(α+3)

2);∫
τ
2
P

(α,0)
2 (τ, γ)dτ = −

1

c3γ3(α+ 1)2
exp

(
−cγτ(α+ 1)/2

)
×

× (α+ 2)
(
8 + 4cγτ(α+ 1) + c

2
γ
2
τ
2
(α+ 1)

2)
+

2

c3γ3(α+ 3)3
×

× exp
(
−cγτ(α+ 3)/2

)
(α+ 2)

(
8 + 4cγτ(α+ 3) + c

2
γ
2
τ
2 ×

× (α+ 3)
2)−

1

c3γ3(α+ 5)3
exp

(
−cγτ(α+ 5)/2

)
(α

2
+ 7α+ 12)×

×
(
8 + 4cγτ(α+ 5) + c

2
γ
2
τ
2
(α+ 5)

2);∫
τ
2
P

(α,0)
3 (τ, γ)dτ = −

2

c3γ3(α+ 1)3
exp

(
−cγτ(α+ 1)/2

)
×

×
(α+ 3

α

)(
8 + 4cγτ(α+ 1) + c

2
γ
2
τ
2
(α+ 1)

2)
+

6

c3γ3(α+ 3)3
×

× exp
(
−cγτ(α+ 3)/2

)
)
(α+ 4

α+ 1

)(
8 + 4cγτ(α+ 3) + c

2
γ
2
τ
2 ×

× (α+ 3)
2) −

6

c3γ3(α+ 5)3
exp

(
−cγτ(α+ 5)/2

)(α+ 5

α+ 2

)
×

×
(
8 + 4cγτ(α+ 5) + c

2
γ
2
τ
2
(α+ 5)

2)
+

2

c3γ3(α+ 7)3
×

× exp
(
−cγτ(α+ 7)/2

)(α+ 6

α+ 3

)(
8 + 4cγτ(α+ 7) + c

2
γ
2
τ
2 ×

× (α+ 7)
2);∫

τ
2
P

(α,0)
4 (τ, γ)dτ = −

2

c3γ3(α+ 1)3
exp

(
−cγτ(α+ 1)/2

)
×

×
(α+ 4

α

)(
8 + 4cγτ(α+ 1) + c

2
γ
2
τ
2
(α+ 1)

2)
+

8

c3γ3(α+ 3)3
×

× exp
(
−cγτ(α+ 3)/2

)(α+ 5

α+ 1

)(
8 + 4cγτ(α+ 3) + c

2
γ
2
τ
2 ×

× (α+ 3)
2) −

12

c3γ3(α+ 5)3
exp

(
−cγτ(α+ 5)/2

)(α+ 6

α+ 2

)
×

×
(
8 + 4cγτ(α+ 5) + c

2
γ
2
τ
2
(α+ 5)

2)
+

8

c3γ3(α+ 7)3
×

× exp
(
−cγτ(α+ 7)/2

)(α+ 7

α+ 3

)(
8 + 4cγτ(α+ 7) + c

2
γ
2
τ
2 ×

× (α+ 7)
2) −

2

c3γ3(α+ 9)3
exp

(
−cγτ(α+ 9)/2

)(α+ 8

α+ 4

)
×

×
(
8 + 4cγτ(α+ 9) + c

2
γ
2
τ
2
(α+ 9)

2);∫
τ
2
P

(α,0)
5 (τ, γ)dτ = −

2

c3γ3(α+ 1)3
exp

(
−cγτ(α+ 1)/2

)
) ×

×
(α+ 5

α

)(
8 + 4cγτ(α+ 1) + c

2
γ
2
τ
2
(α+ 1)

2)
+

10

c3γ3(α+ 3)3
×

× exp
(
−cγτ(α+ 3)/2

)(α+ 6

α+ 1

)(
8 + 4cγτ(α+ 3) + c

2
γ
2
τ
2 ×

× (α+ 3)
2) −

20

c3γ3(α+ 5)3
exp

(
−cγτ(α+ 5)/2

)(α+ 7

α+ 2

)
×

×
(
8 + 4cγτ(α+ 5) + c

2
γ
2
τ
2
(α+ 5)

2)
+

20

c3γ3(α+ 7)3
×

× exp
(
−cγτ(α+ 7)/2

)(α+ 8

α+ 3

)(
8 + 4cγτ(α+ 7) + c

2
γ
2
τ
2 ×

× (α+ 7)
2) −

10

c3γ3(α+ 9)3
exp

(
−cγτ(α+ 9)/2

)(α+ 9

α+ 4

)
×

×
(
8 + 4cγτ(α+ 9) + c

2
γ
2
τ
2
(α+ 9)

2)
+

2

c3γ3(α+ 11)3
×

× exp
(
−cγτ(α+ 11)/2

)
)
(α+ 10

α+ 5

)(
8 + 4cγτ(α+ 11) + c

2
γ
2
τ
2 ×

× (α+ 11)
2).
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à)

0

2

4
τ 0

1
2

3
4

α

0

−0, 1

−0, 2

∫
τ
2
P

(α,0)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−0, 4

−0, 3

−0, 2

−0, 1

∫
τ
2
P

(α,0)
k (τ, γ)dτ

Ðèñ. 1.113. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, α ∈ [0; 5]; á)
γ ∈ (1; 3, 5], α = 1

[1.114]

∫
τ3P

(α,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s exp
(
−(2s+ α+ 1)cγτ/2

)
×

×
(

2τ3

cγ(2s+ α+ 1)
+

12τ2

c2γ2(2s+ α+ 1)2
+

+
48τ

c3γ3(2s+ α+ 1)3
+

96

c4γ4(2s+ α+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
3
P

(α,0)
0 (τ, γ)dτ = −

2

c4γ4(α+ 1)4
exp

(
−cγτ(α+ 1)/2

)
×

×
(
48 + 24cγτ(α+ 1) + 6c

2
γ
2
τ
2
(α+ 1)

2
+ c

3
γ
3
τ
3
(α+ 1)

3);∫
τ
3
P

(α,0)
1 (τ, γ)dτ = −

2

c4γ4(α+ 1)3
exp

(
−cγτ(α+ 1)/2

)
×

×
(
48 + 24cγτ(α+ 1) + 6c

2
γ
2
τ
2
(α+ 1)

2
+ c

3
γ
3
τ
3
(α+ 1)

3)
+

+
2

c4γ4(α+ 3)4
exp

(
−cγτ(α+3)/2

)
(α+2)

(
48+ 24cγτ(α+3)+

+ 6c
2
γ
2
τ
2
(α+ 3)

2
+ c

3
γ
3
τ
3
(α+ 3)

3);∫
τ
3
P

(α,0)
2 (τ, γ)dτ = −

2

c4γ4(α+ 1)4
exp

(
−cγτ(α+ 1)/2

)
×

×
(α+ 2

α

)(
48 + 24cγτ(α+ 1) + 6c

2
γ
2
τ
2
(α+ 1)

2
+ c

3
γ
3
τ
3 ×

× (α+ 1)
3)

+
4

c4γ4(α+ 3)4
exp

(
−cγτ(α+ 3)/2

)(α+ 3

α+ 1

)
×

×
(
48 + 24cγτ(α+ 3) + 6c

2
γ
2
τ
2
(α+ 3)

2
+ c

3
γ
3
τ
3
(α+ 3)

3) −

−
2

c4γ4(α+ 5)4
exp

(
−cγτ(α+ 5)/2

)(α+ 4

α+ 2

)(
48 + 24cγτ ×

× (α+ 5) + 6c
2
γ
2
τ
2
(α+ 5)

2
+ c

3
γ
3
τ
3
(α+ 5)

3);∫
τ
3
P

(α,0)
3 (τ, γ)dτ = −

2

c4γ4(α+ 1)4
exp

(
−cγτ(α+ 1)/2

)
×

×
(α+ 3

α

)(
48 + 24cγτ(α+ 1) + 6c

2
γ
2
τ
2
(α+ 1)

2
+ c

3
γ
3
τ
3 ×

× (α+ 1)
3)

+
6

c4γ4(α+ 3)4
exp

(
−cγτ(α+ 3)/2

)(α+ 4

α+ 1

)
×

×
(
48 + 24cγτ(α+ 3) + 6c

2
γ
2
τ
2
(α+ 3)

2
+ c

3
γ
3
τ
3
(α+ 3)

3) −

−
6

c4γ4(α+ 5)4
exp

(
−cγτ(α+ 5)/2

)(α+ 5

α+ 2

)(
48 + 24cγτ ×

× (α+ 5) + 6c
2
γ
2
τ
2
(α+ 5)

2
+ c

3
γ
3
τ
3
(α+ 5)

3)
+

+
2

c4γ4(α+ 7)4
exp

(
−cγτ(α+ 7)/2

)(α+ 6

α+ 3

)(
48 + 24cγτ ×

× (α+ 7) + 6c
2
γ
2
τ
2
(α+ 7)

2
+ c

3
γ
3
τ
3
(α+ 7)

3);∫
τ
3
P

(α,0)
4 (τ, γ)dτ = −

2

c4γ4(α+ 1)4
exp

(
−cγτ(α+ 1)/2

)
×

×
(α+ 4

α

)(
48 + 24cγτ(α+ 1) + 6c

2
γ
2
τ
2
(α+ 1)

2
+ c

3
γ
3
τ
3 ×

× (α+ 1)
3)

+
8

c4γ4(α+ 3)4
exp

(
−cγτ(α+ 3)/2

)(α+ 5

α+ 1

)
×

×
(
48 + 24cγτ(α+ 3) + 6c

2
γ
2
τ
2
(α+ 3)

2
+ c

3
γ
3
τ
3
(α+ 3)

3) −

−
12

c4γ4(α+ 5)4
exp

(
−cγτ(α+ 5)/2

)(α+ 6

α+ 2

)(
48 + 24cγτ ×

× (α+ 5) + 6c
2
γ
2
τ
2
(α+ 5)

2
+ c

3
γ
3
τ
3
(α+ 5)

3)
+

+
8

c4γ4(α+ 7)4
exp

(
−cγτ(α+ 7)/2

)(α+ 7

α+ 3

)(
48 + 24cγτ ×

× (α+ 7) + 6c
2
γ
2
τ
2
(α+ 7)

2
+ c

3
γ
3
τ
3
(α+ 7)

3) −

−
2

c4γ4(α+ 9)4
exp

(
−cγτ(α+ 9)/2

)(α+ 8

α+ 4

)(
48 + 24cγτ ×

× (α+ 9) + 6c
2
γ
2
τ
2
(α+ 9)

2
+ c

3
γ
3
τ
3
(α+ 9)

3);∫
τ
3
P

(α,0)
5 (τ, γ)dτ = −

2

c4γ4(α+ 1)4
exp

(
−cγτ(α+ 1)/2

)
×

×
(α+ 5

α

)(
48 + 24cγτ(α+ 1) + 6c

2
γ
2
τ
2
(α+ 1)

2
+ c

3
γ
3
τ
3 ×

× (α+ 1)
3)

+
10

c4γ4(α+ 3)4
exp

(
−cγτ(α+ 3)/2

)(α+ 6

α+ 1

)
×

×
(
48 + 24cγτ(α+ 3) + 6c

2
γ
2
τ
2
(α+ 3)

2
+ c

3
γ
3
τ
3
(α+ 3)

3) −

−
20

c3γ3(α+ 5)3
exp

(
−cγτ(α+ 5)/2

)(α+ 7

α+ 2

)(
48 + 24cγτ ×

× (α+ 5) + 6c
2
γ
2
τ
2
(α+ 5)

2
+ c

3
γ
3
τ
3
(α+ 5)

3)
+

+
20

c4γ4(α+ 7)4
exp

(
−cγτ(α+ 7)/2

)(α+ 8

α+ 3

)(
48 + 24cγτ ×

× (α+ 7) + 6c
2
γ
2
τ
2
(α+ 7)

2
+ c

3
γ
3
τ
3
(α+ 7)

3) −

−
10

c4γ4(α+ 9)4
exp

(
−cγτ(α+ 9)/2

)(α+ 9

α+ 4

)(
48 + 24cγτ ×

× (α+ 9) + 6c
2
γ
2
τ
2
(α+ 9)

2
+ c

3
γ
3
τ
3
(α+ 9)

3)
+

+
2

c4γ4(α+ 11)4
exp

(
−cγτ(α+ 11)/2

)(α+ 10

α+ 5

)(
48 + 24cγτ ×

× (α+ 11) + 6c
2
γ
2
τ
2
(α+ 11)

2
+ c

3
γ
3
τ
3
(α+ 11)

3).
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à)

0

2

4
τ 0

1
2

3
4

α

0

−0, 1

−0, 2

−0, 3

∫
τ
3
P

(α,0)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−0, 8

−0, 6

−0, 4

−0, 2

∫
τ
3
P

(α,0)
k (τ, γ)dτ

Ðèñ. 1.114. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, α ∈ [0; 5]; á)
γ ∈ (1; 3, 5], α = 1

[1.115]

∫
τnP

(α,0)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
×

× (−1)s exp
(
−(2s+ α+ 1)cγτ/2

)
×

×
n∑
j=0

n!τn−j

(n− j)!
(
cγ(2s+ α+ 1)/2

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
n
P

(α,0)
0 (τ, γ)dτ = −

2n!

γ
exp(−cγτ(α+ 1)/2) ×

×
n∑
j=0

( 2

cγ(α+ 1)/2

)j τn−j

(n− j)!
;∫

τ
n
P

(α,0)
1 (τ, γ)dτ = − exp(−cγτ(α+ 1)/2) ×

×

(α+ 1)n!

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 1)/2

)j+1
−

− (α+ 2)n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 3)/2

)j+1

;

∫
τ
n
P

(α,0)
2 (τ, γ)dτ = − exp(−cγτ(α+ 1)/2) ×

×

(α+ 2

α

)
n!

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 1)/2

)j+1
−

− 2
(α+ 3

α+ 1

)
n! exp(−cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 3)/2

)j+1
+

+
(α+ 4

α+ 2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 5)/2

)j+1

;

∫
τ
n
P

(α,0)
3 (τ, γ)dτ = − exp(−cγτ(α+ 1)/2) ×

×

(α+ 3

α

)
n!

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 1)/2

)j+1
−

− 3
(α+ 4

α+ 1

)
n! exp(−cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 3)/2

)j+1
+

+ 3
(α+ 5

α+ 2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 5)/2

)j+1
−

−
(α+ 6

α+ 3

)
n! exp(−3cγτ)

n∑
j=0

τn−j

(n− j)!
(
9cγ(α+ 7)/2

)j+1

;

∫
τ
n
P

(α,0)
4 (τ, γ)dτ = − exp(−cγτ(α+ 1)/2) ×

×

(α+ 4

α

)
n!

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 1)/2

)j+1
−

− 4
(α+ 5

α+ 1

)
n! exp(−cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 3)/2

)j+1
+

+ 6
(α+ 6

α+ 2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 5)/2

)j+1
−

− 4
(α+ 7

α+ 3

)
n! exp(−3cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 7)/2

)j+1
+

+
(α+ 8

α+ 4

)
n! exp(−4cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 9)/2

)j+1

;

∫
τ
n
P

(α,0)
5 (τ, γ)dτ = − exp(−cγτ(α+ 1)/2) ×

×

(α+ 5

α

)
n!

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 1)/2

)j+1
−

− 5
(α+ 6

α+ 1

)
n! exp(−cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 3)/2

)j+1
+

+ 10
(α+ 7

α+ 2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 5)/2

)j+1
−



1.3 Àíàëèòè÷åñêèå ñîîòíîøåíèÿ äëÿ íåîïðåäåëåííûõ èíòåãðàëîâ îò îðòîãîíàëüíûõ

ôóíêöèé 71

− 10
(α+ 8

α+ 3

)
n! exp(−3cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 7)/2

)j+1
+

+ 5
(α+ 9

α+ 4

)
n! exp(−4cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 9)/2

)j+1
−

−
(α+ 10

α+ 5

)
n! exp(−5cγτ)

n∑
j=0

τn−j

(n− j)!
(
cγ(α+ 11)/2

)j+1

.

à)

0
1

2

3
4

τ 0

1

2

3

4

n

0, 5

1

1, 5

∫
τ
n
P

(α,0)
k (τ, γ)dτ

⟨5⟩

⟨0⟩

á)

0
1

2

3

4
τ

0
1

2

3

4

n

1

2

3

4

∫
τ
n
P

(α,0)
k (τ, γ)dτ

⟨0⟩

⟨5⟩

Ðèñ. 1.115. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) n = 0..5, γ = 2,
α ∈ [0; 5]; á) n = 0..5, γ ∈ (1; 3, 5], α = 1

[1.116]

∫
P

(0,1)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

×
(−1)s

γ(2s+ 1)
exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
P

(0,1)
0 (τ, γ)dτ = −

1

γ
exp(−γτ);∫

P
(0,1)
1 (τ, γ)dτ = −

1

γ
exp(−γτ)(1 − exp(−2γτ));∫

P
(0,1)
2 (τ, γ)dτ = −

1

3γ
exp(−γτ)(3 − 8 exp(−2γτ) + 6 ×

× exp(−4γτ));∫
P

(0,1)
3 (τ, γ)dτ = −

1

γ
exp(−γτ)(1 − 5 exp(−2γτ) + 9 ×

× exp(−4γτ) − 5 exp(−6γτ));∫
P

(0,1)
4 (τ, γ)dτ = −

1

5γ
exp(−γτ)(5 − 40 exp(−2γτ) + 126 ×

× exp(−4γτ) − 160 exp(−6γτ) + 70 exp(−8γτ));∫
P

(0,1)
5 (τ, γ)dτ = −

1

3γ
exp(−γτ)(3 − 35 exp(−2γτ) + 168 ×

× exp(−4γτ) − 360 exp(−6γτ) + 350 exp(−8γτ) − 126 ×
× exp(−10γτ)).

∫
P

(0,1)
k (τ, γ)dτ

-0,1

-0,2

-0,3

-0,4

-0,5
0 1 2 3 4 τ

P
(0,1)
0

P
(0,1)
1

P
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P
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P
(0,1)
4

P
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5

Ðèñ. 1.116. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2, α = 0, β = 1

[1.117]

∫
τP

(0,1)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

×(−1)s exp
(
−(2s+1)γτ

)( τ

γ(2s+ 1)
+

1

γ2(2s+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τP

(0,1)
0 (τ, γ)dτ = −

1

γ2
exp(−γτ)(γτ + 1);∫

τP
(0,1)
1 (τ, γ)dτ = −

1

3γ2
exp(−γτ)

(
3 − exp(−2γτ) + γτ ×

× (3 − 3 exp(−2γτ))
)
;
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∫
τP

(0,1)
2 (τ, γ)dτ = −

1

45γ2
exp(−γτ)

(
45 − 40 exp(−2γτ) +

+ 18 exp(−4γτ) + γτ(45 − 120 exp(−2γτ) + 90 exp(−4γτ))
)
;∫

τP3(0, 1)(τ, γ)dτ = −
1

105γ2
exp(−γτ)

(
105 − 175 ×

× exp(−2γτ) + 189 exp(−4γτ) − 75 exp(−6γτ) + γτ ×
× (105 − 525 exp(−2γτ) + 945 exp(−4γτ) − 525 exp(−6γτ))

)
;∫

τP
(0,1)
4 (τ, γ)dτ = −

1

1575γ2
exp(−γτ)

(
1575 − 4200 ×

× exp(−2γτ) + 7938 exp(−4γτ) − 7200 exp(−6γτ) + 2450 ×
× exp(−8γτ) + γτ(1575− 12600 exp(−2γτ) + 39690 exp(−4γτ)−
− 50400 exp(−6γτ) + 22050 exp(−8γτ))

)
;∫

τP
(0,1)
5 (τ, γ)dτ = −

1

10395γ2
exp(−γτ)

(
10395 − 40425 ×

× exp(−2γτ) + 116424 exp(−4γτ) − 178200 exp(−6γτ) +

+ 134750 exp(−8γτ) − 39690 exp(−10γτ) + γτ(10395 − 121275 ×
× exp(−2γτ) + 582120 exp(−4γτ) − 1247400 exp(−6γτ) +

+ 1212750 exp(−8γτ) − 436590 exp(−10γτ))
)
.∫

τP
(0,1)
k (τ, γ)dτ

-0,1

-0,2

-0,3
0 1 2 3 4 τ

P
(0,1)
0

P
(0,1)
1

P
(0,1)
2

P
(0,1)
3

P
(0,1)
4

P
(0,1)
5

Ðèñ. 1.117. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 0, β = 1

[1.118]

∫
τ2P

(0,1)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

× (−1)s exp
(
−(2s+ 1)γτ

)( τ2

γ(2s+ 1)
+

+
2τ

γ2(2s+ 1)2
+

2

γ3(2s+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
P

(0,1)
0 (τ, γ)dτ = −

1

γ3
exp(−γτ)(γ2

τ
2
+ 2γτ + 2);∫

τ
2
P

(0,1)
1 (τ, γ)dτ = −

1

9γ3
exp(−γτ)

(
18 − 2 exp(−2γτ) +

+ γτ(18 − 6 exp(−2γτ) + γ
2
τ
2
(9 − 9 exp(−2γτ))

)
;∫

τ
2
P

(0,1)
2 (τ, γ)dτ = −

1

675γ3
exp(−γτ)

(
1350 − 400 ×

× exp(−2γτ) + 108 exp(−4γτ) + γτ(1350 − 1200 exp(−2γτ) +

+ 540 exp(−4γτ)) + γ
2
τ
2
(675 − 1800 exp(−2γτ) + 1350 ×

× exp(−4γτ))
)
;∫

τ
2
P

(0,1)
3 (τ, γ)dτ = −

1

11025γ3
exp(−γτ)

(
22050 − 12250 ×

× exp(−2γτ) + 7938 exp(−4γτ) − 2250 exp(−6γτ) + γτ ×
× (22050 − 36750 exp(−2γτ) + 39690 exp(−4γτ) − 15750 ×

× exp(−6γτ)) + γ
2
τ
2
(11025 − 55125 exp(−2γτ) + 99225 ×

× exp(−4γτ) − 55125 exp(−6γτ))
)
;∫

τ
2
P

(0,1)
4 (τ, γ)dτ = −

1

496125γ3
exp(−γτ)

(
992250 −

− 882000 exp(−2γτ) + 1000188 exp(−4γτ) − 648000 ×
× exp(−6γτ) + 171500 exp(−8γτ) + γτ(992250 − 2646000 ×
× exp(−2γτ) + 5000940 exp(−4γτ) − 4536000 exp(−6γτ) +

+ 1543500 exp(−8γτ)) + γ
2
τ
2
(496125 − 3969000 exp(−2γτ) +

+ 12502350 exp(−4γτ) − 15876000 exp(−6γτ) + 6945750 ×
× exp(−8γτ))

)
;∫

τ
2
P

(0,1)
5 (τ, γ)dτ = −

1

36018675γ3
exp(−γτ)

(
72037350 −

− 93381750 exp(−2γτ) + 161363664 exp(−4γτ) − 176418000 ×
× exp(−6γτ) + 103757500 exp(−8γτ) − 25004700 exp(−10γτ) +

+ γτ(72037350 − 280145250 exp(−2γτ) + 806818320 ×
× exp(−4γτ) − 1234926000 exp(−6γτ) + 933817500 ×
× exp(−8γτ) − 275051700 exp(−10γτ)) + γ

2
τ
2 ×

× (36018675 − 420217875 exp(−2γτ) + 2017045800 exp(−4γτ) −
− 4322241000 exp(−6γτ) + 4202178750 exp(−8γτ) −
− 1512784350 exp(−10γτ))

)
.∫

τ
2
P

(0,1)
k (τ, γ)dτ

-0,1
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-0,3
0 1 2 3 4 τ

P
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5

Ðèñ. 1.118. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 0, β = 1

[1.119]

∫
τ3P

(0,1)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

× (−1)s exp
(
−(2s+ 1)γτ

)( τ3

γ(2s+ 1)
+

3τ2

γ2(2s+ 1)2
+

+
6τ

γ3(2s+ 1)3
+

6

γ4(2s+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
P

(0,1)
0 (τ, γ)dτ = −

1

γ4
exp(−γτ)(γ3

τ
3
+ 3γ

2
τ
2
+ 6γτ + 6);∫

τ
3
P

(0,1)
1 (τ, γ)dτ = −

1

9γ4
exp(−γτ)

(
54 − 2 exp(−2γτ) +

+ γτ(54 − 6 exp(−2γτ) + γ
2
τ
2
(27 − 9 exp(−2γτ)) + γ

3
τ
3 ×

× (9 − 9 exp(−2γτ))
)
;∫

τ
3
P

(0,1)
2 (τ, γ)dτ = −

1

3375γ4
exp(−γτ)

(
20250 − 2000 ×

× exp(−2γτ) + 324 exp(−4γτ) + γτ(20250 − 6000 exp(−2γτ) +

+ 1620 exp(−4γτ)) + γ
2
τ
2
(10125 − 9000 exp(−2γτ) + 4050 ×

× exp(−4γτ)) + γ
3
τ
3
(3375 − 9000 exp(−2γτ) + 6750 ×

× exp(−4γτ))
)
;∫

τ
3
P

(0,1)
3 (τ, γ)dτ = −

1

385875γ4
exp(−γτ)

(
2315250 −
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− 428750 exp(−2γτ) + 166698 exp(−4γτ) − 33750 exp(−6γτ) +

+ γτ(2315250 − 1286250 exp(−2γτ) + 833490 exp(−4γτ) −
− 236250 exp(−6γτ)) + γ

2
τ
2
(1157625 − 1929375 exp(−2γτ) +

+ 2083725 exp(−4γτ) − 826875 exp(−6γτ)) + γ
3
τ
3 ×

× (385875 − 1929375 exp(−2γτ) + 3472875 exp(−4γτ) −
− 1929375 exp(−6γτ))

)
;∫

τ
3
P

(0,1)
4 (τ, γ)dτ = −

1

52093125γ4
exp(−γτ)

(
312558750 −

− 92610000 exp(−2γτ) + 63011844 exp(−4γτ) − 29160000 ×
× exp(−6γτ) + 6002500 exp(−8γτ) + γτ(312558750 −
− 277830000 exp(−2γτ) + 315059220 exp(−4γτ) − 204120000 ×
× exp(−6γτ) + 54022500 exp(−8γτ)) + γ

2
τ
2
(156279375 −

− 416745000 exp(−2γτ) + 787648050 exp(−4γτ) − 714420000 ×
× exp(−6γτ) + 243101250 exp(−8γτ)) + γ

3
τ
3
(52093125 −

− 787648050 exp(−2γτ) + 1312746750 exp(−4γτ) −
− 1666980000 exp(−6γτ) + 729303750 exp(−8γτ))

)
;∫

τ
3
P

(0,1)
5 (τ, γ)dτ = −

1

41601569625γ4
exp(−γτ) ×

×
(
249609417750 − 107855921250 exp(−2γτ) + 111825019152 ×

× exp(−4γτ) − 87326910000 exp(−6γτ) + 39946637500 ×
× exp(−8γτ) − 7876480500 exp(−10γτ) + γτ(249609417750 −
− 323567763750 exp(−2γτ) + 559125095760 exp(−4γτ) −
− 611288370000 exp(−6γτ) + 359519737500 exp(−8γτ) −
− 86641285500 exp(−10γτ)) + γ

2
τ
2
(124804708875 −

− 485351645625 exp(−2γτ) + 1397812739400 exp(−4γτ) −
− 2139509295000 exp(−6γτ) + 1617838818750 exp(−8γτ) −
− 476527070250 exp(−10γτ)) + γ

3
τ
3
(41601569625 −

− 485351645625 exp(−2γτ) + 2329687899000 exp(−4γτ) −
− 4992188355000 exp(−6γτ) + 4853516456250 exp(−8γτ) −
− 1747265924250 exp(−10γτ))

)
.∫

τ
3
P

(0,1)
k (τ, γ)dτ
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Ðèñ. 1.119. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 0, β = 1

[1.120]

∫
τnP

(0,1)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

×(−1)s exp
(
−(2s+1)γτ

) n∑
j=0

n!τn−j

(n− j)!
(
γ(2s+ 1)

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
P

(0,1)
0 (τ, γ)dτ = −

2n!

γ
exp(−γτ)

n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
P

(0,1)
1 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 3n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1

;

∫
τ
n
P

(0,1)
2 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 8n! exp(−2γτ)
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 10n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1

;

∫
τ
n
P

(0,1)
3 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 15n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 45n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 35n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1

;

∫
τ
n
P

(0,1)
4 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 24n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
+

+ 126n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
−

− 224n! exp(−6γτ)
n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
+

+ 126n! exp(−8γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1

;

∫
τ
n
P

(0,1)
5 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 35n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 280n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 840n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
+
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+ 1050n! exp(−8γτ)

n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
−

− 462n! exp(−10γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1

.

0
1

2
3

4
τ 0

1
2

3
4

n

1, 5

1

0, 5

∫
τ
n
P

(0,1)
k (τ, γ)dτ

Ðèñ. 1.120. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 2,

c = 2, α = 0, β = 1

[1.121]

∫
P

(0,2)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

×
(−1)s

γ(2s+ 1)
exp
(
−(2s+ 1)γτ

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé

0-5 ïîðÿäêîâ:∫
P

(0,2)
0 (τ, γ)dτ = −

1

γ
exp(−γτ);∫

P
(0,2)
1 (τ, γ)dτ = −

1

3γ
exp(−γτ)(3 − 4 exp(−2γτ));∫

P
(0,2)
2 (τ, γ)dτ = −

1

3γ
exp(−γτ)(3 − 10 exp(−2γτ) + 9 ×

× exp(−4γτ));∫
P

(0,2)
3 (τ, γ)dτ = −

1

5γ
exp(−γτ)(5 − 30 exp(−2γτ) + 63 ×

× exp(−4γτ) − 40 exp(−6γτ));∫
P

(0,2)
4 (τ, γ)dτ = −

1

15γ
exp(−γτ)(15 − 140 exp(−2γτ) +

+ 504 exp(−4γτ) − 720 exp(−6γτ) + 350 exp(−8γτ));∫
P

(0,2)
5 (τ, γ)dτ = −

1

21γ
exp(−γτ)(21 − 280 exp(−2γτ) +

+ 1512 exp(−4γτ) − 3600 exp(−6γτ) + 3850 exp(−8γτ) −
− 1512 exp(−10γτ)).

∫
P

(0,2)
k (τ, γ)dτ

-0,2

0

-0,2

-0,4

-0,6
0 1 2 3 4 τ

P
(0,2)
0

P
(0,2)
1

P
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P
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3

P
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4

P
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5

Ðèñ. 1.121. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2, α = 0, β = 2

[1.122]

∫
τP

(0,2)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

×(−1)s exp
(
−(2s+1)γτ

)( τ

γ(2s+ 1)
+

1

γ2(2s+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τP

(0,2)
0 (τ, γ)dτ = −

1

γ2
exp(−γτ)(γτ + 1);∫

τP
(0,2)
1 (τ, γ)dτ = −

1

9γ2
exp(−γτ)

(
9 − 4 exp(−2γτ) + γτ(9 −

− 12 exp(−2γτ))
)
;∫

τP
(0,2)
2 (τ, γ)dτ = −

1

45γ2
exp(−γτ)

(
45 − 50 exp(−2γτ) +

+ 27 exp(−4γτ) + γτ(45 − 150 exp(−2γτ) + 135 exp(−4γτ))
)
;∫

τP3(0, 2)(τ, γ)dτ = −
1

175γ2
exp(−γτ)

(
175 − 350 ×

× exp(−2γτ) + 441 exp(−4γτ) − 200 exp(−6γτ) + γτ(175 −
− 1050 exp(−2γτ) + 2205 exp(−4γτ) − 1400 exp(−6γτ))

)
;∫

τP
(0,2)
4 (τ, γ)dτ = −

1

4725γ2
exp(−γτ)

(
4725 − 14700 ×

× exp(−2γτ) + 31752 exp(−4γτ) − 32400 exp(−6γτ) +

+ 12250 exp(−8γτ) + γτ(4725 − 44100 exp(−2γτ) +

+ 158760 exp(−4γτ) − 226800 exp(−6γτ) + 110250 exp(−8γτ))
)
;∫

τP
(0,2)
5 (τ, γ)dτ = −

1

72765γ2
exp(−γτ)

(
72765 −

− 323400 exp(−2γτ) + 1047816 exp(−4γτ) − 1782000 ×
× exp(−6γτ) + 1482250 exp(−8γτ) − 476280 exp(−10γτ) + γτ ×
× (72765− 970200 exp(−2γτ) + 5239080 exp(−4γτ)− 12474000×
× exp(−6γτ) + 13340250 exp(−8γτ) − 5239080 exp(−10γτ))

)
.
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Ðèñ. 1.122. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 0, β = 2

[1.123]

∫
τ2P

(0,2)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

× (−1)s exp
(
−(2s+ 1)γτ

)( τ2

γ(2s+ 1)
+

+
2τ

γ2(2s+ 1)2
+

2

γ3(2s+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
2
P

(0,2)
0 (τ, γ)dτ = −

1

γ3
exp(−γτ)(γ2

τ
2
+ 2γτ + 2);∫

τ
2
P

(0,2)
1 (τ, γ)dτ = −

1

27γ3
exp(−γτ)

(
54 − 8 exp(−2γτ) +

+ γτ(54 − 24 exp(−2γτ) + γ
2
τ
2
(27 − 36 exp(−2γτ))

)
;∫

τ
2
P

(0,2)
2 (τ, γ)dτ = −

1

675γ3
exp(−γτ)

(
1350 − 500 ×

× exp(−2γτ) + 162 exp(−4γτ) + γτ(1350 − 1500 exp(−2γτ) +

+ 810 exp(−4γτ)) + γ
2
τ
2
(675 − 2250 exp(−2γτ) + 2025 ×

× exp(−4γτ))
)
;∫

τ
2
P

(0,2)
3 (τ, γ)dτ = −

1

18375γ3
exp(−γτ)

(
36750 − 24500 ×

× exp(−2γτ) + 18522 exp(−4γτ)− 6000 exp(−6γτ) + γτ(36750−
− 73500 exp(−2γτ) + 92610 exp(−4γτ) − 42000 exp(−6γτ)) +

+ γ
2
τ
2
(18375 − 110250 exp(−2γτ) + 231525 exp(−4γτ) −

− 147000 exp(−6γτ))
)
;∫

τ
2
P

(0,2)
4 (τ, γ)dτ = −

1

1488375γ3
exp(−γτ)

(
2976750 −

− 3087000 exp(−2γτ) + 4000752 exp(−4γτ) − 2916000 ×
× exp(−6γτ) + 857500 exp(−8γτ) + γτ(2976750 − 9261000 ×
× exp(−2γτ) + 20003760 exp(−4γτ) − 20412000 exp(−6γτ) +

+ 7717500 exp(−8γτ)) + γ
2
τ
2
(1488375 − 13891500 exp(−2γτ) +

+ 50009400 exp(−4γτ) − 71442000 exp(−6γτ) + 34728750 ×
× exp(−8γτ))

)
;∫

τ
2
P

(0,2)
5 (τ, γ)dτ = −

1

252130725γ3
exp(−γτ)

(
504261450 −

− 747054000 exp(−2γτ) + 1452272976 exp(−4γτ) −
− 1764180000 exp(−6γτ) + 1141332500 exp(−8γτ) −
− 300056400 exp(−10γτ) + γτ(504261450 − 2241162000 ×
× exp(−2γτ) + 7261364880 exp(−4γτ) − 12349260000 ×
× exp(−6γτ) + 10271992500 exp(−8γτ) − 3300620400 ×
× exp(−10γτ)) + γ

2
τ
2
(252130725 − 3361743000 exp(−2γτ) +

+ 18153412200 exp(−4γτ) − 43222410000 exp(−6γτ) +

+ 46223966250 exp(−8γτ) − 18153412200 exp(−10γτ))
)
.∫

τ
2
P

(0,2)
k (τ, γ)dτ
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P
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5

Ðèñ. 1.123. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 0, β = 2

[1.124]

∫
τ3P

(0,2)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

× (−1)s exp
(
−(2s+ 1)γτ

)( τ3

γ(2s+ 1)
+

3τ2

γ2(2s+ 1)2
+

+
6τ

γ3(2s+ 1)3
+

6

γ4(2s+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
3
P

(0,2)
0 (τ, γ)dτ = −

1

γ4
exp(−γτ)(γ3

τ
3
+ 3γ

2
τ
2
+ 6γτ + 6);∫

τ
3
P

(0,2)
1 (τ, γ)dτ = −

1

27γ4
exp(−γτ)

(
162 − 8 exp(−2γτ) +

+ γτ(162 − 24 exp(−2γτ) + γ
2
τ
2
(81 − 36 exp(−2γτ)) + γ

3
τ
3 ×

× (27 − 36 exp(−2γτ))
)
;∫

τ
3
P

(0,2)
2 (τ, γ)dτ = −

1

3375γ4
exp(−γτ)

(
20250 − 2500 ×

× exp(−2γτ) + 486 exp(−4γτ) + γτ(20250 − 7500 exp(−2γτ) +

+ 2430 exp(−4γτ)) + γ
2
τ
2
(10125 − 11250 exp(−2γτ) + 6075 ×

× exp(−4γτ)) + γ
3
τ
3
(3375 − 11250 exp(−2γτ) + 10125 ×

× exp(−4γτ))
)
;∫

τ
3
P

(0,2)
3 (τ, γ)dτ = −

1

643125γ4
exp(−γτ)

(
3858750 −

− 857500 exp(−2γτ) + 388962 exp(−4γτ) − 90000 exp(−6γτ) +

+ γτ(3858750 − 2572500 exp(−2γτ) + 1944810 exp(−4γτ) −
− 630000 exp(−6γτ)) + γ

2
τ
2
(1929375 − 3858750 exp(−2γτ) +

+ 4862025 exp(−4γτ) − 2205000 exp(−6γτ)) + γ
3
τ
3
(643125 −

− 3858750 exp(−2γτ) + 8103375 exp(−4γτ) − 5145000 ×
× exp(−6γτ))

)
;∫

τ
3
P

(0,2)
4 (τ, γ)dτ = −

1

156279375γ4
exp(−γτ)

(
937676250 −

− 324135000 exp(−2γτ) + 252047376 exp(−4γτ) − 131220000 ×
× exp(−6γτ) + 30012500 exp(−8γτ) + γτ(937676250 −
− 972405000 exp(−2γτ) + 1260236880 exp(−4γτ) − 918540000 ×
× exp(−6γτ) + 270112500 exp(−8γτ)) + γ

2
τ
2
(468838125 −

− 1458607500 exp(−2γτ) + 3150592200 exp(−4γτ) −
− 3214890000 exp(−6γτ) + 1215506250 exp(−8γτ)) + γ

3
τ
3 ×

× (156279375 − 787648050 exp(−2γτ) + 5250987000 ×
× exp(−4γτ) − 7501410000 exp(−6γτ) + 3646518750 ×
× exp(−8γτ))

)
;
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∫
τ
3
P

(0,2)
5 (τ, γ)dτ = −

1

291210987375γ4
exp(−γτ) ×

×
(
1747265924250 − 862847370000 exp(−2γτ) +

+ 1006425172368 exp(−4γτ) − 873269100000 exp(−6γτ) +

+ 439413012500 exp(−8γτ) − 94517766000 exp(−10γτ) +

+ γτ(1747265924250 − 2588542110000 exp(−2γτ) +

+ 5032125861840 exp(−4γτ) − 6112883700000 exp(−6γτ) +

+ 3954717112500 exp(−8γτ) − 1039695426000 exp(−10γτ)) +

+ γ
2
τ
2
(873632962125 − 3882813165000 exp(−2γτ) +

+ 12580314654600 exp(−4γτ) − 21395092950000 exp(−6γτ) +

+ 17796227006250 exp(−8γτ) − 5718324843000 exp(−10γτ)) +

+ γ
3
τ
3
(291210987375 − 3882813165000 exp(−2γτ) +

+ 20967191091000 exp(−4γτ) − 49921883550000 exp(−6γτ) +

+ 53388681018750 exp(−8γτ) − 20967191091000 exp(−10γτ))
)
.∫

τ
3
P

(0,2)
k (τ, γ)dτ
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Ðèñ. 1.124. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 2, c = 2,

α = 0, β = 2

[1.125]

∫
τnP

(0,2)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

×(−1)s exp
(
−(2s+1)γτ

) n∑
j=0

n!τn−j

(n− j)!
(
γ(2s+ 1)

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò

ôóíêöèé 0-5 ïîðÿäêîâ:∫
τ
n
P

(0,2)
0 (τ, γ)dτ = −

2n!

γ
exp(−γτ)

n∑
j=0

( 2

γ

)j τn−j

(n− j)!
;

∫
τ
n
P

(0,2)
1 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 4n! exp(−2γτ)
n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1

;

∫
τ
n
P

(0,2)
2 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 10n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 15n! exp(−4γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1

;

∫
τ
n
P

(0,2)
3 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 18n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 63n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 56n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1

;

∫
τ
n
P

(0,2)
4 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
−

− 28n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
+

+ 168n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
−

− 336n! exp(−6γτ)
n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
+

+ 210n! exp(−8γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1

;

∫
τ
n
P

(0,2)
5 (τ, γ)dτ = − exp(−γτ) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
γ
)j+1

−

− 40n! exp(−2γτ)

n∑
j=0

τn−j

(n− j)!
(
3γ

)j+1
+

+ 360n! exp(−4γτ)
n∑
j=0

τn−j

(n− j)!
(
5γ

)j+1
−

− 1200n! exp(−6γτ)

n∑
j=0

τn−j

(n− j)!
(
7γ

)j+1
+

+ 1650n! exp(−8γτ)

n∑
j=0

τn−j

(n− j)!
(
9γ

)j+1
−

− 792n! exp(−10γτ)

n∑
j=0

τn−j

(n− j)!
(
11γ

)j+1

.
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Ðèñ. 1.125. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà; n = 0..5, γ = 2,

c = 2, α = 0, β = 2

[1.126]

∫
P

(0,β)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ β

s

)
×

×
2(−1)s

cγ(2s+ 1)
exp
(
−(2s+ 1)cγτ/2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà îò ôóíêöèé
0-5 ïîðÿäêîâ:∫

P
(0,β)
0 (τ, γ)dτ = −

2

cγ
exp

(
−(2s+ 1)cγτ/2

)
;∫

P
(0,β)
1 (τ, γ)dτ = −

2

3cγ
exp

(
−(2s+ 1)cγτ/2

)(
3 − (β + 2) ×

× exp(−cγτ)
)
;∫

P
(0,β)
2 (τ, γ)dτ = −

1

15cγ
exp

(
−(2s+ 1)cγτ/2

)(
30 − 20 ×

× (β + 3) exp(−cγτ) + 3(β
2
+ 7β + 12) exp(−2cγτ)

)
;∫

P
(0,β)
3 (τ, γ)dτ = −

1

105cγ
exp

(
−(2s+ 1)cγτ/2

)(
210 − 210 ×

× (β + 4) exp(−cγτ) + 63(β
2
+ 9β + 20) exp(−2cγτ) − 5 ×

× (β
3
+ 15β

2
+ 74β + 120) exp(−3cγτ)

)
;∫

P
(0,β)
4 (τ, γ)dτ = −

1

3780cγ
exp

(
−(2s+ 1)cγτ/2

)
×

×
(
7560 − 10080(β + 5) exp(−cγτ) + 4536(β

2
+ 11β + 30) ×

× exp(−2cγτ)− 720(β
3
+ 18β

2
+ 107β + 210) exp(−3cγτ) + 35×

× (β
4
+ 26β

3
+ 251β

2
+ 1066β + 1680) exp(−4cγτ)

)
;∫

P
(0,β)
5 (τ, γ)dτ = −

1

41580cγ
exp

(
−(2s+ 1)cγτ/2

)
×

×
(
83160 − 138600(β + 6) exp(−cγτ) + 83160(β

2
+ 13β + 42) ×

× exp(−2cγτ) − 19800(β
3
+ 21β

2
+ 146β + 336) exp(−3cγτ) +

+ 1925(β
4
+ 30β

3
+ 335β

2
+ 1650β + 3024) exp(−4cγτ) − 63 ×

× (β
5
+ 40β

4
+ 635β

3
+ 5000β

2
+ 19524β + 30240) exp(−5cγτ)

)
.

à)

0

2

4 τ 0
1

2
3

4
β

−0, 5

−1

∫
P

(0,β)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−0, 3

−0, 2

−0, 1

∫
P

(0,β)
k (τ, γ)dτ

Ðèñ. 1.126. Âèä íåîïðåäåëåííîãî èíòåãðàëà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, β ∈ [0; 5]; á) γ ∈ (1; 3, 5],
β = 1

[1.127]

∫
τP

(0,β)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)s exp
(
−(2s+ 1)cγτ/2

)( 2τ

cγ(2s+ 1)
+

+
4

c2γ2(2s+ 1)2

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τP
(0,β)
0 (τ, γ)dτ = −

2

c2γ2
exp

(
−
cγτ

2

)(
γτ + 2

)
;∫

τP
(0,β)
1 (τ, γ)dτ = −

2

9c2γ2
exp

(
−
cγτ

2

)(
18 − 2(β + 2) ×

× exp(−cγτ) + γτ(9 − 3(β + 2) exp(−cγτ))
)
;
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∫
τP

(0,β)
2 (τ, γ)dτ = −

1

225c2γ2
exp

(
−
cγτ

2

)(
450(cγτ + 2) −

− 100(β + 3)(3cγτ + 2) exp(−cγτ) + 9(β
2
+ 7β + 12)(5cγτ + 2)×

× exp(−2cγτ)
)
;∫

τP
(0,β)
3 (τ, γ)dτ = −

1

3675c2γ2
exp

(
−
cγτ

2

)(
7350(cγτ + 2) −

− 2450(β + 4)(3cγτ + 2) exp(−cγτ) + 441(β
2
+ 9β + 20) ×

× (5cγτ +2) exp(−2cγτ)− 25(β
3
+15β

2
+74β+120)(7cγτ +2)×

× exp(−3cγτ)
)
;∫

τP
(0,β)
4 (τ, γ)dτ = −

1

1190700c2γ2
exp

(
−
cγτ

2

)
×

×
(
2381400(cγτ + 2) − 1058400(β + 5)(3cγτ + 2) exp(−cγτ) +

+285768(β
2
+11β+30)(5cγτ +2) exp(−2cγτ)− 32400(β

3
+18×

× β
2
+ 107β + 210)(7cγτ + 2) exp(−3cγτ) + 1225(β

4
+ 26β

3
+

+ 251β
2
+ 1066β + 1680)(9cγτ + 2) exp(−4cγτ)

)
;∫

τP
(0,β)
5 (τ, γ)dτ = −

1

28814940c2γ2
exp

(
−
cγτ

2

)
×(

57629880(cγτ + 2) − 32016600(β + 6)(3cγτ + 2) exp(−cγτ) +
+ 11525976(β

2
+ 13β + 42)(5cγτ + 2) exp(−2cγτ) − 1960200 ×

× (β
3
+ 21β

2
+ 146β + 336)(7cγτ + 2) exp(−3cγτ) + 148225(β

4
+

+ 30β
3
+ 335β

2
+ 1650β + 3024)(9cγτ + 2) exp(−4cγτ) − 3969 ×

× (β
5
+ 40β

4
+ 635β

3
+ 5000β

2
+ 19524β + 30240)(11cγτ + 2) ×

× exp(−5cγτ)
)
.

à)

0

2

4 τ 0
1

2
3

4
β

−0, 05

−0, 1

−0, 15

∫
τP

(0,β)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−0, 4

−0, 2

∫
τP

(0,β)
k (τ, γ)dτ

Ðèñ. 1.127. Âèä íåîïðåäåëåííîãî èíòåãðàëà 1-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, β ∈ [0; 5]; á)
γ ∈ (1; 3, 5], β = 1

[1.128]

∫
τ2P

(0,β)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)s exp

(
−
(2s+ 1)

2
cγτ

)(
2τ2

cγ(2s+ 1)
+

+
8τ

c2γ2(2s+ 1)2
+

16

c3γ3(2s+ 1)3

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
2
P

(0,β)
0 (τ, γ)dτ = −

2

c3γ3
exp

(
−
cγτ

2

)(
8 + 4cγτ + c

2
γ
2
τ
2);∫

τ
2
P

(0,β)
1 (τ, γ)dτ = −

2

27c3γ3
exp

(
−
cγτ

2

)(
54(c

2
γ
2
τ
2
+

+ 4cγτ + 8) − 2(β + 2)(9c
2
γ
2
τ
2
+ 12cγτ + 8) exp(−cγτ)

)
;∫

τ
2
P

(0,β)
2 (τ, γ)dτ = −

1

3375c3γ3
exp

(
−
cγτ

2

)(
6750(c

2
γ
2
τ
2
+

+ 4cγτ + 8) − 500(β + 3)(9c
2
γ
2
τ
2
+ 12cγτ + 8) exp(−cγτ) +

+ 27(β
2
+ 7β + 12)(25c

2
γ
2
τ
2
+ 20cγτ + 8) exp(−2cγτ)

)
;∫

τ
2
P

(0,β)
3 (τ, γ)dτ = −

1

385875c3γ3
exp

(
−
cγτ

2

)
×

×
(
771750(c

2
γ
2
τ
2
+ 4cγτ + 8) − 85750(β + 4)(9c

2
γ
2
τ
2
+

+ 12cγτ + 8) exp(−cγτ) + 9261(β
2
+ 9β + 20)(25c

2
γ
2
τ
2
+

+ 20cγτ + 8) exp(−2cγτ) − 375(β
3
+ 15β

2
+ 74β + 120) ×

× (49c
2
γ
2
τ
2
+ 28cγτ + 8) exp(−3cγτ)

)
;∫

τ
2
P

(0,β)
4 (τ, γ)dτ = −

1

375070500c3γ3
exp

(
−
cγτ

2

)
×

×
(
750141000(c

2
γ
2
τ
2
+ 4cγτ + 8) − 111132000(β + 5)(9c

2
γ
2
τ
2
+

+ 12cγτ + 8) exp(−cγτ) + 18003384(β
2
+ 11β + 30)(25c

2
γ
2
τ
2
+

+ 20cγτ + 8) exp(−2cγτ) − 1458000(β
3
+ 18β

2
+ 107β + 210) ×

× (49c
2
γ
2
τ
2
+ 28cγτ + 8) exp(−3cγτ) + 42875(β

4
+ 26β

3
+ 251×

× β
2
+ 1066β + 1680)(81c

2
γ
2
τ
2
+ 36cγτ + 8) exp(−4cγτ)

)
;∫

τ
2
P

(0,β)
5 (τ, γ)dτ = −

1

99843767100c3γ3
exp

(
−
cγτ

2

)
×

×
(
199687534200(c

2
γ
2
τ
2
+ 4cγτ + 8) − 36979173000(β + 6) ×

× (9c
2
γ
2
τ
2
+ 12cγτ + 8) exp(−cγτ) + 7987501368(β

2
+ 13β +

+ 42)(25c
2
γ
2
τ
2
+ 20cγτ + 8) exp(−2cγτ) − 970299000(β

3
+ 21 ×

× β
2
+ 146β + 336)(49c

2
γ
2
τ
2
+ 28cγτ + 8) exp(−3cγτ) +

+ 57066625(β
4
+ 30β

3
+ 335β

2
+ 1650β + 3024)(81c

2
γ
2
τ
2
+

+36cγτ +8) exp(−4cγτ)− 12502359(β
5
+40β

4
+635β

3
+5000×

× β
2
+ 19524β + 30240)(121c

2
γ
2
τ
2
+ 44cγτ + 8) exp(−5cγτ)

)
.
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à)

0

2

4 τ 0
1

2
3

4
β

−0, 1

−0, 2

∫
τ
2
P

(0,β)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−1, 5

−1

−0, 5

∫
τ
2
P

(0,β)
k (τ, γ)dτ

Ðèñ. 1.128. Âèä íåîïðåäåëåííîãî èíòåãðàëà 2-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, β ∈ [0; 5]; á)
γ ∈ (1; 3, 5], β = 1

[1.129]

∫
τ3P

(0,β)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)s exp
(
−(2s+ 1)cγτ/2

)( 2τ3

cγ(2s+ 1)
+

+
12τ2

c2γ2(2s+ 1)2
+

48τ

c3γ3(2s+ 1)3
+

96

c4γ4(2s+ 1)4

)
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
3
P

(0,β)
0 (τ, γ)dτ = −

2

c4γ4
exp

(
−
cγτ

2

)(
48 + 24cγτ +

+ 6c
2
γ
2
τ
2
+ c

3
γ
3
τ
3);∫

τ
3
P

(0,β)
1 (τ, γ)dτ = −

2

27c4γ4
exp

(
−
cγτ

2

)(
54(c

3
γ
3
τ
3
+

+ 6c
2
γ
2
τ
2
+ 24cγτ + 48) − 2(β + 2)(9c

3
γ
3
τ
3
+ 18c

2
γ
2
τ
2
+

+ 24cγτ + 16) exp(−cγτ)
)
;∫

τ
3
P

(0,β)
2 (τ, γ)dτ = −

1

16875c4γ4
exp

(
−
cγτ

2

)
×

×
(
33750(c

3
γ
3
τ
3
+ 6c

2
γ
2
τ
2
+ 24cγτ + 48) − 2500(β + 3) ×

× (9c
3
γ
3
τ
3
+ 18c

2
γ
2
τ
2
+ 24cγτ + 16) exp(−cγτ) + 27(β

2
+

+ 7β + 12)(125c
3
γ
3
τ
3
+ 150c

2
γ
2
τ
2
+ 120cγτ + 48) exp(−2cγτ)

)
;∫

τ
3
P

(0,β)
3 (τ, γ)dτ = −

1

13505625c4γ4
exp

(
−
cγτ

2

)
×

×
(
27011250(c

3
γ
3
τ
3
+ 6c

2
γ
2
τ
2
+ 24cγτ + 48)− 3001250(β + 4)×

× (9c
3
γ
3
τ
3
+ 18c

2
γ
2
τ
2
+ 24cγτ + 16) exp(−cγτ) + 64827(β

2
+

+ 9β + 20)(125c
3
γ
3
τ
3
+ 150c

2
γ
2
τ
2
+ 120cγτ + 48) exp(−2cγτ)−

−1875(β
3
+15β

2
+74β+120)(343c

3
γ
3
τ
3
+294c

2
γ
2
τ
2
+168cγτ +

+ 48) exp(−3cγτ)
)
;∫

τ
3
P

(0,β)
4 (τ, γ)dτ = −

1

39382402500c4γ4
exp

(
−
cγτ

2

)
×

×
(
78764805000(c

3
γ
3
τ
3
+6c

2
γ
2
τ
2
+24cγτ +48)− 11668860000×

× (β + 5)(9c
3
γ
3
τ
3
+ 18c

2
γ
2
τ
2
+ 24cγτ + 16) exp(−cγτ) +

+ 378071064(β
2
+ 11β + 30)(125c

3
γ
3
τ
3
+ 150c

2
γ
2
τ
2
+

+120cγτ +48) exp(−2cγτ)− 21870000(β
3
+18β

2
+107β+210)×

× (343c
3
γ
3
τ
3
+ 294c

2
γ
2
τ
2
+ 168cγτ + 48) exp(−3cγτ) +

+ 1500625(β
4
+ 26β

3
+ 251β

2
+ 1066β + 1680)(243c

3
γ
3
τ
3
+

+ 162c
2
γ
2
τ
2
+ 72cγτ + 16) exp(−4cγτ)

)
;∫

τ
3
P

(0,β)
5 (τ, γ)dτ = −

1

9609962583375c4γ4
exp

(
−
cγτ

2

)
×

×
(
19219925166750(c

3
γ
3
τ
3
+ 6c

2
γ
2
τ
2
+ 24cγτ + 48) −

− 3559245401250(β + 6)(9c
3
γ
3
τ
3
+ 18c

2
γ
2
τ
2
+ 24cγτ + 16) ×

× exp(−cγτ) + 307518802668(β
2
+ 13β + 42)(125c

3
γ
3
τ
3
+

+150c
2
γ
2
τ
2
+120cγτ +48) exp(−2cγτ)− 80049667500(β

3
+21×

× β
2
+ 146β + 336)(343c

3
γ
3
τ
3
+ 294c

2
γ
2
τ
2
+ 168cγτ + 48) ×

× exp(−3cγτ) + 43941301250(β
4
+ 30β

3
+ 335β

2
+ 1650β +

+ 3024)(243c
3
γ
3
τ
3
+ 162c

2
γ
2
τ
2
+ 72cγτ + 16) exp(−4cγτ) −

− 1312746750(β
5
+ 40β

4
+ 635β

3
+ 5000β

2
+ 19524β +

+ 30240)(1331c
3
γ
3
τ
3
+ 726c

2
γ
2
τ
2
+ 264cγτ + 48) exp(−5cγτ)

)
.
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à)

0

2

4
τ 0

1
2

3
4

β

−0, 1

−0, 2

−0, 3

∫
τ
3
P

(0,β)
k (τ, γ)dτ

á)

0

2

4
τ

1
1, 5

2
2, 5

3
γ

−4

−2

∫
τ
3
P

(0,β)
k (τ, γ)dτ

Ðèñ. 1.129. Âèä íåîïðåäåëåííîãî èíòåãðàëà 3-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 2, β ∈ [0; 5]; á)
γ ∈ (1; 3, 5], β = 1

[1.130]

∫
τnP

(0,β)
k (τ, γ)dτ = −

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)s exp
(
−(2s+ 1)cγτ/2

)
×

×
n∑
j=0

n!τn−j

(n− j)!
(
cγ(2s+ 1)/2

)j+1
.

×àñòíûå ñëó÷àè äëÿ íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò
ôóíêöèé 0-5 ïîðÿäêîâ:∫

τ
n
P

(0,β)
0 (τ, γ)dτ = −

2n!

γ
exp(−cγτ/2) ×

×
n∑
j=0

( 2

cγ/2

)j τn−j

(n− j)!
;∫

τ
n
P

(0,β)
1 (τ, γ)dτ = − exp(−cγτ/2) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
cγ/2

)j+1
−

− (β + 2)n! exp(−γτ)
n∑
j=0

τn−j

(n− j)!
(
3cγ/2

)j+1

;

∫
τ
n
P

(0,β)
2 (τ, γ)dτ = − exp(−cγτ/2) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
cγ/2

)j+1
−

− 2(β + 3)n! exp(−cγτ)
n∑
j=0

τn−j

(n− j)!
(
3cγ/2

)j+1
+

+
(β + 4

2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
5cγ/2

)j+1

;

∫
τ
n
P

(0,β)
3 (τ, γ)dτ = − exp(−cγτ/2) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
cγ/2

)j+1
−

− 3(β + 4)n! exp(−cγτ)
n∑
j=0

τn−j

(n− j)!
(
3cγ/2

)j+1
+

+ 3
(β + 5

2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
5cγ/2

)j+1
−

−
(β + 6

3

)
n! exp(−3cγτ)

n∑
j=0

τn−j

(n− j)!
(
7cγ/2

)j+1

;

∫
τ
n
P

(0,β)
4 (τ, γ)dτ = − exp(−cγτ/2) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
cγ/2

)j+1
−

− 4(β + 5)n! exp(−cγτ)
n∑
j=0

τn−j

(n− j)!
(
3cγ/2

)j+1
+

+ 6
(β + 6

2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
5cγ/2

)j+1
−

− 4
(β + 7

3

)
n! exp(−3cγτ)

n∑
j=0

τn−j

(n− j)!
(
7cγ/2

)j+1
+

+
(α+ 8

4

)
n! exp(−4cγτ)

n∑
j=0

τn−j

(n− j)!
(
9cγ/2

)j+1

;

∫
τ
n
P

(0,β)
5 (τ, γ)dτ = − exp(−cγτ/2) ×

×

n! n∑
j=0

τn−j

(n− j)!
(
cγ/2

)j+1
−

− 5(β + 6)n! exp(−cγτ)
n∑
j=0

τn−j

(n− j)!
(
3cγ/2

)j+1
+

+ 10
(β + 7

2

)
n! exp(−2cγτ)

n∑
j=0

τn−j

(n− j)!
(
5cγ/2

)j+1
−



1.3 Àíàëèòè÷åñêèå ñîîòíîøåíèÿ äëÿ íåîïðåäåëåííûõ èíòåãðàëîâ îò îðòîãîíàëüíûõ

ôóíêöèé 81

− 10
(β + 8

3

)
n! exp(−3cγτ)

n∑
j=0

τn−j

(n− j)!
(
7cγ/2

)j+1
+

+ 5
(β + 9

4

)
n! exp(−4cγτ)

n∑
j=0

τn−j

(n− j)!
(
9cγ/2

)j+1
−

−
(β + 10

5

)
n! exp(−5cγτ)

n∑
j=0

τn−j

(n− j)!
(
11cγ/2

)j+1

.

à)

0
1

2

3
4

τ 0

1

2

3

4

n

0, 5

1

1, 5

∫
τ
n
P

(0,β)
k (τ, γ)dτ

⟨0⟩

⟨5⟩

á)

0
1

2

3

4
τ

0
1

2

3

4

n

50

100

∫
τ
n
P

(0,β)
k (τ, γ)dτ

⟨0⟩

⟨5⟩

Ðèñ. 1.130. Âèä íåîïðåäåëåííîãî èíòåãðàëà n-îãî ðîäà îò îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) n = 0..5, γ = 2,
β ∈ [0; 5]; á) n = 0..5, γ ∈ (1; 3, 5], β = 1
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Ãëàâà 2

Îñíîâíûå è ðàñøèðåííûå ñâîéñòâà âî

âðåìåííîé îáëàñòè

Îïðåäåëåíèå.

Äëÿ îðòîãîíàëüíûõ ôóíêöèé, îïðåäåëåííûõ â Ãëàâå 1, îïðåäåëåíû îñíîâíûå ñâîéñòâà [13].

Âèä ôóíêöèé Íîðìà Âåñ Çíà÷åíèå â ¾íóëå¿

ψk(τ, γ)
∥∥ψk∥∥2 µ{ψk(τ,γ)}(τ, γ) ψk(0, γ)

P
(α,0)
k (τ, γ)

1

cγ(2k + α+ 1)
1 (−1)k

P
(0,β)
k (τ, γ)

1

cγ(2k + β + 1)

(
1− exp(−cγτ)

)β
(−1)k

(
k + β

k

)
L
(α)
k (τ, γ)

(k + α)!

k!γα+1
τα

(
k + α

k

)
è âûÿâëåíî ðàñøèðåííîå ñâîéñòâî [5]

∫ ∞

0

∂ψk(τ, γ)

∂τ
dτ = −ψk(0, γ).
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Òàáëèöà 2.1. Îñíîâíûå è ðàñøèðåííûå ñâîéñòâà âî âðåìåííîé îáëàñòè

Âèä ìíîãî÷ëåíà Âåñîâàÿ ôóíêöèÿ Çíà÷åíèå â "íóëå" Èíòåãðàëüíàÿ õàðàêòåðèñòèêà

ψk(τ, γ) µ{ψk(τ,γ)} ψk(0, γ)

∞∫
0

∂ψk(τ, γ)

∂τ
dτ

Lk(τ, γ) 1 1 −1

L
(1)
k (τ, γ) τ k + 1 −k − 1

L
(2)
k (τ, γ) τ2

(k + 1)(k + 2)

2
− (k + 1)(k + 2)

2

L
(α)
k (τ, γ) τα

(
k + α

α

)
−

(
k + α

α

)
P

(−1/2,0)
k (τ, γ) 1 (−1)k (−1)k+1

Legk(τ, γ) 1 (−1)k (−1)k+1

P
(1/2,0)
k (τ, γ) 1 (−1)k (−1)k+1

P
(1,0)
k (τ, γ) 1 (−1)k (−1)k+1

P
(2,0)
k (τ, γ) 1 (−1)k (−1)k+1

P
(α,0)
k (τ, γ) 1 (−1)k (−1)k+1

P
(0,1)
k (τ, γ) 1− exp(−cγτ) (−1)k(k + 1) (−1)k+1(k + 1)

P
(0,2)
k (τ, γ)

(
1− exp(−cγτ)

)2
(−1)k

(k + 1)(k + 2)

2
(−1)k+1 (k + 1)(k + 2)

2

P
(0,β)
k (τ, γ)

(
1− exp(−cγτ)

)β
(−1)k

(
k + β

β

)
(−1)k+1

(
k + β

β

)



Ãëàâà 3

Îñíîâíûå è ðàñøèðåííûå ñîîòíîøåíèÿ

îðòîãîíàëüíîñòè

âî âðåìåííîé îáëàñòè

Îïðåäåëåíèå.

Îñíîâíîå ñîîòíîøåíèå îðòîãîíàëüíîñòè èìååò çíà÷åíèÿ òîëüêî ïî ãëàâíîé äèàãîíàëè∫ ∞

0

ψk(τ, γ)ψν(τ, γ)µ
{ψν(τ,γ)}(τ, γ)dτ = gk,ν(γ),

G(γ) = diag {g0,0(γ), g1,1(γ), ..., gK,K(γ)} .

Çíà÷åíèÿ äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèöû gk,ν(γ) ïðèâåäåíû â Ãëàâå 1.
Â îòëè÷èå îò îñíîâíîãî ñîîòíîøåíèÿ â ðàñøèðåííîì ñîîòíîøåíèè îðòîãîíàëüíîñòè [5]

∫ ∞

0

ϑk(τ, γ)ψν(τ, γ)µ
{ψν(τ,γ)}(τ, γ)dτ = hk,ν(γ) (k = 0..K, ν = 0..K)

ýëåìåíòû ðàñïîëàãàþòñÿ ïî íåñêîëüêèì ñìåæíûì äèàãîíàëÿì, íàïðèìåð,

H(γ) =



h0,0(γ) h1,0(γ) 0 0 . . . 0
h0,1(γ) h1,1(γ) h2,1(γ) 0 . . . 0

0 h1,2(γ) h2,2(γ) h3,2(γ) . . . 0

0 0 h2,3(γ) h3,3(γ) . . .
...

...
...

...
...

. . . hK−1,K(γ)
0 0 0 . . . hK,K−1(γ) hK,K(γ)


.

3.1 Îñíîâíûå ñîîòíîøåíèÿ

îðòîãîíàëüíîñòè

[3.1]

∞∫
0

Ls(τ, γ)Lk(τ, γ)dτ =


1

γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.1] =
1

γ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

.
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0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.1. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.1] ïðè
k = 0..5, s = 0..5; γ = 1

[3.2]

∞∫
0

L
(1)
s (τ, γ)L

(1)
k (τ, γ)µ{L

(1)
s (τ,γ)}(τ, γ)dτ =

=


k + 1

γ2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.2] =
1

γ2


1 0 0 0 0 0
0 2 0 0 0 0
0 0 3 0 0 0
0 0 0 4 0 0
0 0 0 0 5 0
0 0 0 0 0 6

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.2. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.2] ïðè
k = 0..5, s = 0..5; γ = 1

[3.3]

∞∫
0

L
(2)
s (τ, γ)L

(2)
k (τ, γ)µ{L

(2)
s (τ,γ)}(τ, γ)dτ =

=


(k + 1)(k + 2)

γ3
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.3] =
1

γ3


2 0 0 0 0 0
0 6 0 0 0 0
0 0 12 0 0 0
0 0 0 20 0 0
0 0 0 0 30 0
0 0 0 0 0 42

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.3. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.3] ïðè
k = 0..5, s = 0..5; γ = 1

[3.4]

∞∫
0

L
(α)
s (τ, γ)L

(α)
k (τ, γ)µ{L

(α)
s (τ,γ)}(τ, γ)dτ =

=


(k + α)!

k!γα+1
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.4] =
1

γα+1
×

×


α! 0 0 0 0 0
0 (α+ 1)! 0 0 0 0
0 0 (α+ 2)! 0 0 0
0 0 0 (α+ 3)! 0 0
0 0 0 0 (α+ 4)! 0
0 0 0 0 0 (α+ 5)!

.
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à)

0
1

2
3

4
α 0

1
2

3
4

k

2

4

6

∥L(α)
k ∥2

á)

1
2

3
4

5
γ

0

1
2

3

4
k

104

2 · 104

3 · 104

∥L(α)
k ∥2

Ðèñ. 3.4. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.4] ïðè k = 0..5 è k = s: à) γ = 1, α ∈ [0; 5]; á) γ ∈ [1; 6], α = 1

[3.5]

∞∫
0

P
(−1/2,0)
s (τ, γ)P

(−1/2,0)
k (τ, γ)dτ =

=


1

γ(4k + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.5] =
1

γ


1 0 0 0 0 0
0 1/5 0 0 0 0
0 0 1/9 0 0 0
0 0 0 1/13 0 0
0 0 0 0 1/17 0
0 0 0 0 0 1/21

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.5. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.5] ïðè
k = 0..5, s = 0..5; γ = 1

[3.6]

∞∫
0

Legs(τ, γ)Legk(τ, γ)dτ =

=


1

2γ(2k + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.6] =
1

2γ


1 0 0 0 0 0
0 1/3 0 0 0 0
0 0 1/5 0 0 0
0 0 0 1/7 0 0
0 0 0 0 1/9 0
0 0 0 0 0 1/11

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.6. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.6] ïðè
k = 0..5, s = 0..5; γ = 1
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[3.7]

∞∫
0

P
(1/2,0)
s (τ, γ)P

(1/2,0)
k (τ, γ)dτ =

=


1

γ(4k + 3)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.7] =
1

γ


1/3 0 0 0 0 0
0 1/7 0 0 0 0
0 0 1/11 0 0 0
0 0 0 1/15 0 0
0 0 0 0 1/19 0
0 0 0 0 0 1/23

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.7. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.7] ïðè
k = 0..5, s = 0..5; γ = 1

[3.8]

∞∫
0

P
(1,0)
s (τ, γ)P

(1,0)
k (τ, γ)dτ =

=


1

2γ(k + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.8] =
1

2γ


1 0 0 0 0 0
0 1/2 0 0 0 0
0 0 1/3 0 0 0
0 0 0 1/4 0 0
0 0 0 0 1/5 0
0 0 0 0 0 1/6

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.8. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.8] ïðè
k = 0..5, s = 0..5; γ = 1

[3.9]

∞∫
0

P
(2,0)
s (τ, γ)P

(2,0)
k (τ, γ)dτ =

=


1

2γ(2k + 3)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.9] =
1

2γ


1/3 0 0 0 0 0
0 1/5 0 0 0 0
0 0 1/7 0 0 0
0 0 0 1/9 0 0
0 0 0 0 1/11 0
0 0 0 0 0 1/13

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.9. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.9] ïðè
k = 0..5, s = 0..5; γ = 1

[3.10]

∞∫
0

P
(α,0)
s (τ, γ)P

(α,0)
k (τ, γ)dτ =

=


1

cγ(2k + α+ 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.10] =
1

cγ
×

×



1
(α+1)

0 0 0 0 0

0 1
(α+3)

0 0 0 0

0 0 1
(α+5)

0 0 0

0 0 0 1
(α+7)

0 0

0 0 0 0 1
(α+9)

0

0 0 0 0 0 1
(α+11)


.
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à)

0
1

2
3

4
α

0
1

2
3

4
k

0, 1

0, 2

0, 3

0, 4

∥P (α,0)
k ∥2

á)

0, 5
1, 5

2, 5
3, 5

4, 5
γ 0

1
2

3

4
k

0, 1

0, 2

0, 3

0, 4

∥P (α,0)
k ∥2

Ðèñ. 3.10. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.10] ïðè k = 0..5 è k = s: à) γ = 1, c = 2, α ∈ [0; 5]; á) γ ∈ [0, 5; 5, 5], c = 2,
α = 1

[3.11]

∞∫
0

P
(0,1)
s (τ, γ)P

(0,1)
k (τ, γ)µ{P

(0,1)
s (τ,γ)}(τ, γ)dτ =

=


1

4γ(k + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.11] =
1

4γ


1 0 0 0 0 0
0 1/2 0 0 0 0
0 0 1/3 0 0 0
0 0 0 1/4 0 0
0 0 0 0 1/5 0
0 0 0 0 0 1/6

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.11. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.11] ïðè
k = 0..5, s = 0..5; γ = 1

[3.12]

∞∫
0

P
(0,2)
s (τ, γ)P

(0,2)
k (τ, γ)µ{P

(0,2)
s (τ,γ)}(τ, γ)dτ =

=


1

2γ(2k + 3)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.12] =
1

2γ


1/3 0 0 0 0 0
0 1/5 0 0 0 0
0 0 1/7 0 0 0
0 0 0 1/9 0 0
0 0 0 0 1/11 0
0 0 0 0 0 1/13

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.12. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.12] ïðè
k = 0..5, s = 0..5; γ = 1
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[3.13]

∞∫
0

P
(0,β)
s (τ, γ)P

(0,β)
k (τ, γ)µ{P

(0,β)
s (τ,γ)}(τ, γ)dτ =

=


1

cγ(2k + β + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.13] =
1

cγ
×

×



1
(β+1)

0 0 0 0 0

0 1
(β+3)

0 0 0 0

0 0 1
(β+5)

0 0 0

0 0 0 1
(β+7)

0 0

0 0 0 0 1
(β+9)

0

0 0 0 0 0 1
(β+11)


.

à)

0
1

2
3

4
β

0
1

2
3

4
k

0, 1

0, 2

0, 3

0, 4

∥P (0,β)
k ∥2

á)

0, 5
1, 5

2, 5
3, 5

4, 5
γ 0

1
2

3

4
k

0, 1

0, 2

0, 3

0, 4

∥P (0,β)
k ∥2

Ðèñ. 3.13. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.13] ïðè k = 0..5 è k = s: à) γ = 1, c = 2, α ∈ [0; 5]; á) γ ∈ [0, 5; 5, 5], c = 2,
α = 1

3.2 Ðàñøèðåííûå ñîîòíîøåíèÿ

îðòîãîíàëüíîñòè

[3.14]

∞∫
0

L
(1)
s (τ, γ)Lk(τ, γ)µ

{L(1)
s (τ,γ)}(τ, γ)dτ =

=


k + 1

γ2
, åñëè k = s;

−
k

γ2
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.14] =
1

γ2


1 −1 0 0 0 0
0 2 −2 0 0 0
0 0 3 −3 0 0
0 0 0 4 −4 0
0 0 0 0 5 −5
0 0 0 0 0 6

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.14. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.14] ïðè
k = 0..5, s = 0..5; γ = 1
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[3.15]

∞∫
0

τLs(τ, γ)Lk(τ, γ)dτ =

=



−
k + 1

γ2
, åñëè k = s− 1;

2k + 1

γ2
, åñëè k = s;

−
k

γ2
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.15] =
1

γ2


1 −1 0 0 0 0
−1 3 −2 0 0 0
0 −2 5 −3 0 0
0 0 −3 7 −4 0
0 0 0 −4 9 −5
0 0 0 0 −5 11

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.15. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.15] ïðè
k = 0..5, s = 0..5; γ = 1

[3.16]

∞∫
0

L
(2)
s (τ, γ)L

(1)
k (τ, γ)µ{L

(2)
s (τ,γ)}(τ, γ)dτ =

=


(k + 1)(k + 2)

γ3
, åñëè k = s;

−
k(k + 1)

γ3
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.16] =
1

γ3


2 −2 0 0 0 0
0 6 −6 0 0 0
0 0 12 −12 0 0
0 0 0 20 −20 0
0 0 0 0 30 −30
0 0 0 0 0 42

.
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Ðèñ. 3.16. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.16] ïðè
k = 0..5, s = 0..5; γ = 1

[3.17]

∞∫
0

τL
(1)
s (τ, γ)Lk(τ, γ)µ

{L(1)
s (τ,γ)}(τ, γ)dτ =

=



−
(k + 1)(k + 2)

γ3
, åñëè k = s− 1;

(3k + 2)(k + 1)

γ3
, åñëè k = s;

−
(3k + 1)k

γ3
, åñëè k = s+ 1;

k(k − 1)

γ3
, åñëè k = s+ 2;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.17] =
1

γ3


2 −4 2 0 0 0
−2 10 −14 6 0 0
0 −6 24 −30 0 0
0 0 −12 44 −52 0
0 0 0 −20 70 −80
0 0 0 0 −30 102

.
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Ðèñ. 3.17. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.17] ïðè
k = 0..5, s = 0..5; γ = 1

[3.18]

∞∫
0

Ls(τ, γ)
∂Lk(τ, γ)

∂τ
dτ =


−1, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.18] =


−1/2 −1 −1 −1 −1 −1

0 −1/2 −1 −1 −1 −1
0 0 −1/2 −1 −1 −1
0 0 0 −1/2 −1 −1
0 0 0 0 −1/2 −1
0 0 0 0 0 −1/2

.
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Ðèñ. 3.18. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.18] ïðè
k = 0..5, s = 0..5; γ = 1

[3.19]

∞∫
0

Ls(τ, γ)
(∫

Lk(τ, γ)dτ
)
dτ =

=


2

γ2
, åñëè k = s;

4(−1)k+s

γ2
, åñëè k < s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.19] =
1

γ2


2 0 0 0 0 0
−4 2 0 0 0 0
4 −4 2 0 0 0
−4 4 −4 2 0 0
4 −4 4 −4 2 0
−4 4 −4 4 −4 2

.
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Ðèñ. 3.19. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.19] ïðè
k = 0..5, s = 0..5; γ = 1

[3.20]

∞∫
0

Ls(τ, γ)
(∫

τLk(τ, γ)dτ
)
dτ =

=



−
2k

γ3
, åñëè k = s+ 1;

2(4k + 1)

γ3
, åñëè k = s;

−
2(7k + 3)

γ3
, åñëè k = s− 1;

2(8k + 4)(−1)k+s

γ3
, k < s− 1

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.20] =
1

γ3


2 −2 0 0 0 0
−6 10 −4 0 0 0
8 −20 18 −6 0 0
−8 24 −34 26 −8 0
8 −24 40 −48 34 −10
−8 24 −40 56 −62 42

.
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Ðèñ. 3.20. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.20] ïðè
k = 0..5, s = 0..5; γ = 1

[3.21]

∞∫
0

Ls(τ, γ)L
(1)
k (τ, γ)dτ =


1

γ
, åñëè k ≥ s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.21] =
1

γ


1 1 1 1 1 1
0 1 1 1 1 1
0 0 1 1 1 1
0 0 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 1

.
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Ðèñ. 3.21. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.21] ïðè
k = 0..5, s = 0..5; γ = 1

[3.22]

∞∫
0

τLs(τ, γ)L
(1)
k (τ, γ)dτ =

=


k + 1

γ2
, åñëè k = s;

−
k + 1

γ2
, åñëè k = s− 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.22] =
1

γ2


1 0 0 0 0 0
−1 2 0 0 0 0
0 −2 3 0 0 0
0 0 −3 4 0 0
0 0 0 −4 5 0
0 0 0 0 −5 6

.
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Ðèñ. 3.22. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.22] ïðè
k = 0..5, s = 0..5; γ = 1

[3.23]

∞∫
0

Ls(τ, γ)
∂L

(1)
k (τ, γ)

∂τ
dτ =

=


−
2(k − s) + 1

2
, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.23] =


−1/2 −3/2 −5/2 −7/2 −9/2 −11/2

0 −1/2 −3/2 −5/2 −7/2 −9/2
0 0 −1/2 −3/2 −5/2 −7/2
0 0 0 −1/2 −3/2 −5/2
0 0 0 0 −1/2 −5/2
0 0 0 0 0 −1/2

.
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Ðèñ. 3.23. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.23] ïðè
k = 0..5, s = 0..5; γ = 1

[3.24]

∞∫
0

Ls(τ, γ)L
(2)
k (τ, γ)dτ =

=


k − s+ 1

γ
, åñëè k > s;

1

γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.24] =
1

γ


1 2 3 4 5 6
0 1 2 3 4 5
0 0 1 2 3 4
0 0 0 1 2 3
0 0 0 0 1 2
0 0 0 0 0 1

.
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Ðèñ. 3.24. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.24] ïðè
k = 0..5, s = 0..5; γ = 1

[3.25]

∞∫
0

τLs(τ, γ)L
(2)
k (τ, γ)dτ =

=


1

γ2
, åñëè k ≥ s;

−
k + 1

γ2
, åñëè k = s− 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.25] =
1

γ2


1 1 1 1 1 1
−1 1 1 1 1 1
0 −2 1 1 1 1
0 0 −3 1 1 1
0 0 0 −4 1 1
0 0 0 0 −5 1

.
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Ðèñ. 3.25. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.25] ïðè
k = 0..5, s = 0..5; γ = 1

[3.26]

∞∫
0

Ls(τ, γ)
∂L

(2)
k (τ, γ)

∂τ
dτ =

=


−
(k − s+ 1)2

2
, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.26] =


−1/2 −2 −9/2 −8 −25/2 −18

0 −1/2 −2 −9/2 −8 −25/2
0 0 −1/2 −2 −9/2 −8
0 0 0 −1/2 −2 −9/2
0 0 0 0 −1/2 −2
0 0 0 0 0 −1/2

.
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Ðèñ. 3.26. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.26] ïðè
k = 0..5, s = 0..5; γ = 1

[3.27]

∞∫
0

L
(1)
s (τ, γ)

∂L
(1)
k (τ, γ)

∂τ
µ{L

(1)
s (τ,γ)}(τ, γ)dτ =

=


−
s+ 1

γ
, åñëè k > s;

−
k + 1

γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.27] =
1

γ


−1/2 −1 −1 −1 −1 −1

0 −1 −2 −2 −2 −2
0 0 −3/2 −3 −3 −3
0 0 0 −2 −4 −4
0 0 0 0 −5/2 −5
0 0 0 0 0 −3

.
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Ðèñ. 3.27. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.27] ïðè
k = 0..5, s = 0..5; γ = 1

[3.28]

∞∫
0

τL
(1)
s (τ, γ)

∂L
(1)
k (τ, γ)

∂τ
µ{L

(1)
s (τ,γ)}(τ, γ)dτ =

=



−
(s+ 1)(s+ 2)

2γ2
, åñëè k = s+ 1;

−
k + 1

γ2
, åñëè k = s;

−
s(s+ 1)

2γ2
, åñëè k = s− 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.28] =
1

γ2


−1 −1 0 0 0 0
1 −2 −3 0 0 0
0 3 −3 −6 0 0
0 0 6 −4 −10 0
0 0 0 10 −5 −15
0 0 0 0 15 −6

.
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Ðèñ. 3.28. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.28] ïðè
k = 0..5, s = 0..5; γ = 1

[3.29]

∞∫
0

L
(2)
s (τ, γ)

∂L
(2)
k (τ, γ)

∂τ
µ{L

(2)
s (τ,γ)}(τ, γ)dτ =

=


−
(s+ 1)(s+ 2)

γ2
, åñëè k > s;

−
(k + 1)(k + 2)

2γ2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.29] =
1

γ2


−1 −2 −2 −2 −2 −2
0 −3 −6 −6 −6 −6
0 0 −6 −12 −12 −12
0 0 0 −10 −20 −20
0 0 0 0 −15 −30
0 0 0 0 0 −21

.



3.2 Ðàñøèðåííûå ñîîòíîøåíèÿ îðòîãîíàëüíîñòè 97

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 3.29. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.29] ïðè
k = 0..5, s = 0..5; γ = 1

[3.30]

∞∫
0

τL
(2)
s (τ, γ)

∂L
(2)
k (τ, γ)

∂τ
µ{L

(2)
s (τ,γ)}(τ, γ)dτ =

=



−
(s+ 1)(s+ 2)(s+ 3)

2γ3
, åñëè k = s+ 1;

−
3(k + 1)(k + 2)

2γ3
, åñëè k = s;

−
s(s+ 1)(s+ 2)

2γ3
, åñëè k = s− 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.30] =
1

γ3


−3 −3 0 0 0 0
3 −9 −12 0 0 0
0 12 −18 −30 0 0
0 0 30 −30 −60 0
0 0 0 60 −45 −105
0 0 0 0 105 −63

.
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Ðèñ. 3.30. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.30] ïðè
k = 0..5, s = 0..5; γ = 1

[3.31]

∞∫
0

P
(0,1)
s (τ, γ)Legk(τ, γ)µ

{P (0,1)
s (τ,γ)}(τ, γ)dτ =

=


1

4(2k + 1)γ
, åñëè k = s+ 1;

1

4(2k + 1)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.31] =
1

γ


1/4 1/12 0 0 0 0
0 1/12 1/20 0 0 0
0 0 1/20 1/28 0 0
0 0 0 1/28 1/36 0
0 0 0 0 1/36 1/44
0 0 0 0 0 1/44

.
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Ðèñ. 3.31. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.31] ïðè
k = 0..5, s = 0..5; γ = 1

[3.32]

∞∫
0

P
(0,2)
s (τ, γ)Legk(τ, γ)µ

{P (0,2)
s (τ,γ)}(τ, γ)dτ =

=



k − 1

4(2k − 1)(2k + 1)γ
, åñëè k = s+ 2;

1

4(2k + 1)γ
, åñëè k = s+ 1;

k + 2

4(2k + 1)(2k + 3)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.32] =
1

γ


1/6 1/12 1/60 0 0 0
0 1/20 1/20 1/70 0 0
0 0 1/35 1/28 1/84 0
0 0 0 5/252 1/36 1/99
0 0 0 0 7/572 1/44
0 0 0 0 0 2/195

.
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Ðèñ. 3.32. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.32] ïðè
k = 0..5, s = 0..5; γ = 1

[3.33]

∞∫
0

P
(0,2)
s (τ, γ)P

(0,1)
k (τ, γ)µ{P

(0,2)
s (τ,γ)}(τ, γ)dτ =

=


k

4(k + 1)(2k + 1)γ
, åñëè k = s+ 1;

k + 2

4(k + 1)(2k + 3)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5

M[3.33] =
1

γ


1/6 1/24 0 0 0 0
0 3/40 1/30 0 0 0
0 0 1/21 3/112 0 0
0 0 0 5/144 1/45 0
0 0 0 0 3/110 5/264
0 0 0 0 0 7/312
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Ðèñ. 3.33. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.33] ïðè
k = 0..5, s = 0..5; γ = 1

[3.34]

∞∫
0

P
(−1/2,0)
s (τ, γ)

∂P
(−1/2,0)
k (τ, γ)

∂τ
dτ =

=


−(−1)k+s, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5

M[3.34] =


−1/2 1 −1 1 −1 1

0 −1/2 1 −1 1 −1
0 0 −1/2 1 −1 1
0 0 0 −1/2 1 −1
0 0 0 0 −1/2 1
0 0 0 0 0 −1/2
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Ðèñ. 3.34. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.34] ïðè
k = 0..5, s = 0..5; γ = 1

[3.35]

∞∫
0

Legs(τ, γ)
∂Legk(τ, γ)

∂τ
dτ =

=


−(−1)k+s, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5

M[3.35] =


−1/2 1 −1 1 −1 1

0 −1/2 1 −1 1 −1
0 0 −1/2 1 −1 1
0 0 0 −1/2 1 −1
0 0 0 0 −1/2 1
0 0 0 0 0 −1/2
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Ðèñ. 3.35. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.35] ïðè
k = 0..5, s = 0..5; γ = 1

[3.36]

∞∫
0

P
(1/2,0)
s (τ, γ)

∂P
(1/2,0)
k (τ, γ)

∂τ
dτ =

=


−(−1)k+s, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5

M[3.36] =


−1/2 1 −1 1 −1 1

0 −1/2 1 −1 1 −1
0 0 −1/2 1 −1 1
0 0 0 −1/2 1 −1
0 0 0 0 −1/2 1
0 0 0 0 0 −1/2
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Ðèñ. 3.36. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.36] ïðè
k = 0..5, s = 0..5; γ = 1

[3.37]

∞∫
0

P
(1,0)
s (τ, γ)

∂P
(1,0)
k (τ, γ)

∂τ
dτ =

=


−(−1)k+s, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5

M[3.37] =


−1/2 1 −1 1 −1 1

0 −1/2 1 −1 1 −1
0 0 −1/2 1 −1 1
0 0 0 −1/2 1 −1
0 0 0 0 −1/2 1
0 0 0 0 0 −1/2
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Ðèñ. 3.37. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.37] ïðè
k = 0..5, s = 0..5; γ = 1

[3.38]

∞∫
0

P
(2,0)
s (τ, γ)

∂P
(2,0)
k (τ, γ)

∂τ
dτ =

=


−(−1)k+s, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5

M[3.38] =


−1/2 1 −1 1 −1 1

0 −1/2 1 −1 1 −1
0 0 −1/2 1 −1 1
0 0 0 −1/2 1 −1
0 0 0 0 −1/2 1
0 0 0 0 0 −1/2
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Ðèñ. 3.38. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.38] ïðè
k = 0..5, s = 0..5; γ = 1

[3.39]

∞∫
0

P
(α,0)
s (τ, γ)

∂P
(α,0)
k (τ, γ)

∂τ
dτ =

=


−(−1)k+s, åñëè k > s;

−
1

2
, åñëè k = s;

0, èíà÷å.

[3.40]

∞∫
0

P
(−1/2,0)
s (τ, γ)

(∫
P

(−1/2,0)
k (τ, γ)dτ

)
dτ =

=


2

(4k + 1)2γ2
, åñëè k = s;

4

(4s+ 1)(4k + 1)γ2
, åñëè k < s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.40] =
1

γ2
×
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×


2 0 0 0 0 0

4/5 2/25 0 0 0 0
4/9 4/45 2/81 0 0 0
4/13 4/65 4/117 2/169 0 0
4/17 4/85 4/153 4/221 2/289 0
4/21 4/105 4/189 4/273 4/357 2/441

.
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Ðèñ. 3.39. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.40] ïðè
k = 0..5, s = 0..5; γ = 1

[3.41]

∞∫
0

Legs(τ, γ)
(∫

Legk(τ, γ)dτ
)
dτ =

=


1

2(2k + 1)2γ2
, åñëè k = s;

1

(2s+ 1)(2k + 1)γ2
, åñëè k < s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.41] =
1

γ2


1/2 0 0 0 0 0
1/3 1/18 0 0 0 0
1/5 1/15 1/50 0 0 0
1/7 1/21 1/35 1/98 0 0
1/9 1/27 1/45 1/63 1/162 0
1/11 1/33 1/55 1/77 1/99 1/242

.
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Ðèñ. 3.40. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.41] ïðè
k = 0..5, s = 0..5; γ = 1

[3.42]

∞∫
0

P
(1/2,0)
s (τ, γ)

(∫
P

(1/2,0)
k (τ, γ)dτ

)
dτ =

=


2

(4k + 3)2γ2
, åñëè k = s;

4

(4s+ 3)(4k + 3)γ2
, åñëè k < s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.42] =
1

γ2
×

×


2/9 0 0 0 0 0
4/21 2/49 0 0 0 0
4/33 4/77 2/121 0 0 0
4/45 4/105 4/165 2/225 0 0
4/57 4/133 4/209 4/285 2/361 0
4/69 4/161 4/253 4/345 4/437 2/529

.
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Ðèñ. 3.41. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.42] ïðè
k = 0..5, s = 0..5; γ = 1

[3.43]

∞∫
0

P
(1,0)
s (τ, γ)

(∫
P

(1,0)
k (τ, γ)dτ

)
dτ =

=


1

2(k + 1)2γ2
, åñëè k = s;

1

(s+ 1)(k + 1)γ2
, åñëè k < s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.43] =
1

γ2


1/2 0 0 0 0 0
1/2 1/8 0 0 0 0
1/3 1/6 1/18 0 0 0
1/4 1/8 1/12 1/32 0 0
1/5 1/10 1/15 1/20 1/50 0
1/6 1/12 1/18 1/24 1/30 1/72

.
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Ðèñ. 3.42. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.43] ïðè
k = 0..5, s = 0..5; γ = 1

[3.44]

∞∫
0

P
(2,0)
s (τ, γ)

(∫
P

(2,0)
k (τ, γ)dτ

)
dτ =

=


1

2(2k + 3)2γ2
, åñëè k = s;

1

(2s+ 3)(2k + 3)γ2
, åñëè k < s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.44] =
1

γ2


1/18 0 0 0 0 0
1/15 1/50 0 0 0 0
1/21 1/35 1/98 0 0 0
1/27 1/45 1/63 1/162 0 0
1/33 1/55 1/77 1/99 1/242 0
1/39 1/65 1/91 1/117 1/143 1/338

.
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Ðèñ. 3.43. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.44] ïðè
k = 0..5, s = 0..5; γ = 1

[3.45]

∞∫
0

P
(α,0)
s (τ, γ)

(∫
P

(α,0)
k (τ, γ)dτ

)
dτ =

=


2

(2k + α+ 1)2c2γ2
, åñëè k = s;

4

(2s+ 3)(2k + 3)c2γ2
, åñëè k < s;

0, èíà÷å.

[3.46]

∞∫
0

Legs(τ, γ)P
(0,1)
k (τ, γ)dτ =

=


(−1)k+s

2γ(k + 1)
, åñëè k > s;

1

2γ(k + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.46] =
1

γ


1/2 −1/4 1/6 −1/8 1/10 −1/12
0 1/4 −1/6 1/8 −1/10 1/12
0 0 1/6 1/8 −1/10 1/12
0 0 0 1/8 −1/10 1/12
0 0 0 0 1/10 1/12
0 0 0 0 0 1/12

.
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Ðèñ. 3.44. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.46] ïðè
k = 0..5, s = 0..5; γ = 1

[3.47]

∞∫
0

Legs(τ, γ)
∂P

(0,1)
k (τ, γ)

∂τ
dτ =

=



−(−1)k+s

(
2k + 1

2(k + 1)
−

2s(s+ 1)− 2k(k + 1)

2(k + 1)

)
, åñëè k > s;

−
2k + 1

2(k + 1)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.47] =

=


−1/2 7/4 −17/6 31/8 −49/10 71/12

0 −3/4 13/6 −27/8 9/2 −67/12
0 0 −5/6 19/8 −37/10 59/12
0 0 0 −7/8 5/2 −47/12
0 0 0 0 −9/10 31/12
0 0 0 0 0 −11/12

.
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Ðèñ. 3.45. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.47] ïðè
k = 0..5, s = 0..5; γ = 1

[3.48]

∞∫
0

Legs(τ, γ)P
(0,2)
k (τ, γ)dτ =

=



(−1)k+s

(
(k + 1)(k + 2)

2γ(k + 1)(k + 2)
−

−
s(s+ 1)

2γ(k + 1)(k + 2)

)
, åñëè k > s;

1

γ(k + 2)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.48] =
1

γ
×

×


1/2 −1/2 1/2 −1/2 1/2 −1/2
0 1/3 −5/12 9/20 −7/15 10/21
0 0 1/4 −7/20 2/5 −3/7
0 0 0 1/5 −3/10 5/14
0 0 0 0 1/6 −11/42
0 0 0 0 0 1/7

.
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Ðèñ. 3.46. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.48] ïðè
k = 0..5, s = 0..5; γ = 1

[3.49]

∞∫
0

Legs(τ, γ)
∂P

(0,2)
k (τ, γ)

∂τ
dτ =

=



−(−1)k+s

(
(k(k + 3) + 1)

2
−

−
(2k(k + 3) + 3)s(s+ 1)

2(k + 1)(k + 2)
−

−
s2(s+ 1)2

2(k + 1)(k + 2)

)
, åñëè k > s;

−
(2k + 1)

(k + 2)
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[3.49] =

=


−1/2 5/2 −11/2 19/2 −29/2 41/2

0 −1 15/4 −153/20 63/5 −130/7
0 0 −5/4 91/20 −46/5 15
0 0 0 −7/5 51/10 −145/14
0 0 0 0 −3/2 11/2
0 0 0 0 0 −11/7

.
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Ðèñ. 3.47. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [3.49] ïðè
k = 0..5, s = 0..5; γ = 1



Ãëàâà 4

Ôàçîâûå ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ

ôóíêöèé

Îïðåäåëåíèå.

Â îáùåì âèäå îïðåäåëèì ôàçîâûå îðòîãîíàëüíûå ôóíêöèè âî âðåìåííîé îáëàñòè êàê [5]

Φ
{ψk(τ,γ)}
k (jτ) = ψk(τ, γ) + j

∂ψk(τ, γ)

∂τ
.

Ôàçîâîå ïðåäñòàâëåíèå îðòîãîíàëüíûõ ôóíêöèé âî âðåìåííîé îáëàñòè îáëàäàåò ñëåäóþùèìè îñíîâ-
íûìè ñâîéñòâàìè:

ReΦ
{ψk(τ,γ)}
k (0) = ψk(0, γ);∫ ∞

0

ImΦ
{ψk(τ,γ)}
k (jτ)dτ = −ψk(0, γ).

[4.1] Φ
{Lk(τ,γ}
k (jτ) = Lk(τ, γ) + j

∂Lk(τ, γ)

∂τ
.

0

0, 5
ReΦk(jτ)

−10

−5

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.1. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 2

[4.2] Φ
{L(1)
k

(τ,γ}
k (jτ) = L

(1)
k (τ, γ) + j

∂L
(1)
k (τ, γ)

∂τ
.

0
2

4
ReΦk(jτ)

−30

−20

−10

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.2. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 2, α = 1
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[4.3] Φ
{L(2)
k

(τ,γ}
k (jτ) = L

(2)
k (τ, γ) + j

∂L
(2)
k (τ, γ)

∂τ
.

0

10

ReΦk(jτ)

−80

−60

−40

−20

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.3. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 2, α = 2

[4.4] Φ
{L(α)
k

(τ,γ}
k (jτ) = L

(α)
k (τ, γ) + j

∂L
(α)
k (τ, γ)

∂τ
.

à)

0

10

ReΦk(jτ)

−3

−2

−1

ImΦk(jτ)

0
1

234α

(0; 0)

á)

0
1

2

ReΦk(jτ)

−15

−10

−5

ImΦk(jτ)

1
2

3
γ

(0; 0)

Ðèñ. 4.4. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 2, α ∈ [0; 5]; á) γ ∈ [1; 4],
α = 1

[4.5] Φ
{P (−1/2,0)
k

(τ,γ)}
k (jτ) =

= P
(−1/2,0)
k (τ, γ) + j

∂P
(−1/2,0)
k (τ, γ)

∂τ
.

−1
−0, 5

0
0, 5

ReΦk(jτ)

−10

0

10

20

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.5. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 5, c = 2, α = −1/2, β = 0
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[4.6] Φ
{Legk(τ,γ)}
k (jτ) = Legk(τ, γ) + j

∂Legk(τ, γ)

∂τ
.

−1
−0, 5

0
0, 5

ReΦk(jτ)

−20

0

20

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.6. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 1, c = 2

[4.7] Φ
{P (1/2,0)
k

(τ,γ)}
k (jτ) =

= P
(1/2,0)
k (τ, γ) + j

∂P
(1/2,0)
k (τ, γ)

∂τ
.

−1
−0, 5

0
0, 5

ReΦk(jτ)

−20

0

20

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.7. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 5, c = 2, α = 1/2, β = 0

[4.8] Φ
{P (1,0)
k

(τ,γ)}
k (jτ) = P

(1,0)
k (τ, γ) + j

∂P
(1,0)
k (τ, γ)

∂τ
.

−1
−0, 5

0
0, 5

ReΦk(jτ)

−10

0

10

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.8. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 5, c = 1, α = 1, β = 0

[4.9] Φ
{P (2,0)
k

(τ,γ)}
k (jτ) = P

(2,0)
k (τ, γ) + j

∂P
(2,0)
k (τ, γ)

∂τ
.

−1
−0, 5

0
0, 5

ReΦk(jτ)

−20

0

20

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.9. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 5, c = 2, α = 2, β = 0

[4.10] Φ
{P (α,0)
k

(τ,γ}
k (jτ) = P

(α,0)
k (τ, γ) + j

∂P
(α,0)
k (τ, γ)

∂τ
.
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à)

0
0, 5

ReΦk(jτ)

−10

0

ImΦk(jτ)

0
1

234α

(0; 0)

á)

0

0, 5

ReΦk(jτ)

−40

−30

−20

−10

ImΦk(jτ)

0, 5

1

1, 5

2
γ

(0; 0)

Ðèñ. 4.10. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 5, c = 2, α ∈ [0; 5], β = 0; á)
γ ∈ [0, 5; 2, 5], c = 2, α = 1, β = 0

[4.11] Φ
{P (0,1)
k

(τ,γ)}
k (jτ) = P

(0,1)
k (τ, γ) + j

∂P
(0,1)
k (τ, γ)

∂τ
.

−5

0

ReΦk(jτ)

−50

0

50

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.11. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 5, c = 2, α = 0, β = 1

[4.12] Φ
{P (0,2)
k

(τ,γ)}
k (jτ) = P

(0,2)
k (τ, γ) + j

∂P
(0,2)
k (τ, γ)

∂τ
.

−20

−10
0

10
ReΦk(jτ)

−100

0

100

200

ImΦk(jτ)

0
1

23
4k

(0; 0)

Ðèñ. 4.12. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 5, c = 2, α = 0, β = 2

[4.13] Φ
{P (α,0)
k

(τ,γ}
k (jτ) = P

(α,0)
k (τ, γ) + j

∂P
(α,0)
k (τ, γ)

∂τ
.
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à)

0

10

ReΦk(jτ)

−20

−40

−60

ImΦk(jτ)

0
1

234α

(0; 0)

á)

0
1

2

ReΦk(jτ)

−40

−20

ImΦk(jτ)

0, 5

1
1, 5

γ

(0; 0)

Ðèñ. 4.13. Âèä ôàçîâîãî ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 5, c = 2, α = 0, β ∈ [0; 5]; á)
γ ∈ [0, 5; 2], c = 2, α = 0, β = 1
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Ãëàâà 5

Èíòåãðàëüíûå ïðåäñòàâëåíèÿ

îðòîãîíàëüíûõ ôóíêöèé

Îïðåäåëåíèå.

Äàííîå îïðåäåëåíèå îðòîãîíàëüíûõ ôóíêöèé ââåäåíî êàê îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

ψk(τ, γ) =

∫ ∞

0

W
{ψk(τ,γ)}
k (jω) exp(jωτ)dω.

[5.1] Lk(τ, γ) =

=
2(−1)k

π

π/2∫
0

cos
(
(2k + 1)ϕ

)
cosϕ

cos
( τγ

2
tanϕ

)
dϕ.

[5.2] L
(1)
k (τ, γ) =

=
4(−1)k(k + 1)

πτγ

π/2∫
0

cos
(
(2k+2)ϕ

)
cos
( τγ

2
tanϕ

)
dϕ.

[5.3] L
(2)
k (τ, γ) =

8(−1)k(k + 1)(k + 2)

π(τγ)2
×

×
π/2∫
0

cos
(
(2k + 3)ϕ

)
cosϕ cos

( τγ
2

tanϕ
)
dϕ.

[5.4] L
(α)
k (τ, γ) =

2α+1(−1)k(k + α)!

π(τγ)αk!
×

×
π/2∫
0

cos
(
(2k+α+1)ϕ

)
(cosϕ)α−1 cos

( τγ
2

tanϕ
)
dϕ.

[5.5] P
(−1/2,0)
k (τ, γ) =

2

π
×

×



π/2∫
0

cos
(
(4k + 1)γτ/2 tanϕ

)
dϕ, åñëè k = 0;

π/2∫
0

cos

(
ϕ+

+2

k−1∑
s=0

arctan

(
4k + 1

4s+ 1
tanϕ

))
×

×
cos
(
(4k + 1)γτ/2 tanϕ

)
cosϕ

dϕ, åñëè k > 0.

[5.6] Legk(τ, γ) =
2

π
×

×



π/2∫
0

cos
(
(2k + 1)γτ tanϕ

)
dϕ, åñëè k = 0;

π/2∫
0

cos

(
ϕ+

+2

k−1∑
s=0

arctan

(
2k + 1

2s+ 1
tanϕ

))
×

×
cos
(
(2k + 1)γτ tanϕ

)
cosϕ

dϕ, åñëè k > 0.
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[5.7] P
(1/2,0)
k (τ, γ) =

2

π
×

×



π/2∫
0

cos
(
(4k + 3)γτ/2 tanϕ

)
dϕ, åñëè k = 0;

π/2∫
0

cos

(
ϕ+

+2

k−1∑
s=0

arctan

(
4k + 3

4s+ 3
tanϕ

))
×

×
cos
(
(4k + 3)γτ/2 tanϕ

)
cosϕ

dϕ, åñëè k > 0.

[5.8] P
(1,0)
k (τ, γ) =

2

π
×

×



π/2∫
0

cos
(
(k + 1)γτ tanϕ

)
dϕ, åñëè k = 0;

π/2∫
0

cos

(
ϕ+

+2

k−1∑
s=0

arctan

(
k + 1

s+ 1
tanϕ

))
×

×
cos
(
(k + 1)γτ tanϕ

)
cosϕ

dϕ, åñëè k > 0.

[5.9] P
(2,0)
k (τ, γ) =

2

π
×

×



π/2∫
0

cos
(
(2k + 3)γτ tanϕ

)
dϕ, åñëè k = 0;

π/2∫
0

cos

(
ϕ+

+2

k−1∑
s=0

arctan

(
2k + 3

2s+ 3
tanϕ

))
×

×
cos
(
(2k + 3)γτ tanϕ

)
cosϕ

dϕ, åñëè k > 0.

[5.10] P
(α,0)
k (τ, γ) =

2

π
×

×



π/2∫
0

cos
(
(2k + α+ 1)cγτ/2 tanϕ

)
dϕ, åñëè k = 0;

π/2∫
0

cos

(
ϕ+ 2×

×
k−1∑
s=0

arctan

(
2k + α+ 1

2s+ α+ 1
tanϕ

))
×

×
cos
(
(2k + α+ 1)cγτ/2 tanϕ

)
cosϕ

dϕ, åñëè k > 0.

[5.11] P
(0,1)
k (τ, γ) =

4(k + 1)

π(2k + 3)
(
1− exp(−2γτ)

)×

×



π/2∫
0

cos

(
arctan

(
2k + 1

2k + 3
tanϕ

))
×

× cos

(
ϕ+ arctan

(
2k + 1

2k + 3
tanϕ

))
×

×
cos
(
(2k + 1)γτ tanϕ

)
cosϕ

dϕ, åñëè k = 0;

π/2∫
0

cos

(
arctan

(
2k + 1

2k + 3
tanϕ

))
×

× cos

(
ϕ+ arctan

(
2k + 1

2k + 3
tanϕ

)
+

+2

k−1∑
s=0

arctan

(
2k + 1

2s+ 1
tanϕ

))
×

×
cos
(
(2k + 1)γτ tanϕ

)
cosϕ

dϕ, åñëè k > 0.

[5.12] P
(0,2)
k (τ, γ) =

8(k + 1)(k + 2)

(2k + 3)(2k + 5)
(
1− exp(−2γτ)

)2×

×
1

π



π/2∫
0

cos

(
arctan

(
2k + 1

2k + 3
tanϕ

))
×

× cos

(
arctan

(
2k + 1

2k + 5
tanϕ

))
×

× cos

(
ϕ+ arctan

(
2k + 1

2k + 3
tanϕ

)
+

+arctan

(
2k + 1

2k + 5
tanϕ

))
×

×
cos
(
(2k + 1)γτ tanϕ

)
cosϕ

dϕ, åñëè k = 0;

π/2∫
0

cos

(
arctan

(
2k + 1

2k + 3
tanϕ

))
×

× cos

(
arctan

(
2k + 1

2k + 5
tanϕ

))
×

× cos

(
ϕ+ arctan

(
2k + 1

2k + 3
tanϕ

)
+arctan

(
2k + 1

2k + 5
tanϕ

)
+

+2

k−1∑
s=0

arctan

(
2k + 1

2s+ 1
tanϕ

))
×

×
cos
(
(2k + 1)γτ tanϕ

)
cosϕ

dϕ, åñëè k > 0.
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[5.13] P
(0,β)
k (τ, γ) =

=
2β+1(k + β)!(2k + 1)

πk!
(
1− exp(−2cγτ/2)

)β β∏
p=0

(2k + 2p+ 1)

×

×



π/2∫
0

β∏
p=0

cos

(
arctan

(
2k + 1

2k + 2p+ 1
tanϕ

))
×

× cos

(
ϕ+

+

β∑
p=0

arctan

(
2k + 1

2k + 2p+ 1
tanϕ

))
×

×
cos
(
(2k + 1)cγτ/2 tanϕ

)
(cosϕ)2

dϕ, k = 0;

π/2∫
0

β∏
p=0

cos

(
arctan

(
2k + 1

2k + 2p+ 1
tanϕ

))
×

× cos

(
ϕ+

+

β∑
p=0

arctan

(
2k + 1

2k + 2p+ 1
tanϕ

)
+

+2

k−1∑
s=0

arctan

(
2k + 1

2s+ 1
tanϕ

))
×

×
cos
(
(2k + 1)cγτ/2 tanϕ

)
(cosϕ)2

dϕ, k > 0.
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Ãëàâà 6

Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ â

÷àñòîòíîé îáëàñòè

Îïðåäåëåíèå.

Äëÿ ïðåäñòàâëåíèÿ îðòîãîíàëüíûõ ôóíêöèé â ÷àñòîòíîé îáëàñòè èìååò ìåñòî ðÿä îïðåäåëåíèé â çàâè-
ñèìîñòè îò äàëüíåéøåãî ïðèëîæåíèÿ. Íàèáîëåå ðàñïðîñòðàíåíî ñëåäóþùåå îïðåäåëåíèå, èçâåñòíîå êàê
ïðåîáðàçîâàíèå Ôóðüå îðòîãîíàëüíûõ ôóíêöèé[9, 1]

W
{ψk(τ,γ)}
k (jω) =

∫ ∞

0

ψk(τ, γ) exp(−jωτ)dτ.

Â îòëè÷èå îò âûøåïðèâåäåííîé õàðàêòåðèñòèêè ïðåîáðàçîâàíèå Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ ÿâ-
ëÿåòñÿ ôèçè÷åñêè ðåàëèçóåìûì [6]

V
{ψk(τ,γ)}
k (jω) =

∫ ∞

0

ψk(τ, γ) exp(−jωτ)µ{ψk(τ,γ)}(τ, γ)dτ.

Çíà÷èòåëüíî ðåæå èñïîëüçóåòñÿ îïðåäåëåíèå ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ îðòîãîíàëüíûõ ôóíê-

öèé W

{
∂ψk(τ,γ)

∂τ

}
k (jω).

6.1 Ïðåîáðàçîâàíèå Ôóðüå

îðòîãîíàëüíûõ ôóíêöèé

[6.1] W
[1]{Lk(τ,γ)}
k (jω) =

=
1

jω + γ/2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
.

[6.2] W
[2]{Lk(τ,γ)}
k (jω) =

1

jω + γ/2

(
jω − γ/2

jω + γ/2

)k
.

[6.3] W
[3]{Lk(τ,γ)}
k (jω) =

2

γ
(−1)k cosφ×

× exp(−j(2k + 1)φ), φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{L0(τ,γ)}
0 (jω) =

1

jω + γ/2
;

W
{L1(τ,γ)}
1 (jω) =

jω − γ/2(
jω + γ/2

)2 ;
W

{L2(τ,γ)}
2 (jω) =

(
jω − γ/2

)2(
jω + γ/2

)3 ;
W

{L3(τ,γ)}
3 (jω) =

(
jω − γ/2

)3(
jω + γ/2

)4 ;
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W
{L4(τ,γ)}
4 (jω) =

(
jω − γ/2

)4(
jω + γ/2

)5 ;
W

{L5(τ,γ)}
5 (jω) =

(
jω − γ/2

)5(
jω + γ/2

)6 .

−0, 4 −0, 2 0 0, 2 ReWk(jω)
−0, 4
−0, 2

0
0, 2

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.1. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4

[6.4] W
[1]{L(1)

k
(τ,γ)}

k (jω) =

=
1

jω + γ/2

k∑
s=0

(k + 1

k − s

)( −γ
jω + γ/2

)s
.

[6.5] W
[2]{L(1)

k
(τ,γ)}

k (jω) =
1

γ

(
1−

(
jω − γ/2

jω + γ/2

)k+1
)
.

[6.6] W
[3]{L(1)

k
(τ,γ)}

k (jω) =

=
1

γ

(
1+(−1)k exp(−j(2k+2)φ)

)
, φ = arctan

2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{L(1)

0 (τ,γ)}
0 (jω) =

1

jω + γ/2
;

W
{L(1)

1 (τ,γ)}
1 (jω) =

2jω(
jω + γ/2

)2 ;
W

{L(1)
2 (τ,γ)}

2 (jω) =
γ2/4 − 3ω2(
jω + γ/2

)3 ;
W

{L(1)
3 (τ,γ)}

3 (jω) =
γ2jω − 4jω3(
jω + γ/2

)4 ;
W

{L(1)
4 (τ,γ)}

4 (jω) =
γ4/16 − 5γ2ω2/2 + 5ω4(

jω + γ/2
)5 ;

W
{L(1)

5 (τ,γ)}
5 (jω) =

3γ4jω/8 − 5γ2jω3 + 6jω4(
jω + γ/2

)6 .

0 0, 1 0, 2 0, 3 ReWk(jω)

−0, 2
−0, 1

0
0, 1
ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.2. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4, α = 1

[6.7] W
[1]{L(2)

k
(τ,γ)}

k (jω) =

=
1

jω + γ/2

k∑
s=0

(k + 2

k − s

)( −γ
jω + γ/2

)s
.

[6.8] W
[2]{L(2)

k
(τ,γ)}

k (jω) =
1

γ2
×

×
[((

jω − γ/2

jω + γ/2

)k+1

− 1

)(
jω− γ/2

)
+ γ(k+ 1)

]
.

[6.9] W
[3]{L(2)

k
(τ,γ)}

k (jω) =
1

γ
×

×
(
exp(−jφ) + (−1)k exp(−j(2k + 3)φ)

2 cosφ
+ k + 1

)
,

φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{L(2)

0 (τ,γ)}
0 (jω) =

1

jω + γ/2
;

W
{L(2)

1 (τ,γ)}
1 (jω) =

γ/2 + 3jω(
jω + γ/2

)2 ;
W

{L(2)
2 (τ,γ)}

2 (jω) =
γ2/2 + 2γjω − 6ω2(

jω + γ/2
)3 ;

W
{L(2)

3 (τ,γ)}
3 (jω) =

γ3/4 + 5γ2jω/2 − 5γω2 − 10jω3(
jω + γ/2

)4 ;

W
{L(2)

4 (τ,γ)}
4 (jω) =

1(
jω + γ/2

)5 (
3γ

4
/16 + 3γ

3
jω/2 −

− 15γ
2
ω

2
/2 − 10γjω

3
+ 15ω

4);
W

{L(2)
5 (τ,γ)}

5 (jω) =
1(

jω + γ/2
)6 (

3γ
5
/32 + 21γ

4
jω/16 −

− 21γ
3
ω

2
/4 − 35γ

2
jω

3
/2 + 35γω

4
/2 + 21jω

5).
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0 0, 5 1 1, 5 ReWk(jω)

−1

−0, 5

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.3. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4, α = 2

[6.10] W
[1]{L(α)

k
(τ,γ)}

k (jω) =

=
1

jω + γ/2

k∑
s=0

(k + α

k − s

)( −γ
jω + γ/2

)s
.

[6.11] W
[2]{L(α)

k
(τ,γ)}

k (jω) =

=

(
jω + γ/2

)α−1

(−γ)α

[(
jω − γ/2

jω + γ/2

)k+α
−

−
α−1∑
p=0

(k + α

p

)(
−

γ

jω + γ/2

)p]
, α ∈ Z.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-
ðÿäêîâ:

W
{L(α)

0 (τ,γ)}
0 (jω) =

1

jω + γ/2
;

W
{L(α)

1 (τ,γ)}
1 (jω) =

γ(α− 1)/2 + jω(α+ 1)(
jω + γ/2

)2 ;

W
{L(α)

2 (τ,γ)}
2 (jω) =

1(
jω + γ/2

)3 (
γ
2
(α

2
+ α− 2)/8 + γjω(α

2 −

− α+ 2)/2 − ω
2
(α

2
+ 3α+ 2)/2

)
;

W
{L(α)

3 (τ,γ)}
3 (jω) =

1(
jω + γ/2

)4 (
−γ3

+ γ
2
(jω + γ/2)(α+ 3)−

− γ(jω + γ/2)
2
(α+ 2)(α+ 3)/2 − (jω + γ/2)

3
(α+ 3)!/(6α!)

)
;

W
{L(α)

4 (τ,γ)}
4 (jω) =

1(
jω + γ/2

)5 (
γ
4 − γ

3
(jω + γ/2)(α+ 4) +

+ γ
2
(jω + γ/2)

2
(α+ 3)(α+ 4)/2 − γ(jω + γ/2)

3 ×
× (α+ 4)!/

(
6(α+ 1)!

)
+ (jω + γ/2)

4
(α+ 4)!)/(24α!)

)
;

W
{L(α)

5 (τ,γ)}
5 (jω) =

1(
jω + γ/2

)6 (
−γ5

+ γ
4
(jω + γ/2)(α+ 5)−

− γ
3
(jω + γ/2)

2
(α+ 4)(α+ 5)/2 + γ

2
(jω + γ/2)

3 ×
× (α+ 5)!/

(
6(α+ 2)!

)
− γ(jω + γ/2)

4
(α+ 5)!/

(
24(α+ 1)!

)
+

+ (jω + γ/2)
5
(α+ 5)!/(120α!)

)
.

à)

0
−1

−2
ImWk(jω)

0

2

4
ReWk(jω)

0

1

2

3

4

α (0; 0)

á)

−0, 5
0

ImWk(jω)
2

1, 5

1
0, 5

ReWk(jω)
1

2

3

4

γ
(0; 0)

Ðèñ. 6.4. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 4, α ∈ [0; 5]; á) γ ∈ [1; 5], α = 1

[6.12] W
[1]{P (−1/2,0)

k
(τ,γ)}

k (jω) =

=

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)γ/2 + jω
.
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[6.13] W
[2]{P (−1/2,0)

k
(τ,γ)}

k (jω) =

=



1

γ/2 + jω
, åñëè k = 0;

1

(4k + 1)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 1)γ/2− jω

(4s+ 1)γ/2 + jω
, åñëè k > 0.

[6.14] W
[3]{P (−1/2,0)

k
(τ,γ)}

k (jω) =

=



2

γ
cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2

(4k + 1)γ
cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
2ω

(4k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{P (−1/2,0)

0 (τ,γ)}
0 (jω) =

1

γ/2 + jω
;

W
{P (−1/2,0)

1 (τ,γ)}
1 (jω) =

γ/2 − jω

(γ/2 + jω)(5γ/2 + jω)
;

W
{P (−1/2,0)

2 (τ,γ)}
2 (jω) =

(γ/2 − jω)(5γ/2 − jω)

(γ/2 + jω)(5γ/2 + jω)(9γ/2 + jω)
;

W
{P (−1/2,0)

3 (τ,γ)}
3 (jω) =

1

(13γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)
;

W
{P (−1/2,0)

4 (τ,γ)}
4 (jω) =

1

(17γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)

(13γ/2 − jω)

(13γ/2 + jω)
;

W
{P (−1/2,0)

5 (τ,γ)}
5 (jω) =

1

(21γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)

(13γ/2 − jω)(17γ/2 − jω)

(13γ/2 + jω)(17γ/2 + jω)
.

0 1
ReWk(jω)

−0, 5

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.5. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = −1/2, β = 0

[6.15]

W
[1]{Legk(τ,γ)}
k (jω) =

k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)γ + jω
.

[6.16] W
[2]{Legk(τ,γ)}
k (jω) =

=


1

γ + jω
, åñëè k = 0;

1

(2k + 1)γ + jω

k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
, åñëè k > 0.

[6.17] W
[3]{Legk(τ,γ)}
k (jω) =

=



1

γ
cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

1

(2k + 1)γ
cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{Leg0(τ,γ)}
0 (jω) =

1

γ + jω
;

W
{Leg1(τ,γ)}
1 (jω) =

γ − jω

(γ + jω)(3γ + jω)
;

W
{Leg2(τ,γ)}
2 (jω) =

(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)
;

W
{Leg3(τ,γ)}
3 (jω) =

(γ − jω)(3γ − jω)(5γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)(7γ + jω)
;

W
{Leg4(τ,γ)}
4 (jω) =

1

(9γ + jω)

(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)
×

×
(5γ − jω)(7γ − jω)

(5γ + jω)(7γ + jω)
;
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W
{Leg5(τ,γ)}
5 (jω) =

1

(11γ + jω)

(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)
×

×
(5γ − jω)(7γ − jω)(9γ − jω)

(5γ + jω)(7γ + jω)(9γ + jω)
.

0 0, 5
ReWk(jω)

−0, 2

−0, 4

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.6. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 1, c = 2

[6.18] W
[1]{P (1/2,0)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)γ/2 + jω
.

[6.19] W
[2]{P (1/2,0)

k
(τ,γ)}

k (jω) =

=



1

3γ/2 + jω
, åñëè k = 0;

1

(4k + 3)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 3)γ/2− jω

(4s+ 3)γ/2 + jω
, åñëè k > 0.

[6.20] W
[3]{P (1/2,0)

k
(τ,γ)}

k (jω) =

=



2

3γ
cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2

(4k + 3)γ
cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
2ω

(4k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{P (1/2,0)

0 (τ,γ)}
0 (jω) =

1

3γ/2 + jω
;

W
{P (1/2,0)

1 (τ,γ)}
1 (jω) =

3γ/2 − jω

(3γ/2 + jω)(7γ/2 + jω)
;

W
{P (1/2,0)

2 (τ,γ)}
2 (jω) =

(3γ/2 − jω)(7γ/2 − jω)

(3γ/2 + jω)(7γ/2 + jω)(11γ/2 + jω)
;

W
{P (1/2,0)

3 (τ,γ)}
3 (jω) =

1

(15γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)
;

W
{P (1/2,0)

4 (τ,γ)}
4 (jω) =

1

(19γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)

(15γ/2 − jω)

(15γ/2 + jω)
;

W
{P (1/2,0)

5 (τ,γ)}
5 (jω) =

1

(23γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)

(15γ/2 − jω)(19γ/2 − jω)

(15γ/2 + jω)(19γ/2 + jω)
.

−0, 2 0 0, 2 0, 4 ReWk(jω)

−0, 1
−0, 2

−0, 3

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.7. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 1/2, β = 0

[6.21] W
[1]{P (1,0)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)γ + jω
.

[6.22] W
[2]{P (1,0)

k
(τ,γ)}

k (jω) =

=


1

γ + jω
, åñëè k = 0;

1

(k + 1)γ + jω

k−1∏
s=0

(s+ 1)γ − jω

(s+ 1)γ + jω
, åñëè k > 0.
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[6.23] W
[3]{P (1,0)

k
(τ,γ)}

k (jω) =

=



1

γ
cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

1

(k + 1)γ
cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
ω

(k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{P (1,0)

0 (τ,γ)}
0 (jω) =

1

γ + jω
;

W
{P (1,0)

1 (τ,γ)}
1 (jω) =

γ − jω

(γ + jω)(2γ + jω)
;

W
{P (1,0)

2 (τ,γ)}
2 (jω) =

(γ − jω)(2γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)
;

W
{P (1,0)

3 (τ,γ)}
3 (jω) =

(γ − jω)(2γ − jω)(3γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)(4γ + jω)
;

W
{P (1,0)

4 (τ,γ)}
4 (jω) =

1

(5γ + jω)

(γ − jω)(2γ − jω)(3γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)
×

×
(4γ − jω)

(4γ + jω)
;

W
{P (1,0)

5 (τ,γ)}
5 (jω) =

1

(6γ + jω)

(γ − jω)

(γ + jω)

(2γ − jω)(3γ − jω)

(2γ + jω)(3γ + jω)
×

×
(4γ − jω)(5γ − jω)

(4γ + jω)(5γ + jω)
.

0 0, 5 ReWk(jω)

0
−0, 2

−0, 4

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.8. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 1, α = 1, β = 0

[6.24] W
[1]{P (2,0)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)γ + jω
.

[6.25] W
[2]{P (2,0)

k
(τ,γ)}

k (jω) =

=


1

3γ + jω
, åñëè k = 0;

1

(2k + 3)γ + jω

k−1∏
s=0

(2s+ 3)γ − jω

(2s+ 3)γ + jω
, åñëè k > 0.

[6.26] W
[3]{P (2,0)

k
(τ,γ)}

k (jω) =

=



1

3γ
cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

1

(2k + 3)γ
cosφk×

exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
ω

(2k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{P (2,0)

0 (τ,γ)}
0 (jω) =

1

3γ + jω
;

W
{P (2,0)

1 (τ,γ)}
1 (jω) =

3γ − jω

(3γ + jω)(5γ + jω)
;

W
{P (2,0)

2 (τ,γ)}
2 (jω) =

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)(7γ + jω)
;

W
{P (2,0)

3 (τ,γ)}
3 (jω) =

1

(9γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)

(7γ − jω)

(7γ + jω)
;

W
{P (2,0)

4 (τ,γ)}
4 (jω) =

1

(11γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)

(7γ + jω)(9γ + jω)
;

W
{P (2,0)

5 (τ,γ)}
5 (jω) =

1

(13γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)(11γ − jω)

(7γ + jω)(9γ + jω)(11γ + jω)
.

−0, 1 0 0, 1 0, 2 ReWk(jω)

0

−0, 1

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.9. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé
ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 2, β = 0
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[6.27] W
[1]{P (α,0)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)cγ/2 + jω
.

[6.28] W
[2]{P (α,0)

k
(τ,γ)}

k (jω) =

=



1

(α+ 1)cγ/2 + jω
, åñëè k = 0;

1

(2k + α+ 1)cγ/2 + jω
×

×
k−1∏
s=0

(2s+ α+ 1)cγ/2− jω

(2s+ α+ 1)cγ/2 + jω
, åñëè k > 0.

[6.29] W
[3]{P (α,0)

k
(τ,γ)}

k (jω) =

=



2

(α+ 1)cγ
cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2

(2k + α+ 1)cγ
cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
2ω

(2k + α+ 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-
ðÿäêîâ:

W
{P (α,0)

0 (τ,γ)}
0 (jω) =

1

(α+ 1)cγ/2 + jω
;

W
{P (α,0)

1 (τ,γ)}
1 (jω) =

(α+ 1)cγ/2 − jω(
(α+ 1)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

) ;
W

{P (α,0)
2 (τ,γ)}

2 (jω) =
1(

(α+ 5)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 1)cγ/2 + jω
) ×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

) ;
W

{P (α,0)
3 (τ,γ)}

3 (jω) =
1(

(α+ 7)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 1)cγ/2 + jω
) ×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) ;
W

{P (α,0)
4 (τ,γ)}

4 (jω) =
1(

(α+ 9)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 7)cγ/2 + jω
) ×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) (
(α+ 7)cγ/2 − jω

)(
(α+ 7)cγ/2 + jω

) ;
W

{P (α,0)
5 (τ,γ)}

5 (jω) =
1(

(α+ 11)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 1)cγ/2 + jω
)×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 7)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

)(
(α+ 7)cγ/2 + jω

) ×(
(α+ 9)cγ/2 − jω

)(
(α+ 9)cγ/2 + jω

) .

à)

0, 1 0
ImWk(jω)

−0, 1

0
0, 1

ReWk(jω)

0

1

2

3

4

α

(0; 0)

á)

−0, 1

0

ImWk(jω)
0, 1 0

−0, 1 ReWk(jω)

1

2

γ
(0; 0)

Ðèñ. 6.10. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α ∈ [0; 5], β = 0; á) γ ∈ [1; 3, 5],
c = 2, α = 1, β = 0

[6.30] W
[1]{P (0,1)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1

(2s+ 1)γ + jω
.

[6.31] W
[2]{P (0,1)

k
(τ,γ)}

k (jω) =
k∑
s=0

(k
s

)(k + s+ 1

s

)
×

×(−1)s
cosφs exp

(
−jφs

)
(2s+ 1)γ

, φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{P (0,1)

0 (τ,γ)}
0 (jω) =

1

γ + jω
;
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W
{P (0,1)

1 (τ,γ)}
1 (jω) =

1

γ + jω
−

3

3γ + jω
;

W
{P (0,1)

2 (τ,γ)}
2 (jω) =

1

γ + jω
−

8

3γ + jω
+

10

5γ + jω
;

W
{P (0,1)

3 (τ,γ)}
3 (jω) =

1

γ + jω
−

15

3γ + jω
+

45

5γ + jω
−

35

7γ + jω
;

W
{P (0,1)

4 (τ,γ)}
4 (jω) =

1

γ + jω
−

24

3γ + jω
+

126

5γ + jω
−

−
224

7γ + jω
+

126

9γ + jω
;

W
{P (0,1)

5 (τ,γ)}
5 (jω) =

1

γ + jω
−

35

3γ + jω
+

280

5γ + jω
−

−
840

7γ + jω
+

1050

9γ + jω
−

462

11γ + jω
.

0 0, 5 ReWk(jω)

0
−0, 2

−0, 4

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.11. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 0, β = 1

[6.32] W
[1]{P (0,2)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1

(2s+ 1)γ + jω
.

[6.33] W
[2]{P (0,2)

k
(τ,γ)}

k (jω) =
k∑
s=0

(k
s

)(k + s+ 2

s

)
×

×(−1)s
cosφs exp

(
−jφs

)
(2s+ 1)γ

, φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-

ðÿäêîâ:

W
{P (0,2)

0 (τ,γ)}
0 (jω) =

1

γ + jω
;

W
{P (0,2)

1 (τ,γ)}
1 (jω) =

1

γ + jω
−

4

3γ + jω
;

W
{P (0,2)

2 (τ,γ)}
2 (jω) =

1

γ + jω
−

10

3γ + jω
+

15

5γ + jω
;

W
{P (0,2)

3 (τ,γ)}
3 (jω) =

1

γ + jω
−

18

3γ + jω
+

63

5γ + jω
−

56

7γ + jω
;

W
{P (0,2)

4 (τ,γ)}
4 (jω) =

1

γ + jω
−

28

3γ + jω
+

168

5γ + jω
−

−
336

7γ + jω
+

210

9γ + jω
;

W
{P (0,2)

5 (τ,γ)}
5 (jω) =

1

γ + jω
−

40

3γ + jω
+

360

5γ + jω
−

−
1200

7γ + jω
+

1650

9γ + jω
−

792

11γ + jω
.

−0, 5 0 0, 5 ReWk(jω)

0, 2

0
−0, 2

−0, 4

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.12. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 0, β = 2

[6.34] W
[1]{P (0,β)

k
(τ,γ)}

k (jω) =

=
k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s

1

(2s+ 1)cγ/2 + jω
.

[6.35] W
[2]{P (0,β)

k
(τ,γ)}

k (jω) =
k∑
s=0

(k
s

)(k + s+ β

s

)
×

×(−1)s
cosφs exp

(
−jφs

)
(2s+ 1)cγ/2

, φk = arctan
2ω

(2k + 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-
ðÿäêîâ:

W
{P (0,β)

0 (τ,γ)}
0 (jω) =

1

cγ/2 + jω
;

W
{P (0,β)

1 (τ,γ)}
1 (jω) =

1

cγ/2 + jω
−

β + 2

3cγ/2 + jω
;

W
{P (0,β)

2 (τ,γ)}
2 (jω) =

1

cγ/2 + jω
−

2(β + 3)

3cγ/2 + jω
+

+
(β + 3)(β + 4)/2

5cγ/2 + jω
;

W
{P (0,β)

3 (τ,γ)}
3 (jω) =

1

cγ/2 + jω
−

3(β + 4)

3cγ/2 + jω
+

+
3(β + 4)(β + 5)/2

5cγ/2 + jω
−

(β + 4)(β + 5)(β + 6)/6

7cγ/2 + jω
;

W
{P (0,β)

4 (τ,γ)}
4 (jω) =

1

cγ/2 + jω
−

4(β + 5)

3cγ/2 + jω
+

+
3(β + 5)(β + 6)

5cγ/2 + jω
−

2(β + 5)(β + 6)(β + 7)/3

7cγ/2 + jω
+
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+
(β + 8)!

24(β + 4)!(9cγ/2 + jω)
;

W
{P (0,β)

5 (τ,γ)}
5 (jω) =

1

cγ/2 + jω
−

5(β + 6)

3cγ/2 + jω
+

+
5(β + 6)(β + 7)

5cγ/2 + jω
−

5(β + 6)(β + 7)(β + 8)/3

7cγ/2 + jω
+

+
5(β + 9)!

24(β + 5)!(9cγ/2 + jω)
−

(β + 10)!

120(β + 5)!(11cγ/2 + jω)
.

à)

0 −0, 5 −1 ImWk(jω)
0

1

2

ReWk(jω)

0

1

2

3

4

β
(0; 0)

á)

0
0, 1

0, 2

ReWk(jω) −0, 1
0

ImWk(jω)

1

2

γ

(0; 0)

Ðèñ. 6.13. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α = 0, β ∈ [0; 5]; á) γ ∈ [1; 3, 5],
c = 2, α = 0, β = 1

6.2 Ïðåîáðàçîâàíèå Ôóðüå

îðòîãîíàëüíûõ ôèëüòðîâ

[6.36] V
[1]{Lk(τ,γ)}
k (jω) =

=
γ

jω + γ/2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
.

[6.37] V
[2]{Lk(τ,γ)}
k (jω) =

γ

jω + γ/2

(
jω − γ/2

jω + γ/2

)k
.

[6.38] V
[3]{Lk(τ,γ)}
k (jω) = 2(−1)k cosφ×

× exp(−j(2k + 1)φ), φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{L0(τ,γ)}
0 (jω) =

γ

jω + γ/2
;

V
{L1(τ,γ)}
1 (jω) =

γ(jω − γ/2)(
jω + γ/2

)2 ;
V

{L2(τ,γ)}
2 (jω) =

γ
(
jω − γ/2

)2(
jω + γ/2

)3 ;

V
{L3(τ,γ)}
3 (jω) =

γ
(
jω − γ/2

)3(
jω + γ/2

)4 ;

V
{L4(τ,γ)}
4 (jω) =

γ
(
jω − γ/2

)4(
jω + γ/2

)5 ;

V
{L5(τ,γ)}
5 (jω) =

γ
(
jω − γ/2

)5(
jω + γ/2

)6 .

−2 −1 0 1 ReVk(jω)

−1

0

1
ImVk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.14. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4

[6.39] V
[1]{L(1)

k
(τ,γ)}

k (jω) =

=
γ2

(jω + γ/2)2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
.

[6.40] V
[2]{L(1)

k
(τ,γ)}

k (jω) =
γ2(

jω + γ/2
)2( jω − γ/2

jω + γ/2

)k
.
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[6.41] V
[3]{L(1)

k
(τ,γ)}

k (jω) = 4(−1)k(cosφ)2×

× exp(−j(2k + 2)φ), φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{L(1)

0 (τ,γ)}
0 (jω) =

γ2(
jω + γ/2

)2 ;
V

{L(1)
1 (τ,γ)}

1 (jω) =
γ2(jω − γ/2)(
jω + γ/2

)3 ;

V
{L(1)

2 (τ,γ)}
2 (jω) =

γ2
(
jω − γ/2

)2(
jω + γ/2

)4 ;

V
{L(1)

3 (τ,γ)}
3 (jω) =

γ2
(
jω − γ/2

)3(
jω + γ/2

)5 ;

V
{L(1)

4 (τ,γ)}
4 (jω) =

γ2
(
jω − γ/2

)4(
jω + γ/2

)6 ;

V
{L(1)

5 (τ,γ)}
5 (jω) =

γ2
(
jω − γ/2

)5(
jω + γ/2

)7 .

−4 −2 0 2 ReVk(jω)

−2

0

2
ImVk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.15. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4, α = 1

[6.42] V
[1]{L(2)

k
(τ,γ)}

k (jω) =

=
γ3

(jω + γ/2)3

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
.

[6.43] V
[2]{L(2)

k
(τ,γ)}

k (jω) =
γ3(

jω + γ/2
)3( jω − γ/2

jω + γ/2

)k
.

[6.44] V
[3]{L(2)

k
(τ,γ)}

k (jω) = 8(−1)k(cosφ)3×

× exp(−j(2k + 3)φ), φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{L(2)

0 (τ,γ)}
0 (jω) =

γ3(
jω + γ/2

)3 ;

V
{L(2)

1 (τ,γ)}
1 (jω) =

γ3(jω − γ/2)(
jω + γ/2

)4 ;

V
{L(2)

2 (τ,γ)}
2 (jω) =

γ3
(
jω − γ/2

)2(
jω + γ/2

)5 ;

V
{L(2)

3 (τ,γ)}
3 (jω) =

γ3
(
jω − γ/2

)3(
jω + γ/2

)6 ;

V
{L(2)

4 (τ,γ)}
4 (jω) =

γ3
(
jω − γ/2

)4(
jω + γ/2

)7 ;

V
{L(2)

5 (τ,γ)}
5 (jω) =

γ3
(
jω − γ/2

)5(
jω + γ/2

)8 .

−5 0 5 ReVk(jω)

−5

0

5
ImVk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.16. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4, α = 2

[6.45] V
[1]{L(α)

k
(τ,γ)}

k (jω) =

=
γα+1

(jω + γ/2)α+1

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
.

[6.46] V
[2]{L(α)

k
(τ,γ)}

k (jω) =

=

(
γ

jω + γ/2

)α+1( jω − γ/2

jω + γ/2

)k
.

[6.47] V
[3]{L(α)

k
(τ,γ)}

k (jω) = (−1)k(2 cosφ)α+1×

× exp(−j(2k + α+ 1)φ), φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-
ðÿäêîâ:

V
{L(α)

0 (τ,γ)}
0 (jω) =

γα+1(
jω + γ/2

)α+1
;

V
{L(α)

1 (τ,γ)}
1 (jω) =

γα+1(jω − γ/2)(
jω + γ/2

)α+2
;

V
{L(α)

2 (τ,γ)}
2 (jω) =

γα+1
(
jω − γ/2

)2(
jω + γ/2

)α+3
;
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V
{L(α)

3 (τ,γ)}
3 (jω) =

γα+1
(
jω − γ/2

)3(
jω + γ/2

)α+4
;

V
{L(α)

4 (τ,γ)}
4 (jω) =

γα+1
(
jω − γ/2

)4(
jω + γ/2

)α+5
;

V
{L(α)

5 (τ,γ)}
5 (jω) =

γα+1
(
jω − γ/2

)5(
jω + γ/2

)α+6
.

à)

−20 −10 0
ImVk(jω)

20

0
ReVk(jω)

0

1

2

3

α (0; 0)

á)

−2
0

ImVk(jω)
4

2
0

ReVk(jω)
1

2

3

γ
(0; 0)

Ðèñ. 6.17. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 4, α ∈ [0; 4]; á) γ ∈ [1; 4],
α = 1

[6.48] V
[1]{P (−1/2,0)

k
(τ,γ)}

k (jω) = (4k + 1)γ×

×
k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)γ/2 + jω
.

[6.49] V
[2]{P (−1/2,0)

k
(τ,γ)}

k (jω) =

=



γ

γ/2 + jω
, åñëè k = 0;

(4k + 1)γ

(4k + 1)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 1)γ/2− jω

(4s+ 1)γ/2 + jω
, åñëè k > 0.

[6.50] V
[3]{P (−1/2,0)

k
(τ,γ)}

k (jω) =

=


2 cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2 cosφk×

exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
2ω

(4k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{P (−1/2,0)

0 (τ,γ)}
0 (jω) =

γ

γ/2 + jω
;

V
{P (−1/2,0)

1 (τ,γ)}
1 (jω) =

5γ(γ/2 − jω)

(γ/2 + jω)(5γ/2 + jω)
;

V
{P (−1/2,0)

2 (τ,γ)}
2 (jω) =

9γ(γ/2 − jω)(5γ/2 − jω)

(γ/2 + jω)(5γ/2 + jω)(9γ/2 + jω)
;

V
{P (−1/2,0)

3 (τ,γ)}
3 (jω) =

13γ

(13γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)
;

V
{P (−1/2,0)

4 (τ,γ)}
4 (jω) =

17γ

(17γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)

(13γ/2 − jω)

(13γ/2 + jω)
;

V
{P (−1/2,0)

5 (τ,γ)}
5 (jω) =

21γ

(21γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)

(13γ/2 − jω)(17γ/2 − jω)

(13γ/2 + jω)(17γ/2 + jω)
.
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−1 0 1 ReWk(jω)

−1
0

1

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.18. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = −1/2, β = 0

[6.51] V
[1]{Legk(τ,γ)}
k (jω) = 2(2k + 1)γ×

×
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)γ + jω
.

[6.52] V
[2]{Legk(τ,γ)}
k (jω) =

=


2γ

γ + jω
, åñëè k = 0;

2(2k + 1)γ

(2k + 1)γ + jω

k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
, åñëè k > 0.

[6.53] V
[3]{Legk(τ,γ)}
k (jω) =

=


2 cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2 cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{Leg0(τ,γ)}
0 (jω) =

2γ

γ + jω
;

V
{Leg1(τ,γ)}
1 (jω) =

6γ(γ − jω)

(γ + jω)(3γ + jω)
;

V
{Leg2(τ,γ)}
2 (jω) =

10γ(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)
;

V
{Leg3(τ,γ)}
3 (jω) =

14γ(γ − jω)(3γ − jω)(5γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)(7γ + jω)
;

V
{Leg4(τ,γ)}
4 (jω) =

18γ

(9γ + jω)

(γ − jω)(3γ − jω)(5γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)
×

×
(7γ − jω)

(7γ + jω)
;

V
{Leg5(τ,γ)}
5 (jω) =

22γ

(11γ + jω)

(γ − jω)

(γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)

(7γ + jω)(9γ + jω)
.

−1 0 1 ReWk(jω)

−1
0

1

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.19. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 1, c = 2

[6.54] V
[1]{P (1/2,0)

k
(τ,γ)}

k (jω) = (4k + 3)γ×

×
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)γ/2 + jω
.

[6.55] V
[2]{P (1/2,0)

k
(τ,γ)}

k (jω) =

=



3γ

3γ/2 + jω
, åñëè k = 0;

(4k + 3)γ

(4k + 3)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 3)γ/2− jω

(4s+ 3)γ/2 + jω
, åñëè k > 0.

[6.56] V
[3]{P (1/2,0)

k
(τ,γ)}

k (jω) =

=


2 cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2 cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
2ω

(4k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{P (1/2,0)

0 (τ,γ)}
0 (jω) =

3γ

3γ/2 + jω
;

V
{P (1/2,0)

1 (τ,γ)}
1 (jω) =

7γ(3γ/2 − jω)

(3γ/2 + jω)(7γ/2 + jω)
;

V
{P (1/2,0)

2 (τ,γ)}
2 (jω) =

11γ(3γ/2 − jω)(7γ/2 − jω)

(3γ/2 + jω)(7γ/2 + jω)(11γ/2 + jω)
;

V
{P (1/2,0)

3 (τ,γ)}
3 (jω) =

15γ

(15γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×
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×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)
;

V
{P (1/2,0)

4 (τ,γ)}
4 (jω) =

19γ

(19γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)

(15γ/2 − jω)

(15γ/2 + jω)
;

V
{P (1/2,0)

5 (τ,γ)}
5 (jω) =

23γ

(23γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)

(15γ/2 − jω)(19γ/2 − jω)

(15γ/2 + jω)(19γ/2 + jω)
.

−1 0 1 ReWk(jω)

−1
0

1

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.20. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 1/2, β = 0

[6.57] V
[1]{P (1,0)

k
(τ,γ)}

k (jω) = 2(k + 1)γ×

×
k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)γ + jω
.

[6.58] V
[2]{P (1,0)

k
(τ,γ)}

k (jω) =

=


2γ

γ + jω
, åñëè k = 0;

2(k + 1)γ

(k + 1)γ + jω

k−1∏
s=0

(s+ 1)γ − jω

(s+ 1)γ + jω
, åñëè k > 0.

[6.59] V
[3]{P (1,0)

k
(τ,γ)}

k (jω) =

=


2 cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2 cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
ω

(k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{P (1,0)

0 (τ,γ)}
0 (jω) =

2γ

γ + jω
;

V
{P (1,0)

1 (τ,γ)}
1 (jω) =

4γ(γ − jω)

(γ + jω)(2γ + jω)
;

V
{P (1,0)

2 (τ,γ)}
2 (jω) =

6γ(γ − jω)(2γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)
;

V
{P (1,0)

3 (τ,γ)}
3 (jω) =

8γ(γ − jω)(2γ − jω)(3γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)(4γ + jω)
;

V
{P (1,0)

4 (τ,γ)}
4 (jω) =

10γ

(5γ + jω)

(γ − jω)(2γ − jω)(3γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)
×

×
(4γ − jω)

(4γ + jω)
;

V
{P (1,0)

5 (τ,γ)}
5 (jω) =

12γ

(6γ + jω)

(γ − jω)

(γ + jω)

(2γ − jω)(3γ − jω)

(2γ + jω)(3γ + jω)
×

×
(4γ − jω)(5γ − jω)

(4γ + jω)(5γ + jω)
.

−1 0 1 ReWk(jω)

−1
0

1

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.21. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 1, α = 1, β = 0

[6.60] V
[1]{P (2,0)

k
(τ,γ)}

k (jω) = 2(2k + 3)γ×

×
k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)γ + jω
.

[6.61] V
[2]{P (2,0)

k
(τ,γ)}

k (jω) =

=


6γ

3γ + jω
, åñëè k = 0;

2(2k + 3)γ

(2k + 3)γ + jω

k−1∏
s=0

(2s+ 3)γ − jω

(2s+ 3)γ + jω
, åñëè k > 0.

[6.62] V
[3]{P (2,0)

k
(τ,γ)}

k (jω) =

=


2 cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2 cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
ω

(2k + 3)γ
.
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×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{P (2,0)

0 (τ,γ)}
0 (jω) =

6γ

3γ + jω
;

V
{P (2,0)

1 (τ,γ)}
1 (jω) =

10γ(3γ − jω)

(3γ + jω)(5γ + jω)
;

V
{P (2,0)

2 (τ,γ)}
2 (jω) =

14γ(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)(7γ + jω)
;

V
{P (2,0)

3 (τ,γ)}
3 (jω) =

18γ

(9γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)

(7γ + jω)
;

V
{P (2,0)

4 (τ,γ)}
4 (jω) =

22γ

(11γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)

(7γ + jω)(9γ + jω)
;

V
{P (2,0)

5 (τ,γ)}
5 (jω) =

26γ

(13γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)(11γ − jω)

(7γ + jω)(9γ + jω)(11γ + jω)
.

−1 0 1 ReWk(jω)

−1
0

1

ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.22. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 2, β = 0

[6.63] V
[1]{P (α,0)

k
(τ,γ)}

k (jω) = (2k + α+ 1)cγ×

×
k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)cγ/2 + jω
.

[6.64] V
[2]{P (α,0)

k
(τ,γ)}

k (jω) =

=



(α+ 1)cγ

(α+ 1)cγ/2 + jω
, åñëè k = 0;

(2k + α+ 1)cγ

(2k + α+ 1)cγ/2 + jω
×

×
k−1∏
s=0

(2s+ α+ 1)cγ/2− jω

(2s+ α+ 1)cγ/2 + jω
, åñëè k > 0.

[6.65] V
[3]{P (α,0)

k
(τ,γ)}

k (jω) =

=


2 cosφ0 exp

(
−jφ0

)
, åñëè k = 0;

2 cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
, åñëè k > 0,

φk = arctan
2ω

(2k + α+ 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-
ðÿäêîâ:

V
{P (α,0)

0 (τ,γ)}
0 (jω) =

(α+ 1)cγ

(α+ 1)cγ/2 + jω
;

V
{P (α,0)

1 (τ,γ)}
1 (jω) =

(α+ 3)cγ
(
(α+ 1)cγ/2 − jω

)(
(α+ 1)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

) ;
V

{P (α,0)
2 (τ,γ)}

2 (jω) =
(α+ 5)cγ(

(α+ 5)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 1)cγ/2 + jω
) ×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

) ;
V

{P (α,0)
3 (τ,γ)}

3 (jω) =
(α+ 7)cγ(

(α+ 7)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 1)cγ/2 + jω
) ×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) ;
V

{P (α,0)
4 (τ,γ)}

4 (jω) =
(α+ 9)cγ(

(α+ 9)cγ/2 + jω
) (

(α+ 1)cγ/2 − jω
)(

(α+ 7)cγ/2 + jω
) ×

×
(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) (
(α+ 7)cγ/2 − jω

)(
(α+ 7)cγ/2 + jω

) ;
V

{P (α,0)
5 (τ,γ)}

5 (jω) =
(α+ 11)cγ(

(α+ 11)cγ/2 + jω
) ×

×
(
(α+ 1)cγ/2 − jω

)(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) ×

×
(
(α+ 7)cγ/2 − jω

)(
(α+ 9)cγ/2 − jω

)(
(α+ 7)cγ/2 + jω

)(
(α+ 9)cγ/2 + jω

) .
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à)

−1 0 1 ImWk(jω)

−1

0

1
ReWk(jω)

0

1

2

3

α

(0; 0)

á)

−1

0
1

ImVk(jω)

2
1

0
ReVk(jω)

1

2

γ

(0; 0)

Ðèñ. 6.23. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α ∈ [0; 4], β = 0; á)
γ ∈ [1; 3, 5], c = 2, α = 1, β = 0

[6.66] V
[1]{P (0,1)

k
(τ,γ)}

k (jω) =
8γ2(k + 1)2

(2k + 3)γ + jω
×

×
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)γ + jω
.

[6.67] V
[2]{P (0,1)

k
(τ,γ)}

k (jω) =

=



8γ2

(γ + jω)(3γ + jω)
, åñëè k = 0;

8(k + 1)2γ2(
(2k + 1)γ + jω

)(
(2k + 3)γ + jω

)×
×
k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
, åñëè k > 0.

[6.68] V
[3]{P (0,1)

k
(τ,γ)}

k (jω) =

=



8(k + 1)2 cosφ
[0]
0 cosφ

[1]
0 /3×

× exp
(
−j(φ[0]

0 + φ
[1]
0 )
)
, åñëè k = 0;

8(k + 1)2 cosφ
[0]
k cosφ

[1]
k

(2k + 1)(2k + 3)
×

× exp

(
−j
(
φ
[0]
k + φ

[1]
k +

+2

k−1∑
s=0

φ
[0]
s

))
, åñëè k > 0,

φ
[0]
k = arctan

ω

(2k + 1)γ
; φ

[1]
k = arctan

ω

(2k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{P (0,1)

0 (τ,γ)}
0 (jω) =

8γ2

(γ + jω)(3γ + jω)
;

V
{P (0,1)

1 (τ,γ)}
1 (jω) =

32γ2

(3γ + jω)(5γ + jω)

(γ − jω)

(γ + jω)
;

V
{P (0,1)

2 (τ,γ)}
2 (jω) =

72γ2

(5γ + jω)(7γ + jω)

(γ − jω)

(γ + jω)

(3γ − jω)

(3γ + jω)
;

V
{P (0,1)

3 (τ,γ)}
3 (jω) =

128γ2

(7γ + jω)(9γ + jω)

(γ − jω)

(γ + jω)
×

×
(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
;

V
{P (0,1)

4 (τ,γ)}
4 (jω) =

200γ2

(9γ + jω)(11γ + jω)

(γ − jω)

(γ + jω)
×

×
(3γ − jω)(5γ − jω)(7γ − jω)

(3γ + jω)(5γ + jω)(7γ + jω)
;

V
{P (0,1)

5 (τ,γ)}
5 (jω) =

288γ2

(11γ + jω)(13γ + jω)

(γ − jω)

(γ + jω)
×

×
(3γ − jω)(5γ − jω)(7γ − jω)(9γ − jω)

(3γ + jω)(5γ + jω)(7γ + jω)(9γ + jω)
.

−1 0 1 ReWk(jω)

−1
0

1
ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.24. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 0, β = 1
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[6.69] V
[1]{P (0,2)

k
(τ,γ)}

k (jω) =

=
8(2k + 3)(k + 1)(k + 2)γ3(

(2k + 3)γ + jω
)(
(2k + 5)γ + jω

)×
×

k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)γ + jω
.

[6.70] V
[2]{P (0,2)

k
(τ,γ)}

k (jω) =

=



48γ3

(γ + jω)(3γ + jω)(5γ + jω)
, åñëè k = 0;

8(2k + 3)γ3(
(2k + 1)γ + jω

)(
(2k + 3)γ + jω

)×
×

(k + 1)(k + 2)(
(2k + 5)γ + jω

)×
×
k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
, åñëè k > 0.

[6.71] V
[3]{P (0,2)

k
(τ,γ)}

k (jω) =

=



16 cosφ
[0]
0 cosφ

[1]
0 cosφ

[2]
0 /5×

× exp
(
−j(φ[0]

0 + φ
[1]
0 + φ

[2]
0 )
)
, åñëè k = 0;

8(k + 1)(k + 2) cosφ
[0]
k cosφ

[1]
k

(2k + 1)(2k + 5)
×

× cosφ
[2]
k exp

(
−j
(
φ
[0]
k + φ

[1]
k +

+φ
[2]
k + 2

k−1∑
s=0

φ
[0]
s

))
, åñëè k > 0,

φ
[0]
k = arctan

ω

(2k + 1)γ
; φ

[1]
k = arctan

ω

(2k + 3)γ
;

φ
[2]
k = arctan

ω

(2k + 5)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-

ðÿäêîâ:

V
{P (0,2)

0 (τ,γ)}
0 (jω) =

48γ3

(γ + jω)(3γ + jω)(5γ + jω)
;

V
{P (0,2)

1 (τ,γ)}
1 (jω) =

240γ3

(3γ + jω)(5γ + jω)(7γ + jω)

(γ − jω)

(γ + jω)
;

V
{P (0,2)

2 (τ,γ)}
2 (jω) =

672γ3

(5γ + jω)(7γ + jω)(9γ + jω)

(γ − jω)

(γ + jω)
×

×
(3γ − jω)

(3γ + jω)
;

V
{P (0,2)

3 (τ,γ)}
3 (jω) =

1440γ3

(7γ + jω)(9γ + jω)(11γ + jω)
×

×
(γ − jω)(3γ − jω)(5γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)
;

V
{P (0,2)

4 (τ,γ)}
4 (jω) =

2640γ3

(9γ + jω)(11γ + jω)(13γ + jω)
×

×
(γ − jω)(3γ − jω)(5γ − jω)(7γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)(7γ + jω)
;

V
{P (0,2)

5 (τ,γ)}
5 (jω) =

4368γ3

(11γ + jω)(13γ + jω)(15γ + jω)
×

×
(γ − jω)(3γ − jω)(5γ − jω)(7γ − jω)(9γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)(7γ + jω)(9γ + jω)
.

−2
0 2 ReWk(jω)

−1
0

1
ImWk(jω)

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.25. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ
ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2, α = 0, β = 2

[6.72] V
[1]{P (0,β)

k
(τ,γ)}

k (jω) =

=
(cγ)β+1(2k + β + 1)(k + β)!

k!

β∏
p=1

(
(2k + 2p+ 1)cγ/2 + jω

)×

×
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)cγ/2 + jω
.

[6.73] V
[2]{P (0,β)

k
(τ,γ)}

k (jω) =

=



(cγ)β+1(β + 1)!∏β
p=0

(
(2p+ 1)cγ/2 + jω

) , åñëè k = 0;

(cγ)β+1(2k + β + 1)(k + β)!

k!

β∏
p=0

(
(2k + 2p+ 1)cγ/2 + jω

)×

×
k−1∏
s=0

(2s+ 1)cγ/2− jω

(2s+ 1)cγ/2 + jω
, åñëè k > 0.

[6.74] V
[3]{P (0,β)

k
(τ,γ)}

k (jω) =

=



2β+1(β + 1)!
∏β
p=0

cosφ
[p]
0

2p+ 1
×

× exp

(
−j
∑β
p=0 φ

[p]
0

)
, åñëè k = 0;

2β+1(2k + β + 1)(k + β)!/k!×

×
β∏
p=0

cosφ
[p]
k

2k + 2p+ 1
×

× exp

(
−j
( β∑
p=0

φ
[p]
k + 2

k−1∑
s=0

φ
[0]
s

))
, åñëè k > 0,

φ
[p]
k = arctan

2ω

(2k + 2p+ 1)cγ
; β ∈ Z.
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×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôèëüòðîâ 0-5 ïî-
ðÿäêîâ:

V
{P (0,β)

0 (τ,γ)}
0 (jω) =

(cγ)β+1(β + 1)!

β∏
p=0

(
(2p+ 1)cγ/2 + jω

) ;

V
{P (0,β)

1 (τ,γ)}
1 (jω) =

(cγ)β+1(β + 3)(β + 1)!

β∏
p=0

(
(2p+ 3)cγ/2 + jω

) (cγ/2 − jω)

(cγ/2 + jω)
;

V
{P (0,β)

2 (τ,γ)}
2 (jω) =

(cγ)β+1(β + 5)(β + 2)!

2

β∏
p=0

(
(2p+ 5)cγ/2 + jω

) (cγ/2 − jω)

(cγ/2 + jω)
×

×
(3cγ/2 − jω)

(3cγ/2 + jω)
;

V
{P (0,β)

3 (τ,γ)}
3 (jω) =

(cγ)β+1(β + 7)(β + 3)!

6

β∏
p=0

(
(2p+ 7)cγ/2 + jω

) (cγ/2 − jω)

(cγ/2 + jω)
×

×
(3cγ/2 − jω)(5cγ/2 − jω)

(3cγ/2 + jω)(5cγ/2 + jω)
;

V
{P (0,β)

4 (τ,γ)}
4 (jω) =

(cγ)β+1(β + 9)(β + 4)!

24

β∏
p=0

(
(2p+ 9)cγ/2 + jω

) (cγ/2 − jω)

(cγ/2 + jω)
×

×
(3cγ/2 − jω)(5cγ/2 − jω)(7cγ/2 − jω)

(3cγ/2 + jω)(5cγ/2 + jω)(7cγ/2 + jω)
;

V
{P (0,β)

5 (τ,γ)}
5 (jω) =

(cγ)β+1(β + 11)(β + 5)!

120

β∏
p=0

(
(2p+ 11)cγ/2 + jω

) (cγ/2 − jω)

(cγ/2 + jω)
×

×
(3cγ/2 − jω)(5cγ/2 − jω)(7cγ/2 − jω)(9cγ/2 − jω)

(3cγ/2 + jω)(5cγ/2 + jω)(7cγ/2 + jω)(9cγ/2 + jω)
.

à)

1 0 −1 ImWk(jω)

−1

0

1
ReWk(jω)

0

1

2

3

β

(0; 0)

á)

−1
0

1

ReVk(jω)
−1

0
1 ImVk(jω)

1

2

γ

(0; 0)

Ðèñ. 6.26. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α = 0, β ∈ [0; 5]; á)
γ ∈ [1; 3, 5], c = 2, α = 0, β = 1

6.3 Ïðåîáðàçîâàíèå Ôóðüå

ïðîèçâîäíûõ îðòîãîíàëüíûõ

ôóíêöèé

[6.75] W
[1]
{
∂Lk(τ,γ)

∂τ

}
k (jω) =

=
jω

jω + γ/2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
− 1.

[6.76] W
[2]
{
∂Lk(τ,γ)

∂τ

}
k (jω) =

jω

jω + γ/2

(
jω − γ/2

jω + γ/2

)k
− 1.

[6.77] W
[3]
{
∂Lk(τ,γ)

∂τ

}
k (jω) = (−1)kj sinφ×

× exp(−j(2k + 1)φ)− 1, φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂L0(τ,γ)
∂τ

}
0 (jω) = −

γ/2

jω + γ/2
;

W

{ ∂L1(τ,γ)
∂τ

}
1 (jω) =

jω(jω − γ/2)(
jω + γ/2

)2 − 1;

W

{ ∂L2(τ,γ)
∂τ

}
2 (jω) =

jω
(
jω − γ/2

)2(
jω + γ/2

)3 − 1;

W

{ ∂L3(τ,γ)
∂τ

}
3 (jω) =

jω
(
jω − γ/2

)3(
jω + γ/2

)4 − 1;

W

{ ∂L4(τ,γ)
∂τ

}
4 (jω) =

jω
(
jω − γ/2

)4(
jω + γ/2

)5 − 1;

W

{ ∂L5(τ,γ)
∂τ

}
5 (jω) =

jω
(
jω − γ/2

)5(
jω + γ/2

)6 − 1.
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−1, 5 −1 −0, 5 ReWk(jω)

−0, 5

0

0, 5

ImWk(jω)

0

1

2

3

4

k

(−1; 0)

Ðèñ. 6.27. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 1

[6.78] W
[1]
{ ∂L(1)

k
(τ,γ)

∂τ

}
k (jω) =

=
jω

jω + γ/2

k∑
s=0

(k + 1

k − s

)( −γ
jω + γ/2

)s
− (k + 1).

[6.79] W
[2]
{ ∂L(1)

k
(τ,γ)

∂τ

}
k (jω) =

=
jω

γ

(
1−

(
jω − γ/2

jω + γ/2

)k+1
)

− (k + 1).

[6.80] W
[3]
{ ∂L(1)

k
(τ,γ)

∂τ

}
k (jω) =

j tan(φ)

2
×

×
(
1+(−1)k exp(−j(2k+2)φ)

)
−(k+1), φ = arctan

2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂L(1)
0 (τ,γ)

∂τ

}
0 (jω) = −

γ/2

jω + γ/2
;

W

{ ∂L(1)
1 (τ,γ)

∂τ

}
1 (jω) = −

2ω2(
jω + γ/2

)2 − 2;

W

{ ∂L(1)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(γ2/4 − 3ω2)(
jω + γ/2

)3 − 3;

W

{ ∂L(1)
3 (τ,γ)

∂τ

}
3 (jω) =

jω(γ2jω − 4jω3)(
jω + γ/2

)4 − 4;

W

{ ∂L(1)
4 (τ,γ)

∂τ

}
4 (jω) =

jω(γ4/16 − 5γ2ω2/2 + 5ω4)(
jω + γ/2

)5 − 5;

W

{ ∂L(1)
5 (τ,γ)

∂τ

}
5 (jω) =

jω(3γ4jω/8 − 5γ2jω3 + 6jω4)(
jω + γ/2

)6 − 6.

−6 −4 −2
ReWk(jω)

0

1

2
3
ImWk(jω)

0

1

2

3

4

k

(−1; 0)

Ðèñ. 6.28. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 1, α = 1

[6.81] W
[1]
{ ∂L(2)

k
(τ,γ)

∂τ

}
k (jω) =

=
jω

jω + γ/2

k∑
s=0

(k + 2

k − s

)( −γ
jω + γ/2

)s
−
(k + 1)(k + 2)

2
.

[6.82] W
[2]
{ ∂L(2)

k
(τ,γ)

∂τ

}
k (jω) =

jω

γ2
×

×
[((

jω − γ/2

jω + γ/2

)k+1

− 1

)(
jω − γ/2

)
+ γ(k + 1)

]
−

−
(k + 1)(k + 2)

2
.

[6.83] W
[3]
{ ∂L(2)

k
(τ,γ)

∂τ

}
k (jω) =

j tan(φ)

2
×

×
(
(−1)k exp(−j(2k + 3)φ)− exp(−jφ)

2 cosφ
+ k + 1

)
−

−
(k + 1)(k + 2)

2
, φ = arctan

2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂L(2)
0 (τ,γ)

∂τ

}
0 (jω) = −

γ/2

jω + γ/2
;

W

{ ∂L(2)
1 (τ,γ)

∂τ

}
1 (jω) =

jω(γ/2 + 3jω)(
jω + γ/2

)2 − 3;

W

{ ∂L(2)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(γ2/2 + 2γjω − 6ω2)(
jω + γ/2

)3 − 6;

W

{ ∂L(2)
3 (τ,γ)

∂τ

}
3 (jω) =

jω(γ3/4 + 5γ2jω/2 − 5γω2 − 10jω3)(
jω + γ/2

)4 −

− 10;
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W

{ ∂L(2)
4 (τ,γ)

∂τ

}
4 (jω) =

jω(
jω + γ/2

)5 (
3γ

4
/16 + 3γ

3
jω/2 −

− 15γ
2
ω

2
/2 − 10γjω

3
+ 15ω

4) − 15;

W

{ ∂L(2)
5 (τ,γ)

∂τ

}
5 (jω) =

jω(
jω + γ/2

)6 (
3γ

5
/32 + 21γ

4
jω/16 −

− 21γ
3
ω

2
/4 − 35γ

2
jω

3
/2 + 35γω

4
/2 + 21jω

5) − 21.

−20 −10
ReWk(jω)

0

5

10
ImWk(jω)

0

1

2

3

4

k
(−1; 0)

Ðèñ. 6.29. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 1, α = 2

[6.84] W
[1]
{ ∂L(α)

k
(τ,γ)

∂τ

}
k (jω) =

=
jω

jω + γ/2

k∑
s=0

(k + α

k − s

)( −γ
jω + γ/2

)s
−
(k + α

k

)
.

[6.85] W
[2]
{ ∂L(α)

k
(τ,γ)

∂τ

}
k (jω) =

=

jω

(
jω − γ/2

)α−1

(−γ)α

[(
jω − γ/2

jω + γ/2

)k+α
−

−
α−1∑
p=0

(k + α

p

)(
−

γ

jω + γ/2

)p]
−
(k + α

k

)
, α ∈ Z.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-
öèé 0-5 ïîðÿäêîâ:

W

{ ∂L(α)
0 (τ,γ)

∂τ

}
0 (jω) = −

γ/2

jω + γ/2
;

W

{ ∂L(α)
1 (τ,γ)

∂τ

}
1 (jω) =

jω
(
γ(α− 1)/2 + jω(α+ 1)

)(
jω + γ/2

)2 − α− 1;

W

{ ∂L(α)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(
jω + γ/2

)3 (
γ
2
(α

2
+α−2)/8+γjω(α

2−

− α+ 2)/2 − ω
2
(α

2
+ 3α+ 2)/2

)
− (α+ 1)(α+ 2)/2;

W

{ ∂L(α)
3 (τ,γ)

∂τ

}
3 (jω) =

jω(
jω + γ/2

)4 (
−γ3

+γ
2
(jω+γ/2)(α+3)−

− γ(jω + γ/2)
2
(α+ 2)(α+ 3)/2 − (jω + γ/2)

3
(α+ 3)!/(6α!)

)
−

− (α+ 1)(α+ 2)(α+ 3)/6;

W

{ ∂L(α)
4 (τ,γ)

∂τ

}
4 (jω) =

jω(
jω + γ/2

)5 (
γ
4 − γ

3
(jω+ γ/2)(α+4)+

+ γ
2
(jω + γ/2)

2
(α+ 3)(α+ 4)/2 − γ(jω + γ/2)

3
(α+ 4)!/

/
(
6(α+1)!+(jω+γ/2)

4
(α+4)!/(24α!)

)
− (α+1)(α+2)(α+3)×

× (α+ 4)/24;

W

{ ∂L(α)
5 (τ,γ)

∂τ

}
5 (jω) =

jω(
jω + γ/2

)6 (
−γ5

+γ
4
(jω+γ/2)(α+5)−

− γ
3
(jω + γ/2)

2
(α+ 4)(α+ 5)/2 + γ

2
(jω + γ/2)

3
(α+ 5)!/

/
(
6(α+ 2)! − γ(jω + γ/2)

4
(α+ 5)!/

(
24(α+ 1)! + (jω + γ/2)

5 ×
× (α+ 5)!/(120α!)

)
− (α+ 1)(α+ 2)(α+ 3)(α+ 4)(α+ 5)/120.

à)

−20

−10

ReWk(jω)
0

5

10
ImWk(jω)0

1

2

3

4

α

(−1; 0)

á)

0
1

ImWk(jω)

−1

−2

ReWk(jω)

1

2

3

4

γ

(−1; 0)

Ðèñ. 6.30. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 1, α ∈ [0; 5]; á)
γ ∈ [1; 5], α = 1
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[6.86] W
[1]
{ ∂P (−1/2,0)

k
(τ,γ)

∂τ

}
k (jω) = jω

k∑
s=0

(k
s

)
×

×
(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)γ/2 + jω
− (−1)k.

[6.87] W
[2]
{ ∂P (−1/2,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



jω

γ/2 + jω
− 1, åñëè k = 0;

jω

(4k + 1)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 1)γ/2− jω

(4s+ 1)γ/2 + jω
− (−1)k, åñëè k > 0.

[6.88] W
[3]
{ ∂P (−1/2,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



j sinφ0 exp
(
−jφ0

)
− 1, åñëè k = 0;

j sinφk exp

(
−j
(
φk+

+2

k−1∑
s=0

φs

))
− (−1)k, åñëè k > 0,

φk = arctan
2ω

(4k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂P (−1/2,0)
0 (τ,γ)

∂τ

}
0 (jω) = −

γ/2

γ/2 + jω
;

W

{ ∂P (−1/2,0)
1 (τ,γ)

∂τ

}
1 (jω) =

jω(γ/2 − jω)

(γ/2 + jω)(5γ/2 + jω)
+ 1;

W

{ ∂P (−1/2,0)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(γ/2 − jω)(5γ/2 − jω)

(γ/2 + jω)(5γ/2 + jω)(9γ/2 + jω)
−

− 1;

W

{ ∂P (−1/2,0)
3 (τ,γ)

∂τ

}
3 (jω) =

jω

(13γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)
+ 1;

W

{ ∂P (−1/2,0)
4 (τ,γ)

∂τ

}
4 (jω) =

jω

(17γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)

(13γ/2 − jω)

(13γ/2 + jω)
− 1;

W

{ ∂P (−1/2,0)
5 (τ,γ)

∂τ

}
5 (jω) =

jω

(21γ/2 + jω)

(γ/2 − jω)

(γ/2 + jω)
×

×
(5γ/2 − jω)(9γ/2 − jω)

(5γ/2 + jω)(9γ/2 + jω)

(13γ/2 − jω)(17γ/2 − jω)

(13γ/2 + jω)(17γ/2 + jω)
+ 1.

−1 0 1 ReWk(jω)

−0, 5

0

0, 5
ImWk(jω)

0

1

2

3

4

k

(−1; 0)

(1; 0)

Ðèñ. 6.31. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2,

α = −1/2, β = 0

[6.89] W
[1]
{
∂Legk(τ,γ)

∂τ

}
k (jω) =

= jω
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)γ + jω
− (−1)k.

[6.90] W
[2]
{
∂Legk(τ,γ)

∂τ

}
k (jω) =

=



jω

γ + jω
− 1, åñëè k = 0;

jω

(2k + 1)γ + jω
×

×
k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
− (−1)k, åñëè k > 0.

[6.91] W
[3]
{
∂Legk(τ,γ)

∂τ

}
k (jω) =

=



j sinφ0 exp
(
−jφ0

)
− 1, åñëè k = 0;

j sinφk exp

(
−j
(
φk+

+2

k−1∑
s=0

φs

))
− (−1)k, åñëè k > 0,

φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂Leg0(τ,γ)
∂τ

}
0 (jω) = −

γ

γ + jω
;

W

{ ∂Leg1(τ,γ)
∂τ

}
1 (jω) =

jω(γ − jω)

(γ + jω)(3γ + jω)
+ 1;

W

{ ∂Leg2(τ,γ)
∂τ

}
2 (jω) =

jω(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)
− 1;

W

{ ∂Leg3(τ,γ)
∂τ

}
3 (jω) =

jω(γ − jω)(3γ − jω)(5γ − jω)

(γ + jω)(3γ + jω)(5γ + jω)(7γ + jω)
+1;
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W

{ ∂Leg4(τ,γ)
∂τ

}
4 (jω) =

jω

(9γ + jω)

(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)
×

×
(5γ − jω)(7γ − jω)

(5γ + jω)(7γ + jω)
− 1;

W

{ ∂Leg5(τ,γ)
∂τ

}
5 (jω) =

jω

(11γ + jω)

(γ − jω)(3γ − jω)

(γ + jω)(3γ + jω)
×

×
(5γ − jω)(7γ − jω)(9γ − jω)

(5γ + jω)(7γ + jω)(9γ + jω)
+ 1.

−1 0 1 ReWk(jω)

−0, 5

0

0, 5
ImWk(jω)

0

1

2

3

4

k

(−1; 0)

(1; 0)

Ðèñ. 6.32. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 0, 25,

c = 2

[6.92] W
[1]
{ ∂P (1/2,0)

k
(τ,γ)

∂τ

}
k (jω) = jω

k∑
s=0

(k
s

)
×

×
(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)γ/2 + jω
− (−1)k.

[6.93] W
[2]
{ ∂P (1/2,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



jω

3γ/2 + jω
− 1, åñëè k = 0;

jω

(4k + 3)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 3)γ/2− jω

(4s+ 3)γ/2 + jω
− (−1)k, åñëè k > 0.

[6.94] W
[3]
{ ∂P (1/2,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



j sinφ0 exp
(
−jφ0

)
− 1, åñëè k = 0;

j sinφk exp

(
−j
(
φk+

+2

k−1∑
s=0

φs

))
− (−1)k, åñëè k > 0,

φk = arctan
2ω

(4k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂P (1/2,0)
0 (τ,γ)

∂τ

}
0 (jω) = −

3γ/2

3γ/2 + jω
;

W

{ ∂P (1/2,0)
1 (τ,γ)

∂τ

}
1 (jω) =

jω(3γ/2 − jω)

(3γ/2 + jω)(7γ/2 + jω)
+ 1;

W

{ ∂P (1/2,0)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(3γ/2 − jω)(7γ/2 − jω)

(3γ/2 + jω)(7γ/2 + jω)
×

×
1

(11γ/2 + jω)
− 1;

W

{ ∂P (1/2,0)
3 (τ,γ)

∂τ

}
3 (jω) =

jω

(15γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)
+ 1;

W

{ ∂P (1/2,0)
4 (τ,γ)

∂τ

}
4 (jω) =

jω

(19γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)

(15γ/2 − jω)

(15γ/2 + jω)
− 1;

W

{ ∂P (1/2,0)
5 (τ,γ)

∂τ

}
5 (jω) =

jω

(23γ/2 + jω)

(3γ/2 − jω)

(3γ/2 + jω)
×

×
(7γ/2 − jω)(11γ/2 − jω)

(7γ/2 + jω)(11γ/2 + jω)

(15γ/2 − jω)(19γ/2 − jω)

(15γ/2 + jω)(19γ/2 + jω)
+ 1.

−1 0 1 ReWk(jω)

−0, 5

0

0, 5
ImWk(jω)

0

1

2

3

4

k

(−1; 0)

(1; 0)

Ðèñ. 6.33. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2,

α = 1/2, β = 0

[6.95] W
[1]
{ ∂P (1,0)

k
(τ,γ)

∂τ

}
k (jω) =

= jω
k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)γ + jω
−(−1)k.
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[6.96] W
[2]
{ ∂P (1,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



jω

γ + jω
− 1, åñëè k = 0;

jω

(k + 1)γ + jω
×

×
k−1∏
s=0

(s+ 1)γ − jω

(s+ 1)γ + jω
− (−1)k, åñëè k > 0.

[6.97] W
[3]
{ ∂P (1,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



j sinφ0 exp
(
−jφ0

)
− 1, åñëè k = 0;

j sinφk exp

(
−j
(
φk+

+2

k−1∑
s=0

φs

))
− (−1)k, åñëè k > 0,

φk = arctan
ω

(k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂P (1,0)
0 (τ,γ)

∂τ

}
0 (jω) = −

γ

γ + jω
;

W

{ ∂P (1,0)
1 (τ,γ)

∂τ

}
1 (jω) =

jω(γ − jω)

(γ + jω)(2γ + jω)
+ 1;

W

{ ∂P (1,0)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(γ − jω)(2γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)
− 1;

W

{ ∂P (1,0)
3 (τ,γ)

∂τ

}
3 (jω) =

jω(γ − jω)(2γ − jω)(3γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)(4γ + jω)
+

+ 1;

W

{ ∂P (1,0)
4 (τ,γ)

∂τ

}
4 (jω) =

jω

(5γ + jω)

(γ − jω)(2γ − jω)(3γ − jω)

(γ + jω)(2γ + jω)(3γ + jω)
×

×
(4γ − jω)

(4γ + jω)
− 1;

W

{ ∂P (1,0)
5 (τ,γ)

∂τ

}
5 (jω) =

jω

(6γ + jω)

(γ − jω)

(γ + jω)

(2γ − jω)(3γ − jω)

(2γ + jω)(3γ + jω)
×

×
(4γ − jω)(5γ − jω)

(4γ + jω)(5γ + jω)
+ 1.

−1 0 1 ReWk(jω)

−0, 5

0

0, 5
ImWk(jω)

0

1

2

3

4

k

(−1; 0)

(1; 0)

Ðèñ. 6.34. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 1,

α = 1, β = 0

[6.98] W
[1]
{ ∂P (2,0)

k
(τ,γ)

∂τ

}
k (jω) =

= jω
k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)γ + jω
−(−1)k.

[6.99] W
[2]
{ ∂P (2,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



jω

3γ + jω
− 1, åñëè k = 0;

jω

(2k + 3)γ + jω
×

×
k−1∏
s=0

(2s+ 3)γ − jω

(2s+ 3)γ + jω
− (−1)k, åñëè k > 0.

[6.100] W
[3]
{ ∂P (2,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



j sinφ0 exp
(
−jφ0

)
− 1, åñëè k = 0;

j sinφk×

exp

(
−j
(
φk+

+2

k−1∑
s=0

φs

))
− (−1)k, åñëè k > 0,

φk = arctan
ω

(2k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂P (2,0)
0 (τ,γ)

∂τ

}
0 (jω) = −

3γ

3γ + jω
;

W

{ ∂P (2,0)
1 (τ,γ)

∂τ

}
1 (jω) =

jω(3γ − jω)

(3γ + jω)(5γ + jω)
+ 1;
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W

{ ∂P (2,0)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)(7γ + jω)
− 1;

W

{ ∂P (2,0)
3 (τ,γ)

∂τ

}
3 (jω) =

jω

(9γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)

(7γ − jω)

(7γ + jω)
+

+ 1;

W

{ ∂P (2,0)
4 (τ,γ)

∂τ

}
4 (jω) =

jω

(11γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)

(7γ + jω)(9γ + jω)
− 1;

W

{ ∂P (2,0)
5 (τ,γ)

∂τ

}
5 (jω) =

jω

(13γ + jω)

(3γ − jω)(5γ − jω)

(3γ + jω)(5γ + jω)
×

×
(7γ − jω)(9γ − jω)(11γ − jω)

(7γ + jω)(9γ + jω)(11γ + jω)
+ 1.

−1 0 1 ReWk(jω)

−0, 5

0

0, 5
ImWk(jω)

0

1

2

3

4

k

(−1; 0)

(1; 0)

Ðèñ. 6.35. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2,

α = 2, β = 0

[6.101] W
[1]
{ ∂P (α,0)

k
(τ,γ)

∂τ

}
k (jω) = jω

k∑
s=0

(k
s

)
×

×
(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)cγ/2 + jω
− (−1)k.

[6.102] W
[2]
{ ∂P (α,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



jω

(α+ 1)cγ/2 + jω
− 1, åñëè k = 0;

jω

(2k + α+ 1)cγ/2 + jω
×

×
k−1∏
s=0

(2s+ α+ 1)cγ/2− jω

(2s+ α+ 1)cγ/2 + jω
− (−1)k, åñëè k > 0.

[6.103] W
[3]
{ ∂P (α,0)

k
(τ,γ)

∂τ

}
k (jω) =

=



j sinφ0 exp
(
−jφ0

)
− 1, åñëè k = 0;

j sinφk×

× exp

(
−j
(
φk+

+2

k−1∑
s=0

φs

))
− (−1)k, åñëè k > 0,

φk = arctan
2ω

(2k + α+ 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-
öèé 0-5 ïîðÿäêîâ:

W

{ ∂P (α,0)
0 (τ,γ)

∂τ

}
0 (jω) = −

(α+ 1)cγ/2

(α+ 1)cγ/2 + jω
;

W

{ ∂P (α,0)
1 (τ,γ)

∂τ

}
1 (jω) =

jω
(
(α+ 1)cγ/2 − jω

)(
(α+ 1)cγ/2 + jω

) ×

×
1(

(α+ 3)cγ/2 + jω
) + 1;

W

{ ∂P (α,0)
2 (τ,γ)

∂τ

}
2 (jω) =

jω(
(α+ 5)cγ/2 + jω

) ×

×
(
(α+ 1)cγ/2 − jω

)(
(α+ 3)cγ/2 − jω

)(
(α+ 1)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

) − 1;

W

{ ∂P (α,0)
3 (τ,γ)

∂τ

}
3 (jω) =

jω(
(α+ 7)cγ/2 + jω

) ×

×
(
(α+ 1)cγ/2 − jω

)(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 1)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) + 1;

W

{ ∂P (α,0)
4 (τ,γ)

∂τ

}
4 (jω) =

jω(
(α+ 9)cγ/2 + jω

) ×

×
(
(α+ 1)cγ/2 − jω

)(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 1)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) ×

×
(
(α+ 7)cγ/2 − jω

)(
(α+ 7)cγ/2 + jω

) − 1;

W

{ ∂P (α,0)
5 (τ,γ)

∂τ

}
5 (jω) =

jω(
(α+ 11)cγ/2 + jω

) ×

×
(
(α+ 1)cγ/2 − jω

)(
(α+ 3)cγ/2 − jω

)(
(α+ 5)cγ/2 − jω

)(
(α+ 1)cγ/2 + jω

)(
(α+ 3)cγ/2 + jω

)(
(α+ 5)cγ/2 + jω

) ×

×
(
(α+ 7)cγ/2 − jω

)(
(α+ 9)cγ/2 − jω

)(
(α+ 7)cγ/2 + jω

)(
(α+ 9)cγ/2 + jω

) + 1.
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à)

0, 5 0 ImWk(jω)

−1, 5
−1

ReWk(jω)

0

1

2

3

4

α
(−1; 0)

á)

0

0, 5 ImWk(jω)
−0, 5

−1
ReWk(jω)

0, 5

1

1, 5

γ
(−1; 0)

Ðèñ. 6.36. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α ∈ [0; 5],
β = 0; á) γ ∈ [0, 25; 2], c = 2, α = 1, β = 0

[6.104] W
[1]
{ ∂P (0,1)

k
(τ,γ)

∂τ

}
k (jω) = jω

k∑
s=0

(k
s

)
×

×
(k + s+ 1

s

)
(−1)s

1

(2s+ 1)γ + jω
− (−1)k(k + 1).

[6.105] W
[2]
{ ∂P (0,1)

k
(τ,γ)

∂τ

}
k (jω) =

k∑
s=0

(k
s

)(k + s+ 1

s

)
×

× (−1)sj sinφs exp
(
−jφs

)
− (−1)k(k + 1),

φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W

{ ∂P (0,1)
0 (τ,γ)

∂τ

}
0 (jω) = −

γ

γ + jω
;

W

{ ∂P (0,1)
1 (τ,γ)

∂τ

}
1 (jω) =

jω

γ + jω
−

3jω

3γ + jω
+ 2;

W

{ ∂P (0,1)
2 (τ,γ)

∂τ

}
2 (jω) =

jω

γ + jω
−

8jω

3γ + jω
+

10jω

5γ + jω
− 3;

W

{ ∂P (0,1)
3 (τ,γ)

∂τ

}
3 (jω) =

jω

γ + jω
−

15jω

3γ + jω
+

45jω

5γ + jω
−

35jω

7γ + jω
+

+ 4;

W

{ ∂P (0,1)
4 (τ,γ)

∂τ

}
4 (jω) =

jω

γ + jω
−

24jω

3γ + jω
+

126jω

5γ + jω
−

−
224jω

7γ + jω
+

126jω

9γ + jω
− 5;

W

{ ∂P (0,1)
5 (τ,γ)

∂τ

}
5 (jω) =

jω

γ + jω
−

35jω

3γ + jω
+

280jω

5γ + jω
−

−
840jω

7γ + jω
+

1050jω

9γ + jω
−

462jω

11γ + jω
+ 6.

−5 0 5 ReWk(jω)

−2

0

2
ImWk(jω)

0

1

2

3

4

k

(−1; 0) (1; 0)

Ðèñ. 6.37. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2,

α = 0, β = 1

[6.106] W
[1]
{ ∂P (0,2)

k
(τ,γ)

∂τ

}
k (jω) = jω

k∑
s=0

(k
s

)
×

×
(k + s+ 2

s

)
(−1)s

1

(2s+ 1)γ + jω
−

− (−1)k
(k + 1)(k + 2)

2
.

[6.107] W
[2]
{ ∂P (0,2)

k
(τ,γ)

∂τ

}
k (jω) =

k∑
s=0

(k
s

)(k + s+ 2

s

)
×

× (−1)sj sinφs exp
(
−jφs

)
− (−1)k

(k + 1)(k + 2)

2
,

φk = arctan
ω

(2k + 1)γ
.
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×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ ôóíê-

öèé 0-5 ïîðÿäêîâ:

W
{P (0,2)

0 (τ,γ)}
0 (jω) = −

γ

γ + jω
;

W
{P (0,2)

1 (τ,γ)}
1 (jω) =

jω

γ + jω
−

4jω

3γ + jω
+ 3;

W
{P (0,2)

2 (τ,γ)}
2 (jω) =

jω

γ + jω
−

10jω

3γ + jω
+

15jω

5γ + jω
− 6;

W
{P (0,2)

3 (τ,γ)}
3 (jω) =

jω

γ + jω
−

18jω

3γ + jω
+

63jω

5γ + jω
−

56jω

7γ + jω
+

+ 10;

W
{P (0,2)

4 (τ,γ)}
4 (jω) =

jω

γ + jω
−

28jω

3γ + jω
+

168jω

5γ + jω
−

−
336jω

7γ + jω
+

210jω

9γ + jω
− 15;

W
{P (0,2)

5 (τ,γ)}
5 (jω) =

jω

γ + jω
−

40jω

3γ + jω
+

360jω

5γ + jω
−

−
1200jω

7γ + jω
+

1650jω

9γ + jω
−

792jω

11γ + jω
+ 21.

−10 0 10 ReWk(jω)

−10

0

ImWk(jω)

0

1

2

3

4

k

(−1; 0) (1; 0)

Ðèñ. 6.38. Âèä ïðåîáðàçîâàíèÿ Ôóðüå ïðîèçâîäíûõ
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 0, 25, c = 2,

α = 0, β = 2

[6.108] W
[1]
{ ∂P (0,β)

k
(τ,γ)

∂τ

}
k (jω) = jω

k∑
s=0

(k
s

)
×

×
(k + s+ β

s

)
(−1)s

1

(2s+ 1)cγ/2 + jω
−(−1)k

(k + β

k

)
.

[6.109] W
[2]
{ ∂P (0,β)

k
(τ,γ)

∂τ

}
k (jω) =

k∑
s=0

(k
s

)(k + s+ β

s

)
×

× (−1)sj sinφs exp
(
−jφs

)
− (−1)k

(k + β

k

)
,

φk = arctan
2ω

(2k + 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé 0-5 ïî-
ðÿäêîâ:

W

{ ∂P (0,β)
0 (τ,γ)

∂τ

}
0 (jω) = −

cγ/2

cγ/2 + jω
;

W

{ ∂P (0,β)
1 (τ,γ)

∂τ

}
1 (jω) =

jω

cγ/2 + jω
−

jω(β + 2)

3cγ/2 + jω
+ β + 1;

W

{ ∂P (0,β)
2 (τ,γ)

∂τ

}
2 (jω) =

jω

cγ/2 + jω
−

2jω(β + 3)

3cγ/2 + jω
+

+
jω(β + 3)(β + 4)/2

5cγ/2 + jω
− (β + 1)(β + 2)/2;

W

{ ∂P (0,β)
3 (τ,γ)

∂τ

}
3 (jω) =

jω

cγ/2 + jω
−

3jω(β + 4)

3cγ/2 + jω
+

+
3jω(β + 4)(β + 5)/2

5cγ/2 + jω
−
jω(β + 4)(β + 5)(β + 6)/6

7cγ/2 + jω
+ (β + 1) ×

× (β + 2)(β + 3)/6;

W

{ ∂P (0,β)
4 (τ,γ)

∂τ

}
4 (jω) =

jω

cγ/2 + jω
−

4jω(β + 5)

3cγ/2 + jω
+

+
3jω(β + 5)(β + 6)

5cγ/2 + jω
−

2jω(β + 5)(β + 6)(β + 7)/3

7cγ/2 + jω
+

+
jω(β + 8)!

24(β + 4)!(9cγ/2 + jω)
− (β + 1)(β + 2)(β + 3)(β + 4)/24;

W

{ ∂P (0,β)
5 (τ,γ)

∂τ

}
5 (jω) =

jω

cγ/2 + jω
−

5jω(β + 6)

3cγ/2 + jω
+

+
5jω(β + 6)(β + 7)

5cγ/2 + jω
−

5jω(β + 6)(β + 7)(β + 8)/3

7cγ/2 + jω
+

+
5jω(β + 9)!

24(β + 5)!(9cγ/2 + jω)
−

jω(β + 10)!

120(β + 5)!(11cγ/2 + jω)
+(β+1)×

× (β + 2)(β + 3)(β + 4)(β + 5)/120.



140 Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ â ÷àñòîòíîé îáëàñòè

à)

−20

−10

ReWk(jω)
0

5
ImWk(jω)

0

1

2

3

4

α

(−1; 0)

á)

0 0, 5 1
ImWk(jω)

−1

−2
ReWk(jω)0, 5

1

1, 5

γ

(−1; 0)

Ðèñ. 6.39. Âèä ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 0, 25, c = 2, α = 0, β ∈ [0; 5]; á)
γ ∈ [0, 25; 2], c = 2, α = 0, β = 1

6.4 Ïðîèçâîäíûå ïðåîáðàçîâàíèé

Ôóðüå îðòîãîíàëüíûõ ôóíêöèé

[6.110]
∂W

[1]{Lk(τ,γ)}
k (jω)

∂ω
=

= −
j

(jω + γ/2)2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
(s+ 1).

[6.111]
∂W

[2]{Lk(τ,γ)}
k (jω)

∂ω
=

= −
j
(
jω − γ(2k + 1)/2

)
(jω + γ/2)3

(
jω − γ/2

jω + γ/2

)k−1

.

[6.112]
∂W

[3]{Lk(τ,γ)}
k (jω)

∂ω
= −

4j

γ2
(−1)k(cosφ)2×

× exp(−j(2k + 1)φ)
(
(2k + 1) cosφ− j sinφ

)
,

φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{L0(τ,γ)}
0 (jω)

∂ω
=

ω + jγ/2

(jω − γ/2)
(
jω + γ/2

)2 ;
∂W

{L1(τ,γ)}
1 (jω)

∂ω
=

ω + 3jγ/2(
jω + γ/2

)3 ;
∂W

{L2(τ,γ)}
2 (jω)

∂ω
=

(
ω + 5jγ/2

)(
jω − γ/2

)(
jω + γ/2

)4 ;

∂W
{L3(τ,γ)}
3 (jω)

∂ω
=

(
ω + 7jγ/2

)(
jω − γ/2

)2(
jω + γ/2

)5 ;

∂W
{L4(τ,γ)}
4 (jω)

∂ω
=

(
ω + 9jγ/2

)(
jω − γ/2

)3(
jω + γ/2

)6 ;

∂W
{L5(τ,γ)}
5 (jω)

∂ω
=

(
ω + 11jγ/2

)(
jω − γ/2

)4(
jω + γ/2

)7 .

−2 −1 0 1 ∂ReWk(jω)

∂ω

−2

0

2

∂ImWk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.40. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4

[6.113]
∂W

[1]{L(1)
k

(τ,γ)}
k (jω)

∂ω
=

=
1

(jω + γ/2)2

k∑
s=0

(k + 1

k − s

)( −γ
jω + γ/2

)s
.
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[6.114]
∂W

[2]{L(1)
k

(τ,γ)}
k (jω)

∂ω
=

= −
j(k + 1)

(
jω − γ/2

)
(jω + γ/2)3

(
jω − γ/2

jω + γ/2

)k−1

.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{L(1)

0 (τ,γ)}
0 (jω)

∂ω
= −

j(
jω + γ/2

)2 ;
∂W

{L(1)
1 (τ,γ)}

1 (jω)

∂ω
= −

2j
(
jω − γ/2

)(
jω + γ/2

)3 ;

∂W
{L(1)

2 (τ,γ)}
2 (jω)

∂ω
= −

3j
(
jω − γ/2

)2(
jω + γ/2

)4 ;

∂W
{L(1)

3 (τ,γ)}
3 (jω)

∂ω
= −

4j
(
jω − γ/2

)3(
jω + γ/2

)5 ;

∂W
{L(1)

4 (τ,γ)}
4 (jω)

∂ω
= −

5j
(
jω − γ/2

)4(
jω + γ/2

)6 ;

∂W
{L(1)

5 (τ,γ)}
5 (jω)

∂ω
= −

6j
(
jω − γ/2

)5(
jω + γ/2

)7 .

−1 0 1 ∂ReWk(jω)

∂ω

−1

0

1

∂ImWk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.41. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 4, α = 1

[6.115]
∂W

{L(2)
k

(τ,γ)}
k (jω)

∂ω
=

=
1

(jω + γ/2)2

k∑
s=0

(k + 2

k − s

)( −γ
jω + γ/2

)s
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{L(2)

0 (τ,γ)}
0 (jω)

∂ω
= −

j(
jω + γ/2

)2 ;

∂W
{L(2)

1 (τ,γ)}
1 (jω)

∂ω
= −

j
(
3jω − γ/2

)(
jω + γ/2

)3 ;

∂W
{L(2)

2 (τ,γ)}
2 (jω)

∂ω
= −

2j
(
jωγ − γ2/4 + 3ω2

)(
jω + γ/2

)4 ;

∂W
{L(2)

3 (τ,γ)}
3 (jω)

∂ω
=

2j(
jω + γ/2

)5 (
γ
3
/8−10jγ

2
ω/8−20γω

2
/8+

+ 5jω
3);

∂W
{L(2)

4 (τ,γ)}
4 (jω)

∂ω
= −

j(
jω + γ/2

)6 (
γ
4
/16− 6jγ

3
ω/4− 20γ

2 ×

× ω
2
+ 10jγω

3
+ 240ω

4);
∂W

{L(2)
5 (τ,γ)}

5 (jω)

∂ω
=

j(
jω + γ/2

)7 (
γ
5
/32− 21jγ

4
ω/4− 21γ

3 ×

× ω
2
/4 + 35jγ

2
ω

3
/2 + 35γω

4
/2 − 672jω

5).

−0, 5 0 0, 5 ∂ReVk(jω)

∂ω

−0, 5

0

0, 5

∂ImVk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.42. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 4, α = 2

[6.116]
∂W

{L(α)
k

(τ,γ)}
k (jω)

∂ω
=

=
1

(jω + γ/2)2

k∑
s=0

(k + α

k − s

)( −γ
jω + γ/2

)s
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-
öèé 0-5 ïîðÿäêîâ:

∂W
{L(α)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(jω + γ/2)2
;

∂W
{L(α)

1 (τ,γ)}
1 (jω)

∂ω
= −

j(α+ 1)

(jω + γ/2)2
+

2jγ

(jω + γ/2)3
;

∂W
{L(α)

2 (τ,γ)}
2 (jω)

∂ω
= −

j(α+ 1)(α+ 2)

2(jω + γ/2)2
+

2jγ(α+ 2)

(jω + γ/2)3
−

−
3jγ2

(jω + γ/2)4
;
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∂W
{L(α)

3 (τ,γ)}
3 (jω)

∂ω
= −

j(α+ 3)!

6α!(jω + γ/2)2
+
jγ(α+ 2)(α+ 3)

(jω + γ/2)3
−

−
3jγ2(α+ 3)

(jω + γ/2)4
+

4jγ3

(jω + γ/2)5
;

∂W
{L(α)

4 (τ,γ)}
4 (jω)

∂ω
= −

j(α+ 4)!

24α!(jω + γ/2)2
+
jγ(α+ 4)!

3(α+ 1)!
×

×
1

(jω + γ/2)3
−

3jγ2(α+ 3)(α+ 4)

2(jω + γ/2)4
+

4jγ3(α+ 4)

(jω + γ/2)5
−

5jγ4

(jω + γ/2)6
;

∂W
{L(α)

5 (τ,γ)}
5 (jω)

∂ω
= −

j(α+ 5)!

120α!(jω + γ/2)2
+
jγ(α+ 5)!

12(α+ 1)!
×

×
1

(jω + γ/2)3
−

jγ2(α+ 5)!

2(α+ 2)!(jω + γ/2)4
+

2jγ3(α+ 4)(α+ 5)

(jω + γ/2)5
−

−
5jγ4(α+ 5)

(jω + γ/2)6
+

6jγ5

(jω + γ/2)7
.

à)

−1
−0, 5

0 ∂ImWk(jω)

∂ω

0

−0, 5

∂ReWk(jω)

∂ω

0

1

2

3

4

α
(0; 0)

á)

−3
−2

−1
0

∂ImWk(jω)

∂ω

1
0

−1

∂ReWk(jω)

∂ω

2

2, 5

3

3, 5

γ

(0; 0)

Ðèñ. 6.43. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 4, α ∈ [0; 5]; á)
γ ∈ [2; 4], α = 1

[6.117]
∂W

[1]{P (−1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1(
(4s+ 1)γ/2 + jω

)2 .

[6.118]
∂W

[2]{P (−1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j

(γ/2 + jω)2
, åñëè k = 0;

−
j

(4k + 1)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 1)γ/2− jω

(4s+ 1)γ/2 + jω
×

×
(

1

(4k + 1)γ/2 + jω
+

+γ

k−1∑
s=0

4s+ 1(
(4s+ 1)γ/2

)2
+ ω2

)
, åñëè k > 0.

[6.119]
∂W

[3]{P (−1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
4j(cosφ0)2

γ2
exp
(
−2jφ0

)
, åñëè k = 0;

−
2j cosφk

(4k + 1)γ
×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
2 cosφk exp

(
−jφk

)
(4k + 1)γ

+

+
4

γ

k−1∑
s=0

(cosφk)
2

4s+ 1

)
, åñëè k > 0,

φk = arctan
2ω

(4k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{P (−1/2,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(γ/2 + jω)2
;

∂W
{P (−1/2,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

j

2(γ/2 + jω)2
+

3j

2(5γ/2 + jω)2
;

∂W
{P (−1/2,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

3j

8(γ/2 + jω)2
+

15j

4(5γ/2 + jω)2
−
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−
35j

8(9γ/2 + jω)2
;

∂W
{P (−1/2,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

5j

16(γ/2 + jω)2
+

105j

16(5γ/2 + jω)2
−

−
315j

16(9γ/2 + jω)2
+

231j

16(13γ/2 + jω)2
;

∂W
{P (−1/2,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

35j

128(γ/2 + jω)2
+

315j

32
×

×
1

(5γ/2 + jω)2
−

3465j

64(9γ/2 + jω)2
+

3003j

32(13γ/2 + jω)2
−

−
6435j

128(17γ/2 + jω)2
;

∂W
{P (−1/2,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

63j

256(γ/2 + jω)2
+

3465j

256
×

×
1

(5γ/2 + jω)2
−

15015j

128(9γ/2 + jω)2
+

45045j

128(13γ/2 + jω)2
−

−
109395j

256(17γ/2 + jω)2
+

46189j

256(21γ/2 + jω)2
.

−2 −1 ∂ReWk(jω)

∂ω

−3

−2
−1

∂ImWk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.44. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = −1/2, β = 0

[6.120]
∂W

[1]{Legk(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1(
(2s+ 1)γ + jω

)2 .

[6.121]
∂W

[2]{Legk(τ,γ)}
k (jω)

∂ω
=

=



−
j

(γ + jω)2
, åñëè k = 0;

−
j

(2k + 1)γ + jω
×

×
k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
×

×
(

1

(2k + 1)γ + jω
+

+2γ

k−1∑
s=0

2s+ 1(
(2s+ 1)γ

)2
+ ω2

)
, åñëè k > 0.

[6.122]
∂W

[3]{Legk(τ,γ)}
k (jω)

∂ω
=

=



−
j(cosφ0)2

γ2
exp
(
−2jφ0

)
, åñëè k = 0;

−
j cosφk

(2k + 1)γ
×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(2k + 1)γ

+

+
2

γ

k−1∑
s=0

(cosφk)
2

2s+ 1

)
, åñëè k > 0,

φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{Leg0(τ,γ)}
0 (jω)

∂ω
= −

j

(γ + jω)2
;

∂W
{Leg1(τ,γ)}
1 (jω)

∂ω
= −

j

(γ + jω)2
+

2j

(3γ + jω)2
;

∂W
{Leg2(τ,γ)}
2 (jω)

∂ω
= −

j

(γ + jω)2
+

6j

(3γ + jω)2
−

6j

(5γ + jω)2
;

∂W
{Leg3(τ,γ)}
3 (jω)

∂ω
= −

j

(γ + jω)2
+

12j

(3γ + jω)2
−

−
30j

(5γ + jω)2
+

20j

(7γ + jω)2
;

∂W
{Leg4(τ,γ)}
4 (jω)

∂ω
= −

j

(γ + jω)2
+

20j

(3γ + jω)2
−

−
90j

(5γ + jω)2
+

140j

(7γ + jω)2
−

70j

(9γ + jω)2
;

∂W
{Leg5(τ,γ)}
5 (jω)

∂ω
= −

j

(γ + jω)2
+

30j

(3γ + jω)2
−

−
210j

(5γ + jω)2
+

560j

(7γ + jω)2
−

630j

(9γ + jω)2
+

252j

(11γ + jω)2
.
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−0, 6 −0, 4 −0, 2 ∂ReWk(jω)

∂ω

−1

−0, 5

0

∂ImWk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.45. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 1, c = 2

[6.123]
∂W

[1]{P (1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1(
(4s+ 3)γ/2 + jω

)2 .

[6.124]
∂W

[2]{P (1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j

(3γ/2 + jω)2
, åñëè k = 0;

−
j

(4k + 3)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 3)γ/2− jω

(4s+ 3)γ/2 + jω
×

×
(

1

(4k + 3)γ/2 + jω
+

+γ

k−1∑
s=0

4s+ 3(
(4s+ 3)γ/2

)2
+ ω2

)
, åñëè k > 0.

[6.125]
∂W

[3]{P (1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
4j(cosφ0)2

γ2
exp
(
−2jφ0

)
, åñëè k = 0;

−
2j cosφk

(4k + 3)γ
×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
2 cosφk exp

(
−jφk

)
(4k + 3)γ

+

+
4

γ

k−1∑
s=0

(cosφk)
2

4s+ 3

)
, åñëè k > 0,

φk = arctan
2ω

(4k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{P (1/2,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(3γ/2 + jω)2
;

∂W
{P (1/2,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

3j

2(3γ/2 + jω)2
+

5j

2(7γ/2 + jω)2
;

∂W
{P (1/2,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

15j

8(3γ/2 + jω)2
+

35j

4(7γ/2 + jω)2
−

−
63j

8(11γ/2 + jω)2
;

∂W
{P (1/2,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

35j

16(3γ/2 + jω)2
+

315j

16(7γ/2 + jω)2
−

−
693j

16(11γ/2 + jω)2
+

429j

16(15γ/2 + jω)2
;

∂W
{P (1/2,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

315j

128(3γ/2 + jω)2
+

1155j

32
×

×
1

(7γ/2 + jω)2
−

9009j

64(11γ/2 + jω)2
+

6435j

32(15γ/2 + jω)2
−

−
12155j

128(19γ/2 + jω)2
;

∂W
{P (1/2,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

693j

256(3γ/2 + jω)2
+

15015j

256
×

×
1

(7γ/2 + jω)2
−

45045j

128(11γ/2 + jω)2
+

109395j

128(15γ/2 + jω)2
−

−
230945j

256(19γ/2 + jω)2
+

88179j

256(23γ/2 + jω)2
.
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Ðèñ. 6.46. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 1/2, β = 0

[6.126]
∂W

[1]{P (1,0)
k

(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1(
(s+ 1)γ + jω

)2 .

[6.127]
∂W

[2]{P (1,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j

(γ + jω)2
, åñëè k = 0;

−
j

(k + 1)γ + jω
×

×
k−1∏
s=0

(s+ 1)γ − jω

(s+ 1)γ + jω
×

×
(

1

(k + 1)γ + jω
+

+2γ

k−1∑
s=0

s+ 1(
(s+ 1)γ

)2
+ ω2

)
, åñëè k > 0.

[6.128]
∂W

[3]{P (1,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j(cosφ0)2

γ2
exp
(
−2jφ0

)
, åñëè k = 0;

−
j cosφk

(k + 1)γ
×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(k + 1)γ

+

+
2

γ

k−1∑
s=0

(cosφk)
2

s+ 1

)
, åñëè k > 0,

φk = arctan
ω

(k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{P (1,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(γ + jω)2
;

∂W
{P (1,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

2j

(γ + jω)2
+

3j

(2γ + jω)2
;

∂W
{P (1,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

3j

(γ + jω)2
+

12j

(2γ + jω)2
−

10j

(3γ + jω)2
;

∂W
{P (1,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

4j

(γ + jω)2
+

30j

(2γ + jω)2
−

−
60j

(3γ + jω)2
+

35j

(4γ + jω)2
;

∂W
{P (1,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

5j

(γ + jω)2
+

60j

(2γ + jω)2
−

−
210j

(3γ + jω)2
+

280j

(4γ + jω)2
−

126j

(5γ + jω)2
;

∂W
{P (1,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

6j

(γ + jω)2
+

105j

(2γ + jω)2
−

−
560j

(3γ + jω)2
+

1260j

(4γ + jω)2
−

1260j

(5γ + jω)2
+

462j

(6γ + jω)2
.
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Ðèñ. 6.47. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 1,

α = 1, β = 0

[6.129]
∂W

[1]{P (2,0)
k

(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1(
(2s+ 3)γ + jω

)2 .

[6.130]
∂W

[2]{P (2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j

(γ + jω)2
, åñëè k = 0;

−
j

(2k + 3)γ + jω
×

×
k−1∏
s=0

(2s+ 3)γ − jω

(2s+ 3)γ + jω
×

×
(

1

(2k + 3)γ + jω
+

+2γ

k−1∑
s=0

2s+ 3(
(2s+ 3)γ

)2
+ ω2

)
, åñëè k > 0.

[6.131]
∂W

[3]{P (2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j(cosφ0)2

γ2
exp
(
−2jφ0

)
, åñëè k = 0;

−
j cosφk

(2k + 3)γ
×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(2k + 3)γ

+

+
2

γ

k−1∑
s=0

(cosφk)
2

2s+ 3

)
, åñëè k > 0,

φk = arctan
ω

(2k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{P (2,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(3γ + jω)2
;

∂W
{P (2,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

3j

(3γ + jω)2
+

4j

(5γ + jω)2
;

∂W
{P (2,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

6j

(3γ + jω)2
+

20j

(5γ + jω)2
−

15j

(7γ + jω)2
;

∂W
{P (2,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

10j

(3γ + jω)2
+

60j

(5γ + jω)2
−

−
105j

(7γ + jω)2
+

56j

(9γ + jω)2
;

∂W
{P (2,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

15j

(3γ + jω)2
+

140j

(5γ + jω)2
−

−
420j

(7γ + jω)2
+

504j

(9γ + jω)2
−

210j

(11γ + jω)2
;

∂W
{P (2,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

21j

(3γ + jω)2
+

280j

(5γ + jω)2
−

−
1260j

(7γ + jω)2
+

2520j

(9γ + jω)2
−

2310j

(11γ + jω)2
+

792j

(13γ + jω)2
.
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Ðèñ. 6.48. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 2, β = 0

[6.132]
∂W

[1]{P (α,0)
k

(τ,γ)}
k (jω)

∂ω
= −j

k∑
s=0

(k
s

)
×

×
(k + s+ α

s+ α

)
(−1)s

1(
(2s+ α+ 1)cγ/2 + jω

)2 .

[6.133]
∂W

[2]{P (α,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j(

(α+ 1)cγ/2 + jω
)2 , åñëè k = 0;

−
j

(2k + α+ 1)cγ/2 + jω
×

×
k−1∏
s=0

(2s+ α+ 1)cγ/2− jω

(2s+ α+ 1)cγ/2 + jω
×

×
(

1

(2k + α+ 1)cγ/2 + jω
+ 2cγ/2×

×
k−1∑
s=0

2s+ α+ 1(
(2s+ α+ 1)cγ/2

)2
+ ω2

)
, åñëè k > 0.

[6.134]
∂W

[3]{P (α,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
4j(cosφ0)2

(α+ 1)2c2γ2
exp
(
−2jφ0

)
, åñëè k = 0;

−
2j cosφk

(2k + α+ 1)cγ
×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(2k + α+ 1)cγ/2

+

+
4

cγ

k−1∑
s=0

(cosφk)
2

2s+ α+ 1

)
, åñëè k > 0,

φk = arctan
2ω

(2k + α+ 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-
öèé 0-5 ïîðÿäêîâ:

∂W
{P (α,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

j(
cγ(α+ 1)/2 + jω

)2 ;
∂W

{P (α,0)
1 (τ,γ)}

1 (jω)

∂ω
= −

j(α+ 1)(
cγ(α+ 1)/2 + jω

)2 + j(α+ 2) ×

×
1(

cγ(α+ 3)/2 + jω
)2 ;

∂W
{P (α,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

j(α+ 1)(α+ 2)

2
(
cγ(α+ 1)/2 + jω

)2 + j(α+ 2) ×

×
(α+ 3)

2
(
cγ(α+ 3)/2 + jω

)2 −
j(α+ 3)(α+ 4)

2
(
cγ(α+ 5)/2 + jω)2

;

∂W
{P (α,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

j(α+ 3)!

6α!
(
cγ(α+ 1)/2 + jω

)2 +
j(α+ 4)!

2(α+ 1)!
×

×
1(

cγ(α+ 3)/2 + jω
)2 −

j(α+ 5)!

2(α+ 2)!
(
cγ(α+ 5)/2 + jω

)2 +

+
j(α+ 6)!

6(α+ 3)!
(
cγ(α+ 7)/2 + jω

)2 ;
∂W

{P (α,0)
4 (τ,γ)}

4 (jω)

∂ω
= −

j(α+ 4)!

24α!
(
cγ(α+ 1)/2 + jω

)2 +
j

6
×

×
(α+ 5)!

(α+ 1)!
(
cγ(α+ 3)/2 + jω

)2 −
j(α+ 6)!

4(α+ 2)!
(
cγ(α+ 5)/2 + jω

)2 +

+
j(α+ 7)!

6(α+ 3)!
(
cγ(α+ 7)/2 + jω

)2 −
j(α+ 8)!

24(α+ 4)!
(
cγ(α+ 9)/2 + jω

)2 ;
∂W

{P (α,0)
5 (τ,γ)}

5 (jω)

∂ω
= −

j(α+ 5)!

120α!
(
cγ(α+ 1)/2 + jω

)2 +
j

24
×

×
(α+ 6)!

(α+ 1)!
(
cγ(α+ 3)/2 + jω

)2 −
j(α+ 7)!

12(α+ 2)!
(
cγ(α+ 5)/2 + jω

)2 +

+
j(α+ 8)!

12(α+ 3)!
(
cγ(α+ 7)/2 + jω

)2 −
j(α+ 9)!

24(α+ 4)!
(
cγ(α+ 9)/2 + jω

)2 +

+
j(α+ 10)!

120(α+ 5)!
(
cγ(α+ 11)/2 + jω

)2 .



148 Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ â ÷àñòîòíîé îáëàñòè

à)

0, 2 0 −0, 2 ∂ImWk(jω)

∂ω

−0, 4

−0, 2

0

∂ReWk(jω)

∂ω

0

1

2

3

α

(0; 0)

á)

−0, 4 −0, 2
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Ðèñ. 6.49. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α ∈ [0; 4], β = 0;
á) γ ∈ [0, 75; 2], c = 2, α = 1, β = 0

[6.135]
∂W

{P (0,1)
k

(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1(
(2s+ 1)γ + jω

)2 .

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{P (0,1)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(γ + jω)2
;

∂W
{P (0,1)

1 (τ,γ)}
1 (jω)

∂ω
= −

j

(γ + jω)2
+

3j

(3γ + jω)2
;

∂W
{P (0,1)

2 (τ,γ)}
2 (jω)

∂ω
= −

j

(γ + jω)2
+

8j

(3γ + jω)2
−

10j

(5γ + jω)2
;

∂W
{P (0,1)

3 (τ,γ)}
3 (jω)

∂ω
= −

j

(γ + jω)2
+

15j

(3γ + jω)2
−

−
45j

(5γ + jω)2
+

35j

(7γ + jω)2
;

∂W
{P (0,1)

4 (τ,γ)}
4 (jω)

∂ω
= −

j

(γ + jω)2
+

24j

(3γ + jω)2
−

−
126j

(5γ + jω)2
+

224j

(7γ + jω)2
−

126j

(9γ + jω)2
;

∂W
{P (0,1)

5 (τ,γ)}
5 (jω)

∂ω
= −

j

(γ + jω)2
+

35j

(3γ + jω)2
−

−
280j

(5γ + jω)2
+

840j

(7γ + jω)2
−

1050j

(9γ + jω)2
+

462j

(11γ + jω)2
.

−0, 6 −0, 4 −0, 2 0 ∂ReWk(jω)

∂ω

−0, 5

0
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0
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Ðèñ. 6.50. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 0, β = 1

[6.136]
∂W

{P (0,2)
k

(τ,γ)}
k (jω)

∂ω
=

= −j
k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1(
(2s+ 1)γ + jω

)2 .
×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-

öèé 0-5 ïîðÿäêîâ:

∂W
{P (0,2)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(γ + jω)2
;
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∂W
{P (0,2)

1 (τ,γ)}
1 (jω)

∂ω
= −

j

(γ + jω)2
+

4j

(3γ + jω)2
;

∂W
{P (0,2)

2 (τ,γ)}
2 (jω)

∂ω
= −

j

(γ + jω)2
+

10j

(3γ + jω)2
−

15j

(5γ + jω)2
;

∂W
{P (0,2)

3 (τ,γ)}
3 (jω)

∂ω
= −

j

(γ + jω)2
+

18j

(3γ + jω)2
−

−
63j

(5γ + jω)2
+

56j

(7γ + jω)2
;

∂W
{P (0,2)

4 (τ,γ)}
4 (jω)

∂ω
= −

j

(γ + jω)2
+

28j

(3γ + jω)2
−

−
168j

(5γ + jω)2
+

336j

(7γ + jω)2
−

210j

(9γ + jω)2
;

∂W
{P (0,2)

5 (τ,γ)}
5 (jω)

∂ω
= −

j

(γ + jω)2
+

40j

(3γ + jω)2
−

−
360j

(5γ + jω)2
+

1200j

(7γ + jω)2
−

1650j

(9γ + jω)2
+

792j

(11γ + jω)2
.

−0, 6 −0, 4 −0, 2 0 ∂ReWk(jω)
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0
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Ðèñ. 6.51. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôóíêöèé ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 0, β = 2

[6.137]
∂W

{P (0,β)
k

(τ,γ)}
k (jω)

∂ω
= −j

k∑
s=0

(k
s

)
×

×
(k + s+ β

s

)
(−1)s

1(
(2s+ 1)cγ/2 + jω

)2 .
×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-
öèé 0-5 ïîðÿäêîâ:

∂W
{P (0,β)

0 (τ,γ)}
0 (jω)

∂ω
= −

j

(cγ/2 + jω)2
;

∂W
{P (0,β)

1 (τ,γ)}
1 (jω)

∂ω
= −

j

(cγ/2 + jω)2
+

j(β + 2)

(3cγ/2 + jω)2
;

∂W
{P (0,β)

2 (τ,γ)}
2 (jω)

∂ω
= −

j

2(cγ/2 + jω)2
+

2j(β + 3)

(3cγ/2 + jω)2
−

−
j(β + 3)(β + 4)

2(5cγ/2 + jω)2
;

∂W
{P (0,β)

3 (τ,γ)}
3 (jω)

∂ω
= −

j

(cγ/2 + jω)2
+

3j(β + 4)

(3cγ/2 + jω)2
−

−
3j(β + 3)(β + 4)

2(5cγ/2 + jω)2
+

j(β + 6)!

6(β + 3)!(7cγ/2 + jω)2
;

∂W
{P (0,β)

4 (τ,γ)}
4 (jω)

∂ω
= −

j

(cγ/2 + jω)2
+

4j(β + 5)

(3cγ/2 + jω)2
−

−
3j(β + 5)(β + 6)

(5cγ/2 + jω)2
+

2j(β + 7)!

3(β + 4)!(7cγ/2 + jω)2
−

−
j(β + 8)!

24(β + 4)!(9cγ/2 + jω)2
;

∂W
{P (0,β)

5 (τ,γ)}
5 (jω)

∂ω
= −

j

(cγ/2 + jω)2
+

5j(β + 6)

(3cγ/2 + jω)2
−

−
5j(β + 6)(β + 7)

(5cγ/2 + jω)2
+

5j(α+ 8)!

3(α+ 5)!(7cγ/2 + jω)2
−

−
5j(β + 9)!

24(β + 5)!(9cγ/2 + jω)2
+

j(β + 10)!

120(β + 5)!(11cγ/2 + jω)2
.
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à)

0
−0, 2

∂ReWk(jω)

∂ω

0, 2
0

−0, 2
−0, 4

∂ImWk(jω)

∂ω
0

1

2

3

4

β
(0; 0)

á)

−0, 5
0 ∂ImWk(jω)

∂ω

−0, 2
0

0, 2

0, 4

∂ReWk(jω)

∂ω1

1, 5

γ (0; 0)

Ðèñ. 6.52. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôóíêöèé ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α = 0, β ∈ [0; 5];
á) γ ∈ [0, 75; 2], c = 2, α = 0, β = 1

6.5 Ïðîèçâîäíûå ïðåîáðàçîâàíèé

Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ

[6.138]
∂V

[1]{Lk(τ,γ)}
k (jω)

∂ω
=

= −
jγ

(jω + γ/2)2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
(s+ 1).

[6.139]
∂V

[2]{Lk(τ,γ)}
k (jω)

∂ω
=

= −
jγ
(
jω − γ(2k + 1)/2

)
(jω + γ/2)3

(
jω − γ/2

jω + γ/2

)k−1

.

[6.140]
∂V

[3]{Lk(τ,γ)}
k (jω)

∂ω
= −

4j

γ
(−1)k(cosφ)2×

× exp(−j(2k + 1)φ)
(
(2k + 1) cosφ− j sinφ

)
,

φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{L0(τ,γ)}
0 (jω)

∂ω
=

γ(ω + jγ/2)

(jω − γ/2)
(
jω + γ/2

)2 ;
∂V

{L1(τ,γ)}
1 (jω)

∂ω
=
γ(ω + 3jγ/2)(
jω + γ/2

)3 ;

∂V
{L2(τ,γ)}
2 (jω)

∂ω
=
γ
(
ω + 5jγ/2

)(
jω − γ/2

)(
jω + γ/2

)4 ;

∂V
{L3(τ,γ)}
3 (jω)

∂ω
=
γ
(
ω + 7jγ/2

)(
jω − γ/2

)2(
jω + γ/2

)5 ;

∂V
{L4(τ,γ)}
4 (jω)

∂ω
=
γ
(
ω + 9jγ/2

)(
jω − γ/2

)3(
jω + γ/2

)6 ;

∂V
{L5(τ,γ)}
5 (jω)

∂ω
=
γ
(
ω + 11jγ/2

)(
jω − γ/2

)4(
jω + γ/2

)7 .
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∂ω

0

1

2

3

4

k
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Ðèñ. 6.53. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ Ëàãåððà 0-5 ïîðÿäêîâ; γ = 4

[6.141]
∂V

[1]{L(1)
k

(τ,γ)}
k (jω)

∂ω
=

= −
jγ2

(jω + γ/2)3

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
(s+ 2).
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[6.142]
∂V

[2]{L(1)
k

(τ,γ)}
k (jω)

∂ω
=

= −
jγ2
(
2jω − γ(2k + 2)/2

)
(jω + γ/2)4

(
jω − γ/2

jω + γ/2

)k−1

.

[6.143]
∂V

[3]{L(1)
k

(τ,γ)}
k (jω)

∂ω
= −

8j

γ
(−1)k(cosφ)3×

× exp(−j(2k + 2)φ)
(
(2k + 2) cosφ− 2j sinφ

)
,

φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{L(1)

0 (τ,γ)}
0 (jω)

∂ω
=

2γ2(ω + jγ/2)

(jω − γ/2)
(
jω + γ/2

)3 ;
∂V

{L(1)
1 (τ,γ)}

1 (jω)

∂ω
=

2γ2(ω + jγ)(
jω + γ/2

)4 ;
∂V

{L(1)
2 (τ,γ)}

2 (jω)

∂ω
=

2γ2
(
ω + 3jγ/2

)(
jω − γ/2

)(
jω + γ/2

)5 ;

∂V
{L(1)

3 (τ,γ)}
3 (jω)

∂ω
=

2γ2
(
ω + 2jγ

)(
jω − γ/2

)2(
jω + γ/2

)6 ;

∂V
{L(1)

4 (τ,γ)}
4 (jω)

∂ω
=

2γ2
(
ω + 5jγ/2

)(
jω − γ/2

)3(
jω + γ/2

)7 ;

∂V
{L(1)

5 (τ,γ)}
5 (jω)

∂ω
=

2γ2
(
ω + 3jγ

)(
jω − γ/2

)4(
jω + γ/2

)8 .
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Ðèñ. 6.54. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 4, α = 1

[6.144]
∂V

[1]{L(2)
k

(τ,γ)}
k (jω)

∂ω
=

= −
jγ3

(jω + γ/2)4

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
(s+ 3).

[6.145]
∂V

[2]{L(2)
k

(τ,γ)}
k (jω)

∂ω
=

= −
jγ3
(
3jω − γ(2k + 3)/2

)
(jω + γ/2)5

(
jω − γ/2

jω + γ/2

)k−1

.

[6.146]
∂V

[3]{L(2)
k

(τ,γ)}
k (jω)

∂ω
= −

16j

γ
(−1)k(cosφ)4×

× exp(−j(2k + 3)φ)
(
(2k + 3) cosφ− 3j sinφ

)
,

φ = arctan
2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{L(2)

0 (τ,γ)}
0 (jω)

∂ω
=

3γ3(ω + jγ/2)

(jω − γ/2)
(
jω + γ/2

)4 ;
∂V

{L(2)
1 (τ,γ)}

1 (jω)

∂ω
=
γ3(3ω + 5jγ/2)(
jω + γ/2

)5 ;

∂V
{L(2)

2 (τ,γ)}
2 (jω)

∂ω
=
γ3

(
3ω + 7jγ/2

)(
jω − γ/2

)(
jω + γ/2

)6 ;

∂V
{L(2)

3 (τ,γ)}
3 (jω)

∂ω
=
γ3

(
3ω + 9jγ/2

)(
jω − γ/2

)2(
jω + γ/2

)7 ;

∂V
{L(2)

4 (τ,γ)}
4 (jω)

∂ω
=
γ3

(
3ω + 11jγ/2

)(
jω − γ/2

)3(
jω + γ/2

)8 ;

∂V
{L(2)

5 (τ,γ)}
5 (jω)

∂ω
=
γ3

(
3ω + 13jγ/2

)(
jω − γ/2

)4(
jω + γ/2

)9 .
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Ðèñ. 6.55. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ Cîíèíà-Ëàãåððà 0-5 ïîðÿäêîâ;

γ = 4, α = 2

[6.147]
∂V

[1]{L(α)
k

(τ,γ)}
k (jω)

∂ω
=

= −
jγα+1

(jω + γ/2)α+2

k∑
s=0

( k

k − s

)( −γ
jω + γ/2

)s
(s+α+1).

[6.148]
∂V

[2]{L(α)
k

(τ,γ)}
k (jω)

∂ω
= −jγα+1×

×
(
(α+ 1)jω − γ(2k + α+ 1)/2

)
(jω + γ/2)α+3

(
jω − γ/2

jω + γ/2

)k−1

.

[6.149]
∂V

[3]{L(α)
k

(τ,γ)}
k (jω)

∂ω
= −

2α+2j

γ
(−1)k×

× (cosφ)α+2 exp(−j(2k + α+ 1)φ)×

×
(
(2k+α+1) cosφ−j(α+1) sinφ

)
, φ = arctan

2ω

γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-
òðîâ 0-5 ïîðÿäêîâ:

∂V
{L(α)

0 (τ,γ)}
0 (jω)

∂ω
=
γα+1

(
(α+ 1)ω + j(α+ 1)γ/2

)
(jω − γ/2)

(
jω + γ/2

)α+2
;

∂V
{L(α)

1 (τ,γ)}
1 (jω)

∂ω
=
γα+1

(
(α+ 1)ω + j(α+ 3)γ/2

)(
jω + γ/2

)α+3
;

∂V
{L(α)

2 (τ,γ)}
2 (jω)

∂ω
=
γα+1

(
(α+ 1)ω + j(α+ 5)γ/2

)(
jω + γ/2

)α+4
×

×
(
jω − γ/2

)
;

∂V
{L(α)

3 (τ,γ)}
3 (jω)

∂ω
=
γα+1

(
(α+ 1)ω + j(α+ 7)γ/2

)(
jω + γ/2

)α+5
×

×
(
jω − γ/2

)2;
∂V

{L(α)
4 (τ,γ)}

4 (jω)

∂ω
=
γα+1

(
(α+ 1)ω + j(α+ 9)γ/2

)(
jω + γ/2

)α+6
×

×
(
jω − γ/2

)3;
∂V

{L(α)
5 (τ,γ)}

5 (jω)

∂ω
=
γα+1

(
(α+ 1)ω + j(α+ 11)γ/2

)(
jω + γ/2

)α+7
×

×
(
jω − γ/2

)4.
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∂ReVk(jω)

∂ω
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Ðèñ. 6.56. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ Cîíèíà-Ëàãåððà 2-îãî ïîðÿäêà: à) γ = 4, α ∈ [1; 4]; á)
γ ∈ [2; 4], α = 1
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[6.150]
∂V

[1]{P (−1/2,0)
k

(τ,γ)}
k (jω)

∂ω
= −j(4k + 1)γ×

×
k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1(
(4s+ 1)γ/2 + jω

)2 .

[6.151]
∂V

[2]{P (−1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
jγ

(γ/2 + jω)2
, åñëè k = 0;

−
j(4k + 1)γ

(4k + 1)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 1)γ/2− jω

(4s+ 1)γ/2 + jω
×

×
(

1

(4k + 1)γ/2 + jω
+

+γ

k−1∑
s=0

4s+ 1(
(4s+ 1)γ/2

)2
+ ω2

)
, åñëè k > 0.

[6.152]
∂V

[3]{P (−1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
4j(cosφ0)2

γ
exp
(
−2jφ0

)
, åñëè k = 0;

−2j cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
2 cosφk exp

(
−jφk

)
(4k + 1)γ

+

+
4

γ

k−1∑
s=0

(cosφk)
2

4s+ 1

)
, åñëè k > 0,

φk = arctan
2ω

(4k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (−1/2,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

jγ

(γ/2 + jω)2
;

∂V
{P (−1/2,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

5jγ

2(γ/2 + jω)2
+

15jγ

2(5γ/2 + jω)2
;

∂V
{P (−1/2,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

27jγ

8(γ/2 + jω)2
+

135jγ

4(5γ/2 + jω)2
−

−
315jγ

8(9γ/2 + jω)2
;

∂V
{P (−1/2,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

65jγ

16(γ/2 + jω)2
+

1365jγ

16(5γ/2 + jω)2
−

−
4095jγ

16(9γ/2 + jω)2
+

3003jγ

16(13γ/2 + jω)2
;

∂V
{P (−1/2,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

595jγ

128(γ/2 + jω)2
+

5355jγ

32
×

×
1

(5γ/2 + jω)2
−

58905jγ

64(9γ/2 + jω)2
+

51051jγ

32(13γ/2 + jω)2
−

−
109395jγ

128(17γ/2 + jω)2
;

∂V
{P (−1/2,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

1323jγ

256(γ/2 + jω)2
+

72765jγ

256
×

×
1

(5γ/2 + jω)2
−

315315jγ

128(9γ/2 + jω)2
+

945945jγ

128(13γ/2 + jω)2
−

−
2297295jγ

256(17γ/2 + jω)2
+

969969jγ

256(21γ/2 + jω)2
.
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Ðèñ. 6.57. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = −1/2, β = 0

[6.153]
∂V

[1]{Legk(τ,γ)}
k (jω)

∂ω
=

= −2j(2k+1)γ
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1(
(2s+ 1)γ + jω

)2 .

[6.154]
∂V

[2]{Legk(τ,γ)}
k (jω)

∂ω
=

=



−
2jγ

(γ + jω)2
, åñëè k = 0;

−
2j(2k + 1)γ

(2k + 1)γ + jω
×

×
k−1∏
s=0

(2s+ 1)γ − jω

(2s+ 1)γ + jω
×

×
(

1

(2k + 1)γ + jω
+

+2γ

k−1∑
s=0

2s+ 1(
(2s+ 1)γ

)2
+ ω2

)
, åñëè k > 0.
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[6.155]
∂V

[3]{Legk(τ,γ)}
k (jω)

∂ω
=

=



−
2j(cosφ0)2

γ
exp
(
−2jφ0

)
, åñëè k = 0;

−2j cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(2k + 1)γ

+

+
2

γ

k−1∑
s=0

(cosφk)
2

2s+ 1

)
, åñëè k > 0,

φk = arctan
ω

(2k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{Leg0(τ,γ)}
0 (jω)

∂ω
= −

2jγ

(γ + jω)2
;

∂V
{Leg1(τ,γ)}
1 (jω)

∂ω
= −

6jγ

(γ + jω)2
+

12jγ

(3γ + jω)2
;

∂V
{Leg2(τ,γ)}
2 (jω)

∂ω
= −

10jγ

(γ + jω)2
+

60jγ

(3γ + jω)2
−

6jγ

(5γ + jω)2
;

∂V
{Leg3(τ,γ)}
3 (jω)

∂ω
= −

14jγ

(γ + jω)2
+

168jγ

(3γ + jω)2
−

−
420jγ

(5γ + jω)2
+

280jγ

(7γ + jω)2
;

∂V
{Leg4(τ,γ)}
4 (jω)

∂ω
= −

18jγ

(γ + jω)2
+

360jγ

(3γ + jω)2
−

−
1620jγ

(5γ + jω)2
+

2520jγ

(7γ + jω)2
−

1260jγ

(9γ + jω)2
;

∂V
{Leg5(τ,γ)}
5 (jω)

∂ω
= −

22jγ

(γ + jω)2
+

660jγ

(3γ + jω)2
−

−
4620jγ

(5γ + jω)2
+

12320jγ

(7γ + jω)2
−

13860jγ

(9γ + jω)2
+

5544jγ

(11γ + jω)2
.
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Ðèñ. 6.58. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ Ëåæàíäðà 0-5 ïîðÿäêîâ; γ = 1,

c = 2

[6.156]
∂V

[1]{P (1/2,0)
k

(τ,γ)}
k (jω)

∂ω
= −j(4k + 3)γ×

×
k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1(
(4s+ 3)γ/2 + jω

)2 .

[6.157]
∂V

[2]{P (1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
3jγ

(3γ/2 + jω)2
, åñëè k = 0;

−
j(4k + 3)γ

(4k + 3)γ/2 + jω
×

×
k−1∏
s=0

(4s+ 3)γ/2− jω

(4s+ 3)γ/2 + jω
×

×
(

1

(4k + 3)γ/2 + jω
+

+γ

k−1∑
s=0

4s+ 3(
(4s+ 3)γ/2

)2
+ ω2

)
, åñëè k > 0.

[6.158]
∂V

[3]{P (1/2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
4j(cosφ0)2

3γ
exp
(
−2jφ0

)
, åñëè k = 0;

−2j cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
2 cosφk exp

(
−jφk

)
(4k + 3)γ

+

+
4

γ

k−1∑
s=0

(cosφk)
2

4s+ 3

)
, åñëè k > 0,

φk = arctan
2ω

(4k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (1/2,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

3jγ

(3γ/2 + jω)2
;

∂V
{P (1/2,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

35jγ

2(3γ/2 + jω)2
+

105jγ

2(7γ/2 + jω)2
;

∂V
{P (1/2,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

297jγ

8(3γ/2 + jω)2
+

1485jγ

4(7γ/2 + jω)2
−

−
3465jγ

8(11γ/2 + jω)2
;

∂V
{P (1/2,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

975jγ

16(3γ/2 + jω)2
+

20475jγ

16(7γ/2 + jω)2
−

−
61425jγ

16(11γ/2 + jω)2
+

45045jγ

16(15γ/2 + jω)2
;

∂V
{P (1/2,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

11305jγ

128(3γ/2 + jω)2
+

101745jγ

32
×

×
1

(7γ/2 + jω)2
−

1119195jγ

64(11γ/2 + jω)2
+

969969jγ

32(15γ/2 + jω)2
−

−
2078505jγ

128(19γ/2 + jω)2
;
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∂V
{P (1/2,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

30429jγ

256(3γ/2 + jω)2
+

1673595jγ

256
×

×
1

(7γ/2 + jω)2
−

7252245jγ

128(11γ/2 + jω)2
+

21756735jγ

128(15γ/2 + jω)2
−

−
52837785jγ

256(19γ/2 + jω)2
+

22309287jγ

256(23γ/2 + jω)2
.

−4 −2 0 ∂ReVk(jω)

∂ω

−5

0

∂ImVk(jω)

∂ω

0

1
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4

k
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Ðèñ. 6.59. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 1/2, β = 0

[6.159]
∂V

[1]{P (1,0)
k

(τ,γ)}
k (jω)

∂ω
= −2j(k + 1)γ×

×
k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1(
(s+ 1)γ + jω

)2 .

[6.160]
∂V

[2]{P (1,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
2jγ

(γ + jω)2
, åñëè k = 0;

−
2j(k + 1)γ

(k + 1)γ + jω
×

×
k−1∏
s=0

(s+ 1)γ − jω

(s+ 1)γ + jω
×

×
(

1

(k + 1)γ + jω
+

+2γ

k−1∑
s=0

s+ 1(
(s+ 1)γ

)2
+ ω2

)
, åñëè k > 0.

[6.161]
∂V

[3]{P (1,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
2j(cosφ0)2

γ
exp
(
−2jφ0

)
, åñëè k = 0;

−2j cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(k + 1)γ

+

+
2

γ

k−1∑
s=0

(cosφk)
2

s+ 1

)
, åñëè k > 0,

φk = arctan
ω

(k + 1)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (1,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

2jγ

(γ + jω)2
;

∂V
{P (1,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

8jγ

(γ + jω)2
+

12jγ

(2γ + jω)2
;

∂V
{P (1,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

18jγ

(γ + jω)2
+

72jγ

(2γ + jω)2
−

60jγ

(3γ + jω)2
;

∂V
{P (1,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

32jγ

(γ + jω)2
+

240jγ

(2γ + jω)2
−

−
480jγ

(3γ + jω)2
+

280jγ

(4γ + jω)2
;

∂V
{P (1,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

50jγ

(γ + jω)2
+

600jγ

(2γ + jω)2
−

−
2100jγ

(3γ + jω)2
+

2800jγ

(4γ + jω)2
−

1260jγ

(5γ + jω)2
;

∂V
{P (1,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

72jγ

(γ + jω)2
+

1260jγ

(2γ + jω)2
−

−
6720jγ

(3γ + jω)2
+

15120jγ

(4γ + jω)2
−

15120jγ

(5γ + jω)2
+

5544jγ

(6γ + jω)2
.
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Ðèñ. 6.60. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 1,

α = 1, β = 0

[6.162]
∂V

[1]{P (2,0)
k

(τ,γ)}
k (jω)

∂ω
= −2j(2k + 3)γ×

×
k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1(
(2s+ 3)γ + jω

)2 .

[6.163]
∂V

[2]{P (2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
2jγ

(γ + jω)2
, åñëè k = 0;

−
2j(2k + 3)γ

(2k + 3)γ + jω
×

×
k−1∏
s=0

(2s+ 3)γ − jω

(2s+ 3)γ + jω
×

×
(

1

(2k + 3)γ + jω
+

+2γ

k−1∑
s=0

2s+ 3(
(2s+ 3)γ

)2
+ ω2

)
, åñëè k > 0.

[6.164]
∂V

[3]{P (2,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
2j(cosφ0)2

γ
exp
(
−2jφ0

)
, åñëè k = 0;

−2j cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(2k + 3)γ

+

+
2

γ

k−1∑
s=0

(cosφk)
2

2s+ 3

)
, åñëè k > 0,

φk = arctan
ω

(2k + 3)γ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (2,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

6jγ

(3γ + jω)2
;

∂V
{P (2,0)

1 (τ,γ)}
1 (jω)

∂ω
= −

30jγ

(3γ + jω)2
+

40jγ

(5γ + jω)2
;

∂V
{P (2,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

84jγ

(3γ + jω)2
+

280jγ

(5γ + jω)2
−

210jγ

(7γ + jω)2
;

∂V
{P (2,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

180jγ

(3γ + jω)2
+

1080jγ

(5γ + jω)2
−

−
1890jγ

(7γ + jω)2
+

1008jγ

(9γ + jω)2
;

∂V
{P (2,0)

4 (τ,γ)}
4 (jω)

∂ω
= −

330j

(3γ + jω)2
+

3080j

(5γ + jω)2
−

−
9240jγ

(7γ + jω)2
+

11880jγ

(9γ + jω)2
−

4620jγ

(11γ + jω)2
;

∂V
{P (2,0)

5 (τ,γ)}
5 (jω)

∂ω
= −

546jγ

(3γ + jω)2
+

7280jγ

(5γ + jω)2
−

−
32760jγ

(7γ + jω)2
+

65520jγ

(9γ + jω)2
−

60060jγ

(11γ + jω)2
+

20592jγ

(13γ + jω)2
.
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Ðèñ. 6.61. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 2, β = 0

[6.165]

∂V
[1]{P (α,0)

k
(τ,γ)}

k (jω)

∂ω
= −j(2k + α+ 1)cγ

k∑
s=0

(k
s

)
×

×
(k + s+ α

s+ α

)
(−1)s

1(
(2s+ α+ 1)cγ/2 + jω

)2 .

[6.166]
∂V

[2]{P (α,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
j(α+ 1)cγ(

(α+ 1)cγ/2 + jω
)2 , åñëè k = 0;

−
j(2k + α+ 1)cγ

(2k + α+ 1)cγ/2 + jω
×

×
k−1∏
s=0

(2s+ α+ 1)cγ/2− jω

(2s+ α+ 1)cγ/2 + jω
×

×
(

1

(2k + α+ 1)cγ/2 + jω
+ 2cγ/2×

×
k−1∑
s=0

2s+ α+ 1(
(2s+ α+ 1)cγ/2

)2
+ ω2

)
, åñëè k > 0.

[6.167]
∂V

[3]{P (α,0)
k

(τ,γ)}
k (jω)

∂ω
=

=



−
4j(cosφ0)2

(α+ 1)cγ
exp
(
−2jφ0

)
, åñëè k = 0;

−2j cosφk×

× exp

(
−j
(
φk + 2

k−1∑
s=0

φs

))
×

×
(
cosφk exp

(
−jφk

)
(2k + α+ 1)cγ/2

+

+
4

cγ

k−1∑
s=0

(cosφk)
2

2s+ α+ 1

)
, åñëè k > 0,

φk = arctan
2ω

(2k + α+ 1)cγ
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-
òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (α,0)

0 (τ,γ)}
0 (jω)

∂ω
= −

jcγ(α+ 1)(
cγ(α+ 1)/2 + jω

)2 ;
∂V

{P (α,0)
1 (τ,γ)}

1 (jω)

∂ω
= −

jcγ(α+ 1)(α+ 3)(
cγ(α+ 1)/2 + jω

)2 + jcγ(α+ 2) ×

×
(α+ 3)(

cγ(α+ 3)/2 + jω
)2 ;

∂V
{P (α,0)

2 (τ,γ)}
2 (jω)

∂ω
= −

jcγ(α+ 1)(α+ 2)(α+ 5)

2
(
cγ(α+ 1)/2 + jω

)2 + jcγ ×

×
(α+ 2)(α+ 3)(α+ 5)

2
(
cγ(α+ 3)/2 + jω

)2 −
jcγ(α+ 3)(α+ 4)(α+ 5)

2
(
cγ(α+ 5)/2 + jω)2

;

∂V
{P (α,0)

3 (τ,γ)}
3 (jω)

∂ω
= −

jcγ(α+ 3)!(α+ 7)

6α!
(
cγ(α+ 1)/2 + jω

)2 +jcγ(α+7)×

×
(α+ 4)!

2(α+ 1)!
(
cγ(α+ 3)/2 + jω

)2 −
jcγ(α+ 5)!(α+ 7)

2(α+ 2)!
(
cγ(α+ 5)/2 + jω

)2 +

+
jcγ(α+ 6)!(α+ 7)

6(α+ 3)!
(
cγ(α+ 7)/2 + jω

)2 ;
∂V

{P (α,0)
4 (τ,γ)}

4 (jω)

∂ω
= −

jcγ(α+ 4)!(α+ 9)

24α!
(
cγ(α+ 1)/2 + jω

)2 +
j

6
×

×
cγ(α+ 5)!(α+ 9)

(α+ 1)!
(
cγ(α+ 3)/2 + jω

)2 −
jcγ(α+ 6)!(α+ 9)

4(α+ 2)!
(
cγ(α+ 5)/2 + jω

)2 +

+
jcγ(α+ 7)!(α+ 9)

6(α+ 3)!
(
cγ(α+ 7)/2 + jω

)2 −
jcγ(α+ 8)!(α+ 9)

24(α+ 4)!
(
cγ(α+ 9)/2 + jω

)2 ;
∂V

{P (α,0)
5 (τ,γ)}

5 (jω)

∂ω
= −

jcγ(α+ 5)!(α+ 11)

120α!
(
cγ(α+ 1)/2 + jω

)2 +
j

24
×

×
cγ(α+ 6)!(α+ 11)

(α+ 1)!
(
cγ(α+ 3)/2 + jω

)2 −
jcγ(α+ 7)!(α+ 11)

12(α+ 2)!
(
cγ(α+ 5)/2 + jω

)2 +

+
jcγ(α+ 8)!(α+ 11)

12(α+ 3)!
(
cγ(α+ 7)/2 + jω

)2 −
jcγ(α+ 9)!(α+ 11)

24(α+ 4)!
(
cγ(α+ 9)/2 + jω

)2 +

+
jcγ(α+ 10)!(α+ 11)

120(α+ 5)!
(
cγ(α+ 11)/2 + jω

)2 .
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Ðèñ. 6.62. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α ∈ [0; 5], β = 0;
á) γ ∈ [0, 75; 2], c = 2, α = 1, β = 0

[6.168]
∂V

{P (0,1)
k

(τ,γ)}
k (jω)

∂ω
= −

8jγ2(k + 1)2

(2k + 3)γ + jω
×

×
k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)γ + jω
×

×
(

1

(2s+ 1)γ + jω
+

1

(2k + 3)γ + jω

)
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (0,1)

0 (τ,γ)}
0 (jω)

∂ω
= −

16jγ2(2γ + jω)

(γ + jω)2(3γ + jω)2
;

∂V
{P (0,1)

1 (τ,γ)}
1 (jω)

∂ω
= −

32jγ2

(5γ + jω)

((
1

γ + jω
+

1

5γ + jω

)
×

×
1

γ + jω
−

(
1

3γ + jω
+

1

5γ + jω

)
2

3γ + jω

)
;

∂V
{P (0,1)

2 (τ,γ)}
2 (jω)

∂ω
= −

72jγ2

(7γ + jω)

((
1

γ + jω
+

1

7γ + jω

)
×

×
1

γ + jω
−

(
1

3γ + jω
+

1

7γ + jω

)
6

3γ + jω
+

(
1

5γ + jω
+

+
1

7γ + jω

)
6

5γ + jω

)
;

∂V
{P (0,1)

3 (τ,γ)}
3 (jω)

∂ω
= −

128jγ2

(9γ + jω)

((
1

γ + jω
+

1

9γ + jω

)
×

×
1

γ + jω
−

(
1

3γ + jω
+

1

9γ + jω

)
12

3γ + jω
+

(
1

5γ + jω
+

+
1

9γ + jω

)
30

5γ + jω
−

(
1

7γ + jω
+

1

9γ + jω

)
20

7γ + jω

)
;

∂V
{P (0,1)

4 (τ,γ)}
4 (jω)

∂ω
= −

200jγ2

(11γ + jω)

((
1

γ + jω
+

1

11γ + jω

)
×

×
1

γ + jω
−

(
1

3γ + jω
+

1

11γ + jω

)
20

3γ + jω
+

(
1

5γ + jω
+

+
1

11γ + jω

)
90

5γ + jω
−

(
1

7γ + jω
+

1

11γ + jω

)
140

7γ + jω
+

+

(
1

9γ + jω
+

1

11γ + jω

)
70

11γ + jω

)
;

∂V
{P (0,1)

5 (τ,γ)}
5 (jω)

∂ω
= −

288jγ2

(13γ + jω)

((
1

γ + jω
+

1

13γ + jω

)
×

×
1

γ + jω
−

(
1

3γ + jω
+

1

13γ + jω

)
30

3γ + jω
+

(
1

5γ + jω
+

+
1

13γ + jω

)
210

5γ + jω
−

(
1

7γ + jω
+

1

13γ + jω

)
560

7γ + jω
+

+

(
1

9γ + jω
+

1

13γ + jω

)
630

9γ + jω
−

(
1

11γ + jω
+

1

13γ + jω

)
×

×
252

11γ + jω

)
.
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−5 0 ∂ReVk(jω)

∂ω

−5

0

5

∂ImVk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.63. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 0, β = 1

[6.169]
∂V

{P (0,2)
k

(τ,γ)}
k (jω)

∂ω
= −

8jγ3(2k + 3)(
(2k + 3)γ + jω

)×
×

(k + 1)(k + 2)(
(2k + 5)γ + jω

) k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

×
1

(2s+ 1)γ + jω

(
1

(2s+ 1)γ + jω
+

+
1

(2k + 3)γ + jω
+

1

(2k + 5)γ + jω

)
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-

òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (0,2)

0 (τ,γ)}
0 (jω)

∂ω
= −

144jγ3(3γ + jω)

(γ + jω)2(3γ + jω)2(5γ + jω)2
;

∂V
{P (0,2)

1 (τ,γ)}
1 (jω)

∂ω
= −

240jγ3

(5γ + jω)(7γ + jω)

((
1

γ + jω
+

+
1

5γ + jω
+

1

7γ + jω

)
1

γ + jω
−

(
1

3γ + jω
+

1

5γ + jω
+

+
1

7γ + jω

)
2

3γ + jω

)
;

∂V
{P (0,2)

2 (τ,γ)}
2 (jω)

∂ω
= −

672jγ3

(7γ + jω)(9γ + jω)

((
1

γ + jω
+

+
1

7γ + jω
+

1

9γ + jω

)
1

γ + jω
−

(
1

3γ + jω
+

1

7γ + jω
+

+
1

9γ + jω

)
6

3γ + jω
+

(
1

5γ + jω
+

1

7γ + jω
+

1

9γ + jω

)
×

×
6

5γ + jω

)
;

∂V
{P (0,2)

3 (τ,γ)}
3 (jω)

∂ω
= −

1440jγ3

(9γ + jω)(11γ + jω)

((
1

γ + jω
+

+
1

9γ + jω
+

1

11γ + jω

)
1

γ + jω
−

(
1

3γ + jω
+

1

9γ + jω
+

+
1

11γ + jω

)
12

3γ + jω
+

(
1

5γ + jω
+

1

9γ + jω
+

1

11γ + jω

)
×

×
30

5γ + jω
−

(
1

7γ + jω
+

1

9γ + jω
+

1

11γ + jω

)
20

7γ + jω

)
;

∂V
{P (0,2)

4 (τ,γ)}
4 (jω)

∂ω
= −

2640jγ3

(11γ + jω)(13γ + jω)

((
1

γ + jω
+

+
1

11γ + jω
+

1

13γ + jω

)
1

γ + jω
−

(
1

3γ + jω
+

1

11γ + jω
+

+
1

13γ + jω

)
20

3γ + jω
+

(
1

5γ + jω
+

1

11γ + jω
+

1

13γ + jω

)
×

×
90

5γ + jω
−

(
1

7γ + jω
+

1

11γ + jω
+

1

13γ + jω

)
140

7γ + jω
+

+

(
1

9γ + jω
+

1

11γ + jω
+

1

13γ + jω

)
70

11γ + jω

)
;

∂V
{P (0,2)

5 (τ,γ)}
5 (jω)

∂ω
= −

4368jγ3

(13γ + jω)(15γ + jω)

((
1

γ + jω
+

+
1

13γ + jω
+

1

15γ + jω

)
1

γ + jω
−

(
1

3γ + jω
+

1

13γ + jω
+

+
1

15γ + jω

)
30

3γ + jω
+

(
1

5γ + jω
+

1

13γ + jω
+

1

15γ + jω

)
×

×
210

5γ + jω
−

(
1

7γ + jω
+

1

13γ + jω
+

1

15γ + jω

)
560

7γ + jω
+

+

(
1

9γ + jω
+

1

13γ + jω
+

1

15γ + jω

)
630

9γ + jω
−

(
1

11γ + jω
+

+
1

13γ + jω
+

1

15γ + jω

)
252

11γ + jω

)
.

−5 0 ∂ReVk(jω)

∂ω

−5

0

5

∂ImVk(jω)

∂ω

0

1

2

3

4

k

(0; 0)

Ðèñ. 6.64. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå
îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 0-5 ïîðÿäêîâ; γ = 1, c = 2,

α = 0, β = 2
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[6.170]
∂V

{P (0,β)
k

(τ,γ)}
k (jω)

∂ω
= −

jγβ+1(k + β)!

k!
×

×
(2k + β + 1)

β∏
p=0

(2k + 2p+ 1)γ + jω

k∑
s=0

(k
s

)(k + s

s

)
(−1)s×

×
1

(2s+ 1)γ + jω

(
1

(2s+ 1)γ + jω
+

+

β∑
p=0

1

(2k + 2p+ 1)γ + jω

)
.

×àñòíûå ñëó÷àè äëÿ ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå ôèëü-
òðîâ 0-5 ïîðÿäêîâ:

∂V
{P (0,β)

0 (τ,γ)}
0 (jω)

∂ω
= −

jγβ+1(β + 1)!

β∏
p=0

(2p+ 1)γ + jω

(
1

γ + jω
+

+

β∑
p=0

1

(2p+ 1)γ + jω

 1

γ + jω
;

∂V
{P (0,β)

1 (τ,γ)}
1 (jω)

∂ω
= −

jγβ+1(β + 1)!(β + 3)

β∏
p=0

(2p+ 3)γ + jω

×

×

(
1

γ + jω
+

β∑
p=0

1

(2p+ 3)γ + jω

)
1

γ + jω
−

−
(

1

3γ + jω
+

β∑
p=0

1

(2p+ 3)γ + jω

)
2

3γ + jω

;

∂V
{P (0,β)

2 (τ,γ)}
2 (jω)

∂ω
= −

jγβ+1(β + 2)!(β + 5)

2

β∏
p=0

(2p+ 5)γ + jω

×

×

(
1

γ + jω
+

β∑
p=0

1

(2p+ 5)γ + jω

)
1

γ + jω
−

−
(

1

3γ + jω
+

β∑
p=0

1

(2p+ 5)γ + jω

)
6

3γ + jω
+

+

(
1

5γ + jω

β∑
p=0

1

(2p+ 5)γ + jω

)
6

5γ + jω

;

∂V
{P (0,β)

3 (τ,γ)}
3 (jω)

∂ω
= −

jγβ+1(β + 3)!(β + 7)

6

β∏
p=0

(2p+ 7)γ + jω

×

×

(
1

γ + jω
+

β∑
p=0

1

(2p+ 7)γ + jω

)
1

γ + jω
−

−
(

1

3γ + jω
+

β∑
p=0

1

(2p+ 7)γ + jω

)
12

3γ + jω
+

+

(
1

5γ + jω

β∑
p=0

1

(2p+ 7)γ + jω

)
30

5γ + jω
−

−
(

1

7γ + jω
+

β∑
p=0

1

(2p+ 7)γ + jω

)
20

7γ + jω

;

∂V
{P (0,β)

4 (τ,γ)}
4 (jω)

∂ω
= −

jγβ+1(β + 4)!(β + 9)

24

β∏
p=0

(2p+ 9)γ + jω

×

×

(
1

γ + jω
+

β∑
p=0

1

(2p+ 9)γ + jω

)
1

γ + jω
−

−
(

1

3γ + jω
+

β∑
p=0

1

(2p+ 9)γ + jω

)
20

3γ + jω
+

+

(
1

5γ + jω

β∑
p=0

1

(2p+ 9)γ + jω

)
90

5γ + jω
−

−
(

1

7γ + jω
+

β∑
p=0

1

(2p+ 9)γ + jω

)
140

7γ + jω
+

+

(
1

9γ + jω
+

β∑
p=0

1

(2p+ 9)γ + jω

)
70

11γ + jω

;

∂V
{P (0,β)

5 (τ,γ)}
5 (jω)

∂ω
= −

jγβ+1(β + 5)!(β + 11)

120

β∏
p=0

(2p+ 11)γ + jω

×

×

(
1

γ + jω
+

β∑
p=0

1

(2p+ 11)γ + jω

)
1

γ + jω
−

−
(

1

3γ + jω
+

β∑
p=0

1

(2p+ 11)γ + jω

)
30

3γ + jω
+

+

(
1

5γ + jω

β∑
p=0

1

(2p+ 11)γ + jω

)
210

5γ + jω
−

−
(

1

7γ + jω
+

β∑
p=0

1

(2p+ 11)γ + jω

)
560

7γ + jω
+

+

(
1

9γ + jω
+

β∑
p=0

1

(2p+ 11)γ + jω

)
630

9γ + jω
−

−
(

1

11γ + jω
+

β∑
p=0

1

(2p+ 11)γ + jω

)
252

11γ + jω

.
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à)

0

−5 ∂ReVk(jω)

∂ω

0

−5

∂ImVk(jω)

∂ω
0

1

2

3

4

β
(0; 0)

á)

−5
0 ∂ImWk(jω)

∂ω

−2
0

2

∂ReWk(jω)

∂ω

1

1, 5

γ (0; 0)

Ðèñ. 6.65. Âèä ïðîèçâîäíûõ ïðåîáðàçîâàíèÿ Ôóðüå îðòîãîíàëüíûõ ôèëüòðîâ ßêîáè 2-îãî ïîðÿäêà: à) γ = 1, c = 2, α = 0, β ∈ [0; 5];
á) γ ∈ [0, 75; 2], c = 2, α = 0, β = 1
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Ãëàâà 7

Îñíîâíûå è ðàñøèðåííûå ñâîéñòâà â

÷àñòîòíîé îáëàñòè

Îïðåäåëåíèå.

Îðòîãîíàëüíûå ôóíêöèè â ÷àñòîòíîé îáëàñòè, êàê è âî âðåìåííîé, îáëàäàþò ðÿäîì îáùèõ ñâîéñòâ [5]


∫ ∞

0

ReW
{ψk(τ,γ)}
k (jω)dω =

π

2
ψk(0, γ);∫ ∞

0

ImW
{ψk(τ,γ)}
k (jω)dω = 0.

Êàê è âî âðåìåííîé, â ÷àñòîòíîé îáëàñòè áûëè âûäåëåíû äîïîëíèòåëüíûå ñâîéñòâà [5]

ReW

{
∂ψk(τ,γ)

∂τ

}
k (0) = −ψk(0, γ);

ImW

{
∂ψk(τ,γ)

∂τ

}
k (0) = 0.
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Òàáëèöà 7.1. Îñíîâíûå è ðàñøèðåííûå ñâîéñòâà â ÷àñòîòíîé îáëàñòè

ψk(τ, γ)

∞∫
0

ReW
{ψk(τ,γ)}
k (jω)dω

∞∫
0

ImW
{ψk(τ,γ)}
k (jω)dω ReW

{
∂ψk(τ,γ)

∂τ

}
k (0) ImW

{
∂ψk(τ,γ)

∂τ

}
k (0)

Lk(τ, γ)
π

2
0 −1 0

L
(1)
k (τ, γ)

π(k + 1)

2
0 −k − 1 0

L
(2)
k (τ, γ)

π(k + 1)(k + 2)

4
0 − (k + 1)(k + 2)

2
0

L
(α)
k (τ, γ)

π

2

(
k + α

α

)
0 −

(
k + α

α

)
0

P
(−1/2,0)
k (τ, γ)

π

2
(−1)k 0 (−1)k+1 0

Legk(τ, γ)
π

2
(−1)k 0 (−1)k+1 0

P
(1/2,0)
k (τ, γ)

π

2
(−1)k 0 (−1)k+1 0

P
(1,0)
k (τ, γ)

π

2
(−1)k 0 (−1)k+1 0

P
(2,0)
k (τ, γ)

π

2
(−1)k 0 (−1)k+1 0

P
(α,0)
k (τ, γ)

π

2
(−1)k 0 (−1)k+1 0

P
(0,1)
k (τ, γ)

π(k + 1)

2
(−1)k 0 (−1)k+1(k + 1) 0

P
(0,2)
k (τ, γ)

π(k + 1)(k + 2)

4
(−1)k 0 (−1)k+1 (k + 1)(k + 2)

2
0

P
(0,β)
k (τ, γ) (−1)k

π

2

(
k + β

β

)
0 (−1)k+1

(
k + β

β

)
0



Ãëàâà 8

Îñíîâíûå è ðàñøèðåííûå ñîîòíîøåíèÿ

îðòîãîíàëüíîñòè

â ÷àñòîòíîé îáëàñòè

Îïðåäåëåíèå.

Äëÿ îðòîãîíàëüíûõ ôóíêöèé ñ åäèíè÷íîé âåñîâîé ôóíêöèåé â ÷àñòîòíîé îáëàñòè òàêæå ñïðàâåäëèâû
ñîîòíîøåíèÿ îðòîãîíàëüíîñòè [8, 10, 5]


∫ ∞

0

ReW
{ψk(τ,γ)}
k (jω)ReW {ψn(τ,γ)}

n (jω)dω =
π

2

∥∥ψk∥∥2δk,n;∫ ∞

0

ImW
{ψk(τ,γ)}
k (jω)ImW {ψn(τ,γ)}

n (jω)dω =
π

2

∥∥ψk∥∥2δk,n.
Ñîîòíîøåíèå îðòîãîíàëüíîñòè äàåò âîçìîæíîñòü çàïèñàòü ðàâåíñòâî, ñâÿçûâàþùåå âðåìåííóþ è ÷à-

ñòîòíóþ îáëàñòè (òåîðåìà Ïàðñåâàëÿ) [5, 12]

∫ ∞

0

(
ReW

{ψk(τ,γ)}
k (jω)

)2

dω =
π

2

∫ ∞

0

(
ψk(τ, γ)

)2

dτ.

8.1 Îñíîâíûå ñîîòíîøåíèÿ

îðòîãîíàëüíîñòè

[8.1]

∞∫
0

ReW
{Ls(τ,γ)}
s (jω)ReW

{Lk(τ,γ)}
k (jω)dω =

=


π

2γ
, åñëè k = s;

0, èíà÷å.

[8.2]

∞∫
0

ImW
{Ls(τ,γ)}
s (jω)ImW

{Lk(τ,γ)}
k (jω)dω =

=


π

2γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.1],[8.2] =
π

2γ


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

.
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0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 8.1. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.1], [8.2]
ïðè k = 0..5, s = 0..5; γ = 1

[8.3]

∞∫
0

ReW
{P (−1/2,0)
s (τ,γ)}

s (jω)×

× ReW
{P (−1/2,0)
k

(τ,γ)}
k (jω)dω =

=


π

2(4k + 1)γ
, åñëè k = s;

0, èíà÷å.

[8.4]

∞∫
0

ImW
{P (−1/2,0)
s (τ,γ)}

s (jω)×

× ImW
{P (−1/2,0)
k

(τ,γ)}
k (jω)dω =

=


π

2(4k + 1)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.4],[??] =
π

4γ


1 0 0 0 0 0
0 1/5 0 0 0 0
0 0 1/9 0 0 0
0 0 0 1/13 0 0
0 0 0 0 1/17 0
0 0 0 0 0 1/21

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 8.2. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.4], [??]
ïðè k = 0..5, s = 0..5; γ = 1

[8.5]

∞∫
0

ReW
{Legs(τ,γ)}
s (jω)ReW

{Legk(τ,γ)}
k (jω)dω =

=


π

4(2k + 1)γ
, åñëè k = s;

0, èíà÷å.

[8.6]

∞∫
0

ImW
{Legs(τ,γ)}
s (jω)ImW

{Legk(τ,γ)}
k (jω)dω =

=


π

4(2k + 1)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.5],[8.6] =
π

4γ


1 0 0 0 0 0
0 1/3 0 0 0 0
0 0 1/5 0 0 0
0 0 0 1/7 0 0
0 0 0 0 1/9 0
0 0 0 0 0 1/11

.
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0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 8.3. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.5], [8.6]
ïðè k = 0..5, s = 0..5; γ = 1

[8.7]

∞∫
0

ReW
{P (1/2,0)
s (τ,γ)}

s (jω)×

× ReW
{P (1/2,0)
k

(τ,γ)}
k (jω)dω =

=


π

2(4k + 3)γ
, åñëè k = s;

0, èíà÷å.

[8.8]

∞∫
0

ImW
{P (1/2,0)
s (τ,γ)}

s (jω)×

× ImW
{P (1/2,0)
k

(τ,γ)}
k (jω)dω =

=


π

2(4k + 3)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.7],[8.8] =
π

4γ


1/3 0 0 0 0 0
0 1/7 0 0 0 0
0 0 1/11 0 0 0
0 0 0 1/15 0 0
0 0 0 0 1/19 0
0 0 0 0 0 1/23

.

0 1 2 3 4 k

1

2

3

4

s

Ðèñ. 8.4. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.7], [8.8]
ïðè k = 0..5, s = 0..5; γ = 1

[8.9]

∞∫
0

ReW
{P (1,0)
s (τ,γ)}

s (jω)×

× ReW
{P (1,0)
k

(τ,γ)}
k (jω)dω =

=


π

4(k + 1)γ
, åñëè k = s;

0, èíà÷å.

[8.10]

∞∫
0

ImW
{P (1,0)
s (τ,γ)}

s (jω)×

× ImW
{P (1,0)
k

(τ,γ)}
k (jω)dω =

=


π

4(k + 1)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.9],[8.10] =
π

4γ


1 0 0 0 0 0
0 1/2 0 0 0 0
0 0 1/3 0 0 0
0 0 0 1/4 0 0
0 0 0 0 1/5 0
0 0 0 0 0 1/6

.
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Ðèñ. 8.5. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.9], [8.10]
ïðè k = 0..5, s = 0..5; γ = 1

[8.11]

∞∫
0

ReW
{P (2,0)
s (τ,γ)}

s (jω)(τ, γ)×

× ReW
{P (2,0)
k

(τ,γ)}
k (jω)dω =

=


π

4(2k + 3)γ
, åñëè k = s;

0, èíà÷å.

[8.12]

∞∫
0

ImW
{P (2,0)
s (τ,γ)}

s (jω)(τ, γ)×

× ImW
{P (2,0)
k

(τ,γ)}
k (jω)dω =

=


π

4(2k + 3)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.11],[8.12] =
π

4γ


1/3 0 0 0 0 0
0 1/5 0 0 0 0
0 0 1/7 0 0 0
0 0 0 1/9 0 0
0 0 0 0 1/11 0
0 0 0 0 0 1/13

.
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Ðèñ. 8.6. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.11],
[8.12] ïðè k = 0..5, s = 0..5; γ = 1

[8.13]

∞∫
0

ReW
{P (α,0)
s (τ,γ)}

s (jω)(τ, γ)×

× ReW
{P (α,0)
k

(τ,γ)}
k (jω)dω =

=


π

2c(2k + α+ 1)γ
, åñëè k = s;

0, èíà÷å.

[8.14]

∞∫
0

ImW
{P (α,0)
s (τ,γ)}

s (jω)(τ, γ)×

× ImW
{P (α,0)
k

(τ,γ)}
k (jω)dω =

=


π

2c(2k + α+ 1)γ
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.13],[8.14] =
π

2cγ
×

×



1
(α+1)

0 0 0 0 0

0 1
(α+3)

0 0 0 0

0 0 1
(α+5)

0 0 0

0 0 0 1
(α+7)

0 0

0 0 0 0 1
(α+9)

0

0 0 0 0 0 1
(α+11)


.
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à)

0
1

2
3

4
α

0
1

2
3

4
k

0, 2

0, 4

0, 6

∥ReW
{P (α,0)
k

}
k ∥2

á)

0, 5
1, 5

2, 5
3, 5

4, 5
γ 0

1
2

3

4
k

0, 2

0, 4

0, 6

∥ReW
{P (α,0)
k

}
k ∥2

Ðèñ. 8.7. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèÿ [8.13], [8.14] ïðè k = 0..5 è k = s: à) γ = 1, c = 2, α ∈ [0; 5]; á) γ ∈ [0, 5; 5, 5],
c = 2, α = 1

8.2 Ðàñøèðåííûå ñîîòíîøåíèÿ

îðòîãîíàëüíîñòè

[8.15]

∞∫
0

∂ImW
{Ls(τ,γ)}
s (jω)

∂ω
ReW

{Lk(τ,γ)}
k (jω)dω =

=



(k + 1)π

2γ2
, åñëè k = s− 1;

−
(2k + 1)π

2γ2
, åñëè k = s;

kπ

2γ2
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.15] =
π

2γ2


−1 1 0 0 0 0
1 −3 2 0 0 0
0 2 −5 3 0 0
0 0 3 −7 4 0
0 0 0 4 −9 5
0 0 0 0 5 −11

.

[8.16]

∞∫
0

∂ReW
{Ls(τ,γ)}
s (jω)

∂ω
ImW

{Lk(τ,γ)}
k (jω)dω =

=



−
(k + 1)π

2γ2
, åñëè k = s− 1;

(2k + 1)π

2γ2
, åñëè k = s;

−
kπ

2γ2
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.16] =
π

2γ2


1 −1 0 0 0 0
−1 3 −2 0 0 0
0 −2 5 −3 0 0
0 0 −3 7 −4 0
0 0 0 −4 9 −5
0 0 0 0 −5 11

.
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Ðèñ. 8.8. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.15],
[8.16] ïðè k = 0..5, s = 0..5; γ = 1

[8.17]

∞∫
0

ReW

{
∂Ls(τ,γ)

∂τ

}
s (jω)ReW

{Lk(τ,γ)}
k (jω)dω =

=


−
π

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.
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[8.18]

∞∫
0

ImW

{
∂Ls(τ,γ)

∂τ

}
s (jω)ImW

{Lk(τ,γ)}
k (jω)dω =

=


−
π

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.17],[8.18] =
π

2
×

×


−1/2 0 0 0 0 0
−1 −1/2 0 0 0 0
−1 −1 −1/2 0 0 0
−1 −1 −1 −1/2 0 0
−1 −1 −1 −1 −1/2 0
−1 −1 −1 −1 −1 −1/2

.
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Ðèñ. 8.9. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.17],
[8.18] ïðè k = 0..5, s = 0..5; γ = 1

[8.19]

∞∫
0

ImW

{
∂Ls(τ,γ)

∂τ

}
s (jω)

∂ReW
{Lk(τ,γ)}
k (jω)

∂ω
dω =

=



−
(k + 1)π

4γ
, åñëè k = s− 1;

−
π

4γ
, åñëè k = s;

kπ

4γ
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.19] =
π

4γ


−1 1 0 0 0 0
−1 −1 2 0 0 0
0 −2 −1 3 0 0
0 0 −3 −1 4 0
0 0 0 −4 −1 5
0 0 0 0 −5 −1

.

[8.20]

∞∫
0

ReW

{
∂Ls(τ,γ)

∂τ

}
s (jω)

∂ImW
{Lk(τ,γ)}
k (jω)

∂ω
dω =

=



(k + 1)π

4γ
, åñëè k = s− 1;

π

4γ
, åñëè k = s;

−
kπ

4γ
, åñëè k = s+ 1;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.20] =
π

4γ


1 −1 0 0 0 0
1 1 −2 0 0 0
0 2 1 −3 0 0
0 0 3 1 −4 0
0 0 0 4 1 −5
0 0 0 0 5 1

.
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Ðèñ. 8.10. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.19],
[8.20] ïðè k = 0..5, s = 0..5; γ = 1

[8.21]

∞∫
0

ReW

{
∂Ls(τ,γ)

∂τ

}
s (jω)ReW

{
∂Lk(τ,γ)

∂τ

}
k (jω)dω−

−
(2k + 1)γπ

4
=


−
(k − s)γπ

2
, åñëè k > s;

−
γπ

8
, åñëè k = s;

0, èíà÷å.

[8.22]

∞∫
0

ImW

{
∂Ls(τ,γ)

∂τ

}
s (jω) ImW

{
∂Lk(τ,γ)

∂τ

}
k (jω)dω−

−
(2k + 1)γπ

4
=


−
(k − s)γπ

2
, åñëè k > s;

−
γπ

8
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.21],[8.22] =
πγ

2
×
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×


−1/4 0 0 0 0 0
−1 −1/4 0 0 0 0
−2 −1 −1/4 0 0 0
−3 −2 −1 −1/4 0 0
−4 −3 −2 −1 −1/4 0
−5 −4 −3 −2 −1 −1/4

.
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4

s

Ðèñ. 8.11. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.21],
[8.22] ïðè k = 0..5, s = 0..5; γ = 1

[8.23]

∞∫
0

ImW
{Ls(τ,γ)}
s (jω)ReW

{Lk(τ,γ)}
k (jω)dω =



1

s− k
, åñëè (k + 1) mod 2 ̸= 0;

−
1

2k + 1
, åñëè k = s;

−
1

k + s+ 1
, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.23] =

=


−1 −1 −1/3 −1/3 −1/5 −1/5
1 −1/3 −1 −1/5 −1/3 −1/7

−1/3 1 −1/5 −1 −1/7 −1/3
1/3 −1/5 1 −1/7 −1 −1/9
−1/5 1/3 −1/7 1 −1/9 −1
1/5 −1/7 1/3 −1/9 1 −1/11

.

[8.24]

∞∫
0

ReW
{Ls(τ,γ)}
s (jω)ImW

{Lk(τ,γ)}
k (jω)dω =


−

1

s− k
, åñëè (k + 1) mod 2 ̸= 0;

1

2k + 1
, åñëè k = s;

1

k + s+ 1
, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.24] =

=


−1 1 −1/3 1/3 −1/5 1/5
−1 −1/3 1 −1/5 1/3 −1/7

−1/3 −1 −1/5 1 −1/7 1/3
−1/3 −1/5 −1 −1/7 1 −1/9
−1/5 −1/3 −1/7 −1 −1/9 1
−1/5 −1/7 −1/3 −1/9 −1 −1/11

.
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Ðèñ. 8.12. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.23],
[8.24] ïðè k = 0..5, s = 0..5; γ = 1

[8.25]

∞∫
0

ReW
{L(1)
s (τ,γ)}

s (jω)ReW
{L(1)
k

(τ,γ)}
k (jω)dω−

−
π(k + 1)

2γ
=

−
(k − s)γπ

2
, åñëè k > s;

0, èíà÷å.

[8.26]

∞∫
0

ImW
{L(1)
s (τ,γ)}

s (jω)ImW
{L(1)
k

(τ,γ)}
k (jω)dω−

−
π(k + 1)

2γ
=

−
(k − s)γπ

2
, åñëè k > s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.25],[8.26] =
π

2γ
×

×


0 0 0 0 0 0
−1 0 0 0 0 0
−2 −1 0 0 0 0
−3 −2 −1 0 0 0
−4 −3 −2 −1 0 0
−5 −4 −3 −2 −1 0

.
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Ðèñ. 8.13. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.25],
[8.26] ïðè k = 0..5, s = 0..5; γ = 1

[8.27]

∞∫
0

ReW

{
∂P

(−1/2,0)
s (τ,γ)

∂τ

}
s (jω)×

× ReW
{P (−1/2,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

[8.28]

∞∫
0

ImW

{
∂P

(−1/2,0)
s (τ,γ)

∂τ

}
s (jω)×

× ImW
{P (−1/2,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.27],[8.28] =
π

2
×

×


−1/2 0 0 0 0 0

1 −1/2 0 0 0 0
−1 1 −1/2 0 0 0
1 −1 1 −1/2 0 0
−1 1 −1 1 −1/2 0
1 −1 1 −1 1 −1/2

.
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Ðèñ. 8.14. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.27],
[8.28] ïðè k = 0..5, s = 0..5; γ = 1

[8.29]

∞∫
0

ReW

{
∂Legs(τ,γ)

∂τ

}
s (jω)×

× ReW
{Legk(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

[8.30]

∞∫
0

ImW

{
∂Legs(τ,γ)

∂τ

}
s (jω)×

× ImW
{Legk(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.29],[8.30] =
π

2
×

×


−1/2 0 0 0 0 0

1 −1/2 0 0 0 0
−1 1 −1/2 0 0 0
1 −1 1 −1/2 0 0
−1 1 −1 1 −1/2 0
1 −1 1 −1 1 −1/2

.
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Ðèñ. 8.15. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.29],
[8.30] ïðè k = 0..5, s = 0..5; γ = 1

[8.31]

∞∫
0

ReW

{
∂P

(1/2,0)
s (τ,γ)

∂τ

}
s (jω)×

× ReW
{P (1/2,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

[8.32]

∞∫
0

ImW

{
∂P

(1/2,0)
s (τ,γ)

∂τ

}
s (jω)×

× ImW
{P (1/2,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.31],[8.32] =
π

2
×

×


−1/2 0 0 0 0 0

1 −1/2 0 0 0 0
−1 1 −1/2 0 0 0
1 −1 1 −1/2 0 0
−1 1 −1 1 −1/2 0
1 −1 1 −1 1 −1/2

.
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Ðèñ. 8.16. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.31],
[8.32] ïðè k = 0..5, s = 0..5; γ = 1

[8.33]

∞∫
0

ReW

{
∂P

(1,0)
s (τ,γ)
∂τ

}
s (jω)×

× ReW
{P (1,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

[8.34]

∞∫
0

ImW

{
∂P

(1,0)
s (τ,γ)
∂τ

}
s (jω)×

× ImW
{P (1,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.33],[8.34] =
π

2
×

×


−1/2 0 0 0 0 0

1 −1/2 0 0 0 0
−1 1 −1/2 0 0 0
1 −1 1 −1/2 0 0
−1 1 −1 1 −1/2 0
1 −1 1 −1 1 −1/2

.
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Ðèñ. 8.17. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.33],
[8.34] ïðè k = 0..5, s = 0..5; γ = 1

[8.35]

∞∫
0

ReW

{
∂P

(2,0)
s (τ,γ)
∂τ

}
s (jω)×

× ReW
{P (2,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

[8.36]

∞∫
0

ImW

{
∂P

(2,0)
s (τ,γ)
∂τ

}
s (jω)×

× ImW
{P (2,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

Ìàòðèöà çíà÷åíèé ïðè k = 0..5; s = 0..5:

M[8.35],[8.36] =
π

2
×

×


−1/2 0 0 0 0 0

1 −1/2 0 0 0 0
−1 1 −1/2 0 0 0
1 −1 1 −1/2 0 0
−1 1 −1 1 −1/2 0
1 −1 1 −1 1 −1/2

.
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Ðèñ. 8.18. Ãðàôè÷åñêîå ïðåäñòàâëåíèå ñîîòíîøåíèé [8.35],
[8.36] ïðè k = 0..5, s = 0..5; γ = 1

[8.37]

∞∫
0

ReW

{
∂P

(α,0)
s (τ,γ)
∂τ

}
s (jω)×

× ReW
{P (α,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.

[8.38]

∞∫
0

ImW

{
∂P

(α,0)
s (τ,γ)
∂τ

}
s (jω)×

× ImW
{P (α,0)
k

(τ,γ)}
k (jω)dω =

=


−
π(−1)k+s

2
, åñëè k > s;

−
π

4
, åñëè k = s;

0, èíà÷å.



Ãëàâà 9

Ðåêóððåíòíûå ñîîòíîøåíèÿ

Îïðåäåëåíèå.

Äëÿ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ ßêîáè ñïðàâåäëèâî ñëåäóþùåå ðåêóððåíòíîå ñîîòíîøåíèå [13, 15]:

2(k + 1)(α+ β + k + 1)(α+ β + 2k)P
(α,β)
k+1 (x) =

=
(
(α+ β + 2k)(α+ β + 2k + 2)x+ α2 − β2

)
(α+ β + 2k + 1)P

(α,β)
k (x)−

− 2(α+ k)(β + k)(α+ β + 2k + 2)P
(α,β)
k−1 (x).

Äëÿ îáîáùåííûõ ìíîãî÷ëåíîâ Ëàãåððà ñïðàâåäëèâî ñëåäóþùåå ðåêóððåíòíîå ñîîòíîøåíèå [13, 15]:

(k + 1)L
(α)
k+1(x) = (α+ 2k + 1− x)L

(α)
k (x)− (α+ k)L

(α)
k−1(x).

Àíàëîãè÷íûå ñîîòíîøåíèÿ äëÿ îðòîãîíàëüíûõ ôóíêöèé ïîëó÷åíû ñ ó÷åòîì çàìåí ïåðåìåííûõ, ïðèâå-
äåííûõ â Ãëàâå 1 [9].

9.1 Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ

îðòîãîíàëüíûõ ôóíêöèé

[9.1] Lk(τ, γ) =
2k − 1− γτ

k
Lk−1(τ, γ)−

−
k − 1

k
Lk−2(τ, γ).

[9.2] L
(1)
k (τ, γ) =

2k − γτ

k
L
(1)
k−1(τ, γ)− L

(1)
k−2(τ, γ).

[9.3] L
(2)
k (τ, γ) =

2k + 1− γτ

k
L
(2)
k−1(τ, γ)−

−
k + 1

k
L
(2)
k−2(τ, γ).

[9.4] L
(α)
k (τ, γ) =

2k + α− 1− γτ

k
L
(α)
k−1(τ, γ)−

−
k + α− 1

k
L
(α)
k−2(τ, γ).

[9.5] P
(−1/2,0)
k (τ, γ) =

=

(
(4k − 5)(4k − 1)

(
1− 2 exp(−2γτ)

)
+ 1
)

4k(4k − 5)(2k − 1)
×

× (4k − 3)P
(−1/2,0)
k−1 (τ, γ)−

(k − 1)(2k − 3)(4k − 1)

k(2k − 1)(4k − 5)
×

× P
(−1/2,0)
k−2 (τ, γ).

[9.6] Legk(τ, γ) =
2k − 1

k

(
1− 2 exp(−2γτ)

)
×

× Legk−1(τ, γ)−
k − 1

k
Legk−2(τ, γ).

[9.7] P
(1/2,0)
k (τ, γ) =

=

(
(4k − 3)(4k + 1)

(
1− 2 exp(−2γτ)

)
+ 1
)

4k(4k − 3)(2k + 1)
×

× (4k − 1)P
(1/2,0)
k−1 (τ, γ)−

(k − 1)(2k − 1)(4k + 1)

k(2k + 1)(4k − 3)
×

× P
(1/2,0)
k−2 (τ, γ).
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[9.8] P
(1,0)
k (τ, γ) =

=

(
(2k − 1)(2k + 1)

(
1− 2 exp(−γτ)

)
+ 1
)

(2k − 1)(k + 1)
×

× P
(1,0)
k−1 (τ, γ)−

(k − 1)(2k + 1)

(2k − 1)(k + 1)
P

(1,0)
k−2 (τ, γ).

[9.9] P
(2,0)
k (τ, γ) =

=

(
k(k + 1)

(
1− 2 exp(−2γτ)

)
+ 1
)
(2k + 1)

k2(k + 2)
×

× P
(2,0)
k−1 (τ, γ)−

(k − 1)(k + 1)2

k2(k + 2)
P

(2,0)
k−2 (τ, γ).

[9.10] P
(α,0)
k (τ, γ) =

=

(
(α+ 2k)(α+ 2k − 2)

(
1− 2 exp(−cγτ)

)
+ α2

)
2k(α+ 2k − 2)(α+ k)

×

×(α+2k−1)P
(α,0)
k−1 (τ, γ)−

(α+ k − 1)(k − 1)(α+ 2k)

k(α+ 2k − 2)(α+ k)
×

× P
(α,0)
k−2 (τ, γ).

[9.11] P
(0,1)
k (τ, γ) =

=

(
(2k − 1)(2k + 1)

(
1− 2 exp(−2γτ)

)
− 1
)

(k + 1)(2k − 1)
×

× P
(0,1)
k−1 (τ, γ)−

(k − 1)(2k + 1)

(k + 1)(2k − 1)
P

(0,1)
k−2 (τ, γ).

[9.12] P
(0,2)
k (τ, γ) =

=

(
k(k + 1)

(
1− 2 exp(−2γτ)

)
− 1
)
(2k + 1)

k2(k + 2)
×

× P
(0,2)
k−1 (τ, γ)−

(k − 1)(k + 1)2

k2(k + 2)
P

(0,2)
k−2 (τ, γ).

[9.13] P
(0,β)
k (τ, γ) =

=

(
(β + 2k)(β + 2k − 2)

(
1− 2 exp(−cγτ)

)
− β2

)
2k(β + 2k − 2)(β + k)

×

×(β+2k−1)P
(0,β)
k−1 (τ, γ)−

(β + k − 1)(k − 1)(β + 2k)

k(β + 2k − 2)(β + k)
×

× P
(0,β)
k−2 (τ, γ).

9.2 Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ

ïðîèçâîäíûõ îðòîãîíàëüíûõ

ôóíêöèé

[9.14]
∂P

(−1/2,0)
k (τ, γ)

∂τ
=
∂P

(−1/2,0)
k−2 (τ, γ)

∂τ
−

−γ
(
(4k + 1)

2
P

(−1/2,0)
k (τ, γ)−(4k−3)P

(−1/2,0)
k−1 (τ, γ)+

+
(4k − 7)

2
P

(− 1
2
,0)

k−2 (τ, γ)

)
.

[9.15]
∂Legk(τ, γ)

∂τ
=
∂Legk−2(τ, γ)

∂τ
−

− γ
(
(2k + 1)Legk(τ, γ)− 2(2k − 1)Legk−1(τ, γ)+

+ (2k − 3)Legk−2(τ, γ)
)
.

[9.16]
∂P

(1/2,0)
k (τ, γ)

∂τ
=
∂P

(1/2,0)
k−2 (τ, γ)

∂τ
−

− γ

(
(4k + 3)

2
P

(1/2,0)
k (τ, γ)− (4k − 1)P

(1/2,0)
k−1 (τ, γ)+

+
(4k − 5)

2
P

(1/2,0)
k−2 (τ, γ)

)
.

[9.17]
∂P

(1,0)
k (τ, γ)

∂τ
=
∂P

(1,0)
k−2 (τ, γ)

∂τ
−

− γ
(
(k + 1)P

(1,0)
k (τ, γ)− 2kP

(1,0)
k−1 (τ, γ)+

+ (k − 1)P
(1,0)
k−2 (τ, γ)

)
.

[9.18]
∂P

(2,0)
k (τ, γ)

∂τ
=
∂P

(2,0)
k−2 (τ, γ)

∂τ
−

− γ
(
(2k + 3)P

(2,0)
k (τ, γ)− 2(2k + 1)P

(2,0)
k−1 (τ, γ)+

+ (2k − 1)P
(2,0)
k−2 (τ, γ)

)
.

[9.19]
∂P

(α,0)
k (τ, γ)

∂τ
=
∂P

(α,0)
k−2 (τ, γ)

∂τ
−

− cγ/2
(
(α+ 2k + 1)P

(α,0)
k (τ, γ)− 2(α+ 2k − 1)×

× P
(α,0)
k−1 (τ, γ) + (α+ 2k − 3)P

(α,0)
k−2 (τ, γ)

)
.

[9.20]
∂P

(0,1)
k (τ, γ)

∂τ
=

=
(2k + 1)

(k + 1)

(
∂Legk(τ, γ)

∂τ
+
∂Legk−1(τ, γ)

∂τ

)
−

−
(
(2k − 1)(2k + 1) + 1

)
(k + 1)(2k − 1)

∂P
(0,1)
k−1 (τ, γ)

∂τ
−

−
(k − 1)(2k + 1)

(k + 1)(2k − 1)

∂P
(0,1)
k−2 (τ, γ)

∂τ
.
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[9.21]
∂P

(0,2)
k (τ, γ)

∂τ
=

=
2(k + 1)

k(k + 2)

(
k
∂P

(0,1)
k (τ, γ)

∂τ
+ (k + 1)

∂P
(0,1)
k−1 (τ, γ)

∂τ

)
−

−
(
k(k + 1) + 1

)
k2(k + 2)

(2k + 1)
∂P

(0,2)
k−1 (τ, γ)

∂τ
−

−
(k − 1)(k + 1)2

k2(k + 2)

∂P
(0,2)
k−2 (τ, γ)

∂τ
.

[9.22]
∂P

(0,β)
k (τ, γ)

∂τ
=

(β + 2k)

k(β + k)
×

×
(
k
∂P

(0,β−1)
k (τ, γ)

∂τ
+ (k+ β − 1)

∂P
(0,β−1)
k−1 (τ, γ)

∂τ

)
−

−
(
(β + 2k)(β + 2k − 2) + 1

)
2k(β + 2k − 2)(β + k)

(β+2k−1)
∂P

(0,β)
k−1 (τ, γ)

∂τ
−

−
(β + k − 1)(k − 1)(β + 2k)

k(β + 2k − 2)(β + k)

∂P
(0,β)
k−2 (τ, γ)

∂τ
.

9.3 Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ

íåîïðåäåëåííûõ èíòåãðàëîâ îò

îðòîãîíàëüíûõ ôóíêöèé

[9.23]

∫
Lk(τ, γ)dτ = −2

k−1∑
ν=0

∫
Lν(τ, γ)dτ −

2

γ
Lk(τ, γ).

[9.24]

∫
τLk(τ, γ)dτ = −

k + 1

γ

∫
Lk+1(τ, γ)dτ+

+
2k + 1

γ

∫
Lk(τ, γ)dτ −

k

γ

∫
Lk−1(τ, γ)dτ.

[9.25]

∫
τLk(τ, γ)dτ = −

4

γ

k−1∑
ν=0

(
Lν(τ, γ)τ−

−
∫
Lν(τ, γ)dτ

)
(−1)k+ν−

2

γ

(
Lk(τ, γ)τ−

∫
Lk(τ, γ)dτ

)
.

[9.26]

∫
L
(1)
k (τ, γ)µ{L

(1)
k

(τ,γ)}(τ, γ)dτ =

=

∫
τLk(τ, γ)dτ+

∫
L
(1)
k−1(τ, γ)µ

{L(1)
k

(τ,γ)}(τ, γ)dτ.

[9.27]

∫
L
(1)
k (τ, γ)µ{L

(1)
k

(τ,γ)}(τ, γ)dτ =

= −
1

2

∫
τLk+1(τ, γ)dτ+

1

γ

∫
Lk+1(τ, γ)dτ−

1

γ
τLk+1(τ, γ).

[9.28]

∫
τL

(1)
k (τ, γ)µ{L

(1)
k

(τ,γ)}(τ, γ)dτ =

= −
k + 1

γ

∫
L
(1)
k+1(τ, γ)µ

{L(1)
k

(τ,γ)}(τ, γ)dτ+
2(k + 1)

γ
×

×
∫
L
(1)
k (τ, γ)µ{L

(1)
k

(τ,γ)}(τ, γ)dτ−

−
k + 1

γ

∫
L
(1)
k−1(τ, γ)µ

{L(1)
k

(τ,γ)}(τ, γ)dτ.

[9.29]

∫
L
(2)
k (τ, γ)µ{L

(2)
k

(τ,γ)}(τ, γ)dτ =

=

∫
τL

(1)
k (τ, γ)µ{L

(1)
k

(τ,γ)}(τ, γ)dτ+

+

∫
τL

(2)
k−1(τ, γ)µ

{L(1)
k

(τ,γ)}(τ, γ)dτ.

[9.30]

∫
L
(2)
k (τ, γ)µ{L

(2)
k

(τ,γ)}(τ, γ)dτ =

= −
1

2

∫
τL

(1)
k+1(τ, γ)µ

{L(1)
k

(τ,γ)}(τ, γ)dτ +
2

γ
×

×
∫
L
(1)
k+1(τ, γ)µ

{L(1)
k

(τ,γ)}(τ, γ)dτ−
1

γ
τ2L

(1)
k+1(τ, γ).

[9.31]

∫
τL

(2)
k (τ, γ)µ{L

(2)
k

(τ,γ)}(τ, γ)dτ =

= −
k + 1

γ

∫
L
(2)
k+1(τ, γ)µ

{L(2)
k

(τ,γ)}(τ, γ)dτ +
2k + 3

γ
×

×
∫
L
(2)
k (τ, γ)µ{L

(2)
k

(τ,γ)}(τ, γ)dτ−

−
k + 2

γ

∫
L
(2)
k−1(τ, γ)µ

{L(2)
k

(τ,γ)}(τ, γ)dτ.

[9.32]

∫
L
(α)
k (τ, γ)µ{L

(α)
k

(τ,γ)}(τ, γ)dτ =

=

∫
L
(α−1)
k (τ, γ)µ{L

(α)
k

(τ,γ)}(τ, γ)dτ+

+

∫
L
(α)
k−1(τ, γ)µ

{L(α)
k

(τ,γ)}(τ, γ)dτ.

[9.33]

∫
L
(α)
k (τ, γ)µ{L

(α)
k

(τ,γ)}(τ, γ)dτ =

= −
1

2

∫
τL

(α−1)
k+1 (τ, γ)µ{L

(α−1)
k

(τ,γ)}(τ, γ)dτ +
α

γ
×

×
∫
L
(α−1)
k+1 (τ, γ)µ{L

(α−1)
k

(τ,γ)}(τ, γ)dτ −
1

γ
τα×

× L
(α−1)
k+1 (τ, γ).

[9.34]

∫
τL

(α)
k (τ, γ)µ{L

(α)
k

(τ,γ)}(τ, γ)dτ =

= −
k + 1

γ

∫
L
(α)
k+1(τ, γ)µ

{L(α)
k

(τ,γ)}(τ, γ)dτ+

+
2k + α+ 1

γ

∫
L
(α)
k (τ, γ)µ{L

(α)
k

(τ,γ)}(τ, γ)dτ−

−
k + α

γ

∫
L
(α)
k−1(τ, γ)µ

{L(α)
k

(τ,γ)}(τ, γ)dτ.
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[9.35]

∫
P

(−1/2,0)
k (τ, γ)dτ =

2(4k − 3)

4k + 1
×

×
∫
P

(−1/2,0)
k−1 (τ, γ)dτ−

(4k − 7)

4k + 1

∫
P

(−1/2,0)
k−2 (τ, γ)dτ−

−
2

γ(4k + 1)

(
P

(−1/2,0)
k (τ, γ)− P

(−1/2,0)
k−2 (τ, γ)

)
.

[9.36]

∫
τP

(−1/2,0)
k (τ, γ)dτ =

2(4k − 3)

4k + 1
×

×
∫
τP

(−1/2,0)
k−1 (τ, γ)dτ −

(4k − 7)

4k + 1
×

×
∫
τP

(−1/2,0)
k−2 (τ, γ)dτ −

2

γ(4k + 1)
×

×
((

P
(−1/2,0)
k (τ, γ)− P

(−1/2,0)
k−2 (τ, γ)

)
τ−

−
∫
P

(−1/2,0)
k (τ, γ)dτ +

∫
P

(−1/2,0)
k−2 (τ, γ)dτ

)
.

[9.37]

∫
τP

(−1/2,0)
k (τ, γ)dτ = −

4

γ(4k + 1)
×

×
k−1∑
ν=0

(
P

(−1/2,0)
ν (τ, γ)τ −

∫
P

(−1/2,0)
ν (τ, γ)dτ

)
−

−
2

γ(4k + 1)

(
P

(−1/2,0)
k (τ, γ)τ−

∫
P

(−1/2,0)
k (τ, γ)dτ

)
.

[9.38]

∫
Legk(τ, γ)dτ =

2(2k − 1)

2k + 1

∫
Legk−1(τ, γ)dτ−

−
(2k − 3)

2k + 1

∫
Legk−2(τ, γ)dτ −

1

γ(2k + 1)
×

×
(
Legk(τ, γ)− Legk−2(τ, γ)

)
.

[9.39]

∫
τLegk(τ, γ)dτ =

2(2k − 1)

2k + 1
×

×
∫
τLegk−1(τ, γ)dτ −

(2k − 3)

2k + 1

∫
τLegk−2(τ, γ)dτ−

−
1

γ(2k + 1)

((
Legk(τ, γ)− Legk−2(τ, γ)

)
τ−

−
∫
Legk(τ, γ)dτ +

∫
Legk−2(τ, γ)dτ

)
.

[9.40]

∫
τLegk(τ, γ)dτ = −

2

γ(2k + 1)
×

×
k−1∑
ν=0

(
Legν(τ, γ)τ −

∫
Legν(τ, γ)dτ

)
−

−
1

γ(2k + 1)

(
Legk(τ, γ)τ −

∫
Legk(τ, γ)dτ

)
.

[9.41]

∫
P

(1/2,0)
k (τ, γ)dτ =

2(4k − 1)

4k + 3
×

×
∫
P

(1/2,0)
k−1 (τ, γ)dτ −

(4k − 5)

4k + 3

∫
P

(1/2,0)
k−2 (τ, γ)dτ−

−
2

γ(4k + 3)

(
P

(1/2,0)
k (τ, γ)− P

(1/2,0)
k−2 (τ, γ)

)
.

[9.42]

∫
τP

(1/2,0)
k (τ, γ)dτ =

2(4k − 1)

4k + 3
×

×
∫
τP

(1/2,0)
k−1 (τ, γ)dτ −

(4k − 5)

4k + 3

∫
τP

(1/2,0)
k−2 (τ, γ)dτ−

−
2

γ(4k + 3)

((
P

(1/2,0)
k (τ, γ)− P

(1/2,0)
k−2 (τ, γ)

)
τ−

−
∫
P

(1/2,0)
k (τ, γ)dτ +

∫
P

(1/2,0)
k−2 (τ, γ)dτ

)
.

[9.43]

∫
τP

(1/2,0)
k (τ, γ)dτ = −

4

γ(4k + 3)
×

×
k−1∑
ν=0

(
P

(1/2,0)
ν (τ, γ)τ −

∫
P

(1/2,0)
ν (τ, γ)dτ

)
−

−
2

γ(4k + 3)

(
P

(1/2,0)
k (τ, γ)τ −

∫
P

(1/2,0)
k (τ, γ)dτ

)
.

[9.44]

∫
P

(1,0)
k (τ, γ)dτ =

2k

k + 1

∫
P

(1,0)
k−1 (τ, γ)dτ−

−
(k − 1)

k + 1

∫
P

(1,0)
k−2 (τ, γ)dτ −

1

γ(k + 1)
×

×
(
P

(1,0)
k (τ, γ)− P

(1,0)
k−2 (τ, γ)

)
.

[9.45]

∫
τP

(1,0)
k (τ, γ)dτ =

2k

k + 1

∫
τP

(1,0)
k−1 (τ, γ)dτ−

−
k − 1

k + 1

∫
τP

(2,0)
k−2 (τ, γ)dτ −

1

γ(k + 1)

((
P

(1,0)
k (τ, γ)−

−P (1,0)
k−2 (τ, γ)

)
τ−
∫
P

(1,0)
k (τ, γ)dτ+

∫
P

(1,0)
k−2 (τ, γ)dτ

)
.

[9.46]

∫
τP

(1,0)
k (τ, γ)dτ = −

2

γ(k + 1)
×

×
k−1∑
ν=0

(
P

(1,0)
ν (τ, γ)τ −

∫
P

(1,0)
ν (τ, γ)dτ

)
−

−
1

γ(k + 1)

(
P

(1,0)
k (τ, γ)τ −

∫
P

(1,0)
k (τ, γ)dτ

)
.

[9.47]

∫
P

(2,0)
k (τ, γ)dτ =

2(2k + 1)

2k + 3

∫
P

(2,0)
k−1 (τ, γ)dτ−

−
(2k − 1)

2k + 3

∫
P

(2,0)
k−2 (τ, γ)dτ −

1

γ(2k + 3)
×

×
(
P

(2,0)
k (τ, γ)− P

(2,0)
k−2 (τ, γ)

)
.
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[9.48]

∫
τP

(2,0)
k (τ, γ)dτ =

2(2k + 1)

2k + 3
×

×
∫
τP

(2,0)
k−1 (τ, γ)dτ −

2k − 1

2k + 3

∫
τP

(2,0)
k−2 (τ, γ)dτ−

−
1

γ(2k + 3)

((
P

(2,0)
k (τ, γ)− P

(2,0)
k−2 (τ, γ)

)
τ−

−
∫
P

(2,0)
k (τ, γ)dτ +

∫
P

(2,0)
k−2 (τ, γ)dτ

)
.

[9.49]

∫
τP

(2,0)
k (τ, γ)dτ = −

2

γ(2k + 3)
×

×
k−1∑
ν=0

(
P

(2,0)
ν (τ, γ)τ −

∫
P

(2,0)
ν (τ, γ)dτ

)
−

−
1

γ(2k + 3)

(
P

(2,0)
k (τ, γ)τ −

∫
P

(2,0)
k (τ, γ)dτ

)
.

[9.50]

∫
P

(α,0)
k (τ, γ)dτ =

2(α+ 2k − 1)

α+ 2k + 1
×

×
∫
P

(α,0)
k−1 (τ, γ)dτ −

(α+ 2k − 3)

α+ 2k + 1

∫
P

(α,0)
k−2 (τ, γ)dτ−

−
2

cγ(α+ 2k + 1)

(
P

(α,0)
k (τ, γ)− P

(α,0)
k−2 (τ, γ)

)
.

[9.51]

∫
τP

(α,0)
k (τ, γ)dτ =

2(α+ 2k − 1)

α+ 2k + 1
×

×
∫
τP

(α,0)
k−1 (τ, γ)dτ −

α+ 2k − 3

α+ 2k + 1

∫
τP

(α,0)
k−2 (τ, γ)dτ−

−
2

cγ(α+ 2k + 1)

((
P

(α,0)
k (τ, γ)− P

(α,0)
k−2 (τ, γ)

)
τ−

−
∫
P

(α,0)
k (τ, γ)dτ +

∫
P

(α,0)
k−2 (τ, γ)dτ

)
.

[9.52]

∫
τP

(α,0)
k (τ, γ)dτ = −

4

cγ(α+ 2k + 1)
×

×
k−1∑
ν=0

(
P

(α,0)
ν (τ, γ)τ −

∫
P

(α,0)
ν (τ, γ)dτ

)
−

−
2

cγ(α+ 2k + 1)

(
P

(α,0)
k (τ, γ)τ−

∫
P

(α,0)
k (τ, γ)dτ

)
.

[9.53]

∫
P

(0,1)
k (τ, γ)µ{P

(0,1)
k

(τ,γ)}(τ, γ)dτ =

=
1

2

(∫
Legk+1(τ, γ)dτ +

∫
Legk(τ, γ)dτ

)
.

[9.54]

∫
τP

(0,1)
k (τ, γ)µ{P

(0,1)
k

(τ,γ)}(τ, γ)dτ =

=
1

2

(∫
τLegk+1(τ, γ)dτ +

∫
τLegk(τ, γ)dτ

)
.

[9.55]

∫
P

(0,2)
k (τ, γ)µ{P

(0,2)
k

(τ,γ)}(τ, γ)dτ =

=
1

2(2k + 3)

(
(k + 1)

∫
Legk+2(τ, γ)dτ + (2k + 3)×

×
∫
Legk+1(τ, γ)dτ + (k + 2)

∫
Legk(τ, γ)dτ

)
.

[9.56]

∫
τP

(0,2)
k (τ, γ)µ{P

(0,2)
k

(τ,γ)}(τ, γ)dτ =

=
1

2(2k + 3)

(
(k + 1)

∫
τLegk+2(τ, γ)dτ + (2k + 3)×

×
∫
τLegk+1(τ, γ)dτ + (k + 2)

∫
τLegk(τ, γ)dτ

)
.

9.4 Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ

ïðåîáðàçîâàíèé Ôóðüå

[9.57] W
{L(α+1)
k

(τ,γ)}
k (jω) =

=
1

γ

(
1−W

{L(α)
k

(τ,γ)}
k (jω)

(
jω − γ/2

))
.

[9.58] W
{L(α+1)
k

(τ,γ)}
k (jω) =

=
1

γ

(
1 +W

{L(α)
k

(τ,γ)}
k (jω)

γ

2 cosφ
exp(−jφ)

)
,

φ = arctan
2ω

γ
.

[9.59] V
{L(α+1)
k

(τ,γ)}
k (jω) =

=
γ

(jω + γ/2)
V

{L(α)
k

(τ,γ)}
k (jω).

[9.60] V
{L(α+1)
k

(τ,γ)}
k (jω) =

= 2V
{L(α)
k

(τ,γ)}
k (jω) cosφ exp(−jφ),

φ = arctan
2ω

γ
.



180 Ðåêóððåíòíûå ñîîòíîøåíèÿ



Ãëàâà 10

Ñîîòíîøåíèÿ âçàèìîñâÿçè áàçèñíûõ

ôóíêöèé

Îïðåäåëåíèå.

Äàííûå îïðåäåëåíèÿ ïîëó÷åíû íà îñíîâå ïðåäñòàâëåíèÿ ôóíêöèîíàëüíîé õàðàêòåðèñòèêó k - òîãî
ïîðÿäêà ϑk(τ, γ), ñâÿçàííîé ñ ψk(τ, γ) â âèäå [7, 11, 5]

ϑk(τ, γ) =

∞∑
ν=0

βk,νψν(τ, γ),

ãäå

βk,ν =
1∥∥ψν(γ)∥∥2

∫ ∞

0

ϑk(τ, γ)ψν(τ, γ)µ
{ψν(τ,γ)}(τ, γ)dτ

� êîýôôèöèåíòû ðàçëîæåíèÿ ðÿäà,
è ïîíÿòèè ðàñøèðåííîãî ñîîòíîøåíèÿ îðòîãîíàëüíîñòè [5].

[10.1]

∫ ∞

0

ϑk(τ, γ)ψν(τ, γ)µ
{ψν(τ,γ)}(τ, γ)dτ = hk,ν(γ) (k = 0..K, ν = 0..K).

10.1 Ñîîòíîøåíèÿ âçàèìîñâÿçè

îðòîãîíàëüíûõ ôóíêöèé

[10.2] L
(1)
k (τ, γ) =

k∑
ν=0

Lν(τ, γ).

[10.3] L
(2)
k (τ, γ) =

k∑
ν=0

(k − ν + 1)Lν(τ, γ).

[10.4] Lk(τ, γ) = L
(1)
k (τ, γ)− L

(1)
k−1(τ, γ).

[10.5] L
(1)
k (τ, γ) = L

(2)
k (τ, γ)− L

(2)
k−1(τ, γ).

[10.6] L
(α+1)
k (τ, γ) =

=



k∑
ν=0

Lν(τ, γ), åñëè α = 0;

k∑
ν=0

Lν(τ, γ)

α−1∏
p=0

k + p+ 1− ν

p+ 1
, åñëè α > 0,

α ∈ N0.

[10.7] P
(0,1)
k (τ, γ) =

1

k + 1

k∑
ν=0

(2ν + 1)(−1)k+νLegν(τ, γ)).

[10.8] P
(0,2)
k (τ, γ) =

=
1

(k + 1)(k + 2)

k∑
ν=0

(2ν + 1)(−1)k+νLegν(τ, γ)×

×
(
(k + 1)(k + 2)− ν(ν + 1)

)
.
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[10.9] Legk(τ, γ) =
(k + 1)

2k + 1
P

(0,1)
k (τ, γ)+

+
k

2k + 1
P

(0,1)
k−1 (τ, γ).

[10.10] P
(0,1)
k (τ, γ) =

(k + 2)

2(k + 1)
P

(0,2)
k (τ, γ)+

+
k

2(k + 1)
P

(0,2)
k−1 (τ, γ).

[10.11] P
∗(0,β+1)
k (τ, γ) =

(−1)k

k + 1
×

×



k∑
ν=0

(2ν + 1)(−1)νLegν(τ, γ), åñëè β = 0;

k∑
ν=0

(2ν + 1)(−1)νLegν(τ, γ)×

×
β−1∏
p=0

(k + p+ 1− ν)(k + p+ 2 + ν)

(p+ 1)(k + p+ 2)
, åñëè β > 0,

β ∈ N0.

10.2 Ñîîòíîøåíèÿ âçàèìîñâÿçè

îðòîãîíàëüíûõ ôóíêöèé

è ïðîèçâîäíûõ îðòîãîíàëüíûõ

ôóíêöèé

[10.12]
∂Lk(τ, γ)

∂τ
= −γ

k−1∑
ν=0

Lν(τ, γ)−
γ

2
Lk(τ, γ).

[10.13]
∂L

(1)
k (τ, γ)

∂τ
= −γ

k−1∑
ν=0

L
(1)
ν (τ, γ)−

γ

2
L
(1)
k (τ, γ).

[10.14]
∂L

(1)
k (τ, γ)

∂τ
= −

γ

2

k−1∑
ν=0

(
2(k − ν) + 1

)
Lν(τ, γ)−

−
γ

2
Lk(τ, γ).

[10.15]
∂L

(2)
k (τ, γ)

∂τ
= −γ

k−1∑
ν=0

L
(2)
ν (τ, γ)−

γ

2
L
(2)
k (τ, γ).

[10.16]
∂L

(2)
k (τ, γ)

∂τ
= −

γ

2

k−1∑
ν=0

(k − ν + 1)2Lν(τ, γ)−

−
γ

2
Lk(τ, γ).

[10.17]
∂L

(α)
k (τ, γ)

∂τ
= −γ

k−1∑
ν=0

L
(α)
ν (τ, γ)−

γ

2
L
(α)
k (τ, γ).

[10.18]
∂P

(−1/2,0)
k (τ, γ)

∂τ
= −γ

k−1∑
ν=0

(4ν + 1)(−1)k+ν×

× P
(−1/2,0)
ν (τ, γ)−

γ(4k + 1)

2
P

(−1/2,0)
k (τ, γ).

[10.19]
∂Legk(τ, γ)

∂τ
= −2γ

k−1∑
ν=0

(2ν + 1)(−1)k+ν×

× Legν(τ, γ)− γ(2k + 1)Legk(τ, γ).

[10.20]
∂P

(1/2,0)
k (τ, γ)

∂τ
= −γ

k−1∑
ν=0

(4ν + 3)(−1)k+ν×

× P
(1/2,0)
ν (τ, γ)−

γ(4k + 3)

2
P

(1/2,0)
k (τ, γ).

[10.21]
∂P

(1,0)
k (τ, γ)

∂τ
= −2γ

k−1∑
ν=0

(ν + 1)(−1)k+ν×

× P
(1,0)
ν (τ, γ)− γ(k + 1)P

(1,0)
k (τ, γ).

[10.22]
∂P

(2,0)
k (τ, γ)

∂τ
= −2γ

k−1∑
ν=0

(2ν + 3)(−1)k+ν×

× P
(2,0)
ν (τ, γ)− γ(2k + 3)P

(2,0)
k (τ, γ).

[10.23]
∂P

(α,0)
k (τ, γ)

∂τ
= −cγ

k−1∑
ν=0

(α+ 2ν + 1)(−1)k+ν×

× P
(α,0)
ν (τ, γ)− cγ/2(α+ 2k + 1)P

(α,0)
k (τ, γ).

[10.24]
∂P

(0,1)
k (τ, γ)

∂τ
= −

4γ

(k + 1)

k−1∑
ν=0

(ν + 1)2(−1)k+ν×

× P
(0,1)
ν (τ, γ)− γ(2k + 1)P

(0,1)
k (τ, γ).

[10.25]
∂P

(0,1)
k (τ, γ)

∂τ
= −

γ

(k + 1)

k−1∑
ν=0

(
2k(k + 1)−

− 2ν(ν + 1) + 2k + 1
)
(−1)k+ν(2ν + 1)Legν(τ, γ)−

−
γ(2k + 1)2

(k + 1)
Legk(τ, γ).

[10.26]
∂P

(0,2)
k (τ, γ)

∂τ
= −

2γ

(k + 1)(k + 2)

k−1∑
ν=0

(ν + 1)×

× (ν + 2)(−1)k+ν(2ν + 3)P
(0,2)
ν (τ, γ)−

− γ(2k + 1)P
(0,2)
k (τ, γ).

[10.27]
∂P

(0,2)
k (τ, γ)

∂τ
= −

γ

(k + 1)(k + 2)
×

×
k−1∑
ν=0

(
(k+1)(k+ 2)

(
k(k+3)+ 1

)
−
(
2k(k+3)+ 3

)
×

× ν(ν + 1) + ν2(ν + 1)2
)
(−1)k+ν(2ν + 1)Legν(τ, γ)−

−
2γ(2k + 1)2

(k + 2)
Legk(τ, γ).
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10.3 Ñîîòíîøåíèÿ âçàèìîñâÿçè

îðòîãîíàëüíûõ ôóíêöèé

è íåîïðåäåëåííûõ èíòåãðàëîâ

îò îðòîãîíàëüíûõ ôóíêöèé

[10.28]

∫
Lk(τ, γ)dτ = −

4

γ

k−1∑
ν=0

(−1)k+νLν(τ, γ)−

−
2

γ
Lk(τ, γ).

[10.29]

∫
P

(−1/2,0)
k (τ, γ)dτ = −

4

γ(4k + 1)
×

×
k−1∑
ν=0

P
(−1/2,0)
ν (τ, γ)−

2

γ(4k + 1)
P

(−1/2,0)
k (τ, γ).

[10.30]

∫
Legk(τ, γ)dτ = −

2

γ(2k + 1)

k−1∑
ν=0

Legν(τ, γ)−

−
1

γ(2k + 1)
Legk(τ, γ).

[10.31]

∫
P

(1/2,0)
k (τ, γ)dτ = −

4

γ(4k + 3)
×

×
k−1∑
ν=0

P
(1/2,0)
ν (τ, γ)−

2

γ(4k + 3)
P

(1/2,0)
k (τ, γ).

[10.32]

∫
P

(1,0)
k (τ, γ)dτ = −

2

γ(k + 1)

k−1∑
ν=0

P
(1,0)
ν (τ, γ)−

−
1

γ(k + 1)
P

(1,0)
k (τ, γ).

[10.33]

∫
P

(2,0)
k (τ, γ)dτ = −

2

γ(2k + 3)

k−1∑
ν=0

P
(2,0)
ν (τ, γ)−

−
1

γ(2k + 3)
P

(2,0)
k (τ, γ).

[10.34]

∫
P

(α,0)
k (τ, γ)dτ = −

4

cγ(α+ 2k + 1)
×

×
k−1∑
ν=0

P
(α,0)
ν (τ, γ)−

2

cγ(α+ 2k + 1)
P

(α,0)
k (τ, γ).

10.4 Ñîîòíîøåíèÿ âçàèìîñâÿçè

ïðåîáðàçîâàíèé Ôóðüå

[10.35] W
{L(1)
k

(τ,γ)}
k (jω) =

k∑
ν=0

W
{Lν(τ,γ)}
ν (jω).

[10.36] W
{L(2)
k

(τ,γ)}
k (jω) =

k∑
ν=0

(k − ν + 1)W
{Lν(τ,γ)}
ν (jω).

[10.37] W
{L(α+1)
k

(τ,γ)}
k (jω) =

=



k∑
ν=0

W
{Lν(τ,γ)}
ν (jω), åñëè α = 0;

k∑
ν=0

W
{Lν(τ,γ)}
ν (jω)

α−1∏
p=0

k + p+ 1− ν

p+ 1
, åñëè α > 0,

α ∈ N0.

[10.38] W
{P (0,1)
k

(τ,γ)}
k (jω) =

1

k + 1

k∑
ν=0

(2ν + 1)×

× (−1)k+νW
{Legν(τ,γ)}
ν (jω).

[10.39] W
{P (0,2)
k

(τ,γ)}
k (jω) =

1

(k + 1)(k + 2)
×

×
k∑
ν=0

(2ν + 1)(−1)k+ν
(
(k + 1)(k + 2)− ν(ν + 1)

)
×

×W
{Legν(τ,γ)}
ν (jω).

[10.40] W
{P (0,β)
k

(τ,γ)}
k (jω) =

(−1)k

k + 1
×

×



k∑
ν=0

(2ν + 1)(−1)νW
{Legν(τ,γ)}
ν (jω), åñëè β = 0;

k∑
ν=0

(2ν + 1)(−1)νW
{Legν(τ,γ)}
ν (jω)×

×
β−1∏
p=0

(k + p+ 1− ν)(k + p+ 2 + ν)

(p+ 1)(k + p+ 2)
, åñëè β > 0,

β ∈ N0.
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Ãëàâà 11

Îáîáùåííûå õàðàêòåðèñòèêè

îðòîãîíàëüíûõ ôóíêöèé

Îïðåäåëåíèå.

Ïî àíàëîãèè ñ èçâåñòíûìè îïðåäåëåíèÿìè äëèòåëüíîñòè è ìîìåíòíûõ õàðàêòåðèñòèê ââåäåíû ñëåäó-
þùèå ïîíÿòèÿ:
� äëèòåëüíîñòè îðòîãîíàëüíûõ ôóíêöèé âî âðåìåííîé îáëàñòè [6]

τ
(2){ψk(τ,γ)}
k =

∞∫
0

ψk(τ, γ)dτ

|ψk(0, γ)|
;

τ
(4){ψk(τ,γ)}
k =

∞∫
0

(
ψk(τ, γ)

)2
dτ

(
ψk(0, γ)

)2 ;

� äëèòåëüíîñòè îðòîãîíàëüíûõ ôóíêöèé â ÷àñòîòíîé îáëàñòè

∆ω
(2){ReW

{ψk(τ,γ)}
k (jω)}

k =

∞∫
0

ReW
{ψk(τ,γ)}
k (jω)dω

|ReW {ψk(τ,γ)}
k (0)|

;

∆ω
(4){ReW

{ψk(τ,γ)}
k (jω)}

k =

∞∫
0

(
ReW

{ψk(τ,γ)}
k (jω)

)2
dω

(
ReW

{ψk(τ,γ)}
k (0)

)2 ;

� ìîìåíòíûå õàðàêòåðèñòèêè âî âðåìåííîé îáëàñòè [6, 14]

µ
(n)[1]{ψk(τ,γ)}
k =

∞∫
0

τnψk(τ, γ)dτ ;
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µ
(n)[2]{ψk(τ,γ)}
k = jn

dnW
{ψk(τ,γ)}
k (jω)

dωn

∣∣∣∣∣
jω=0

;

� ìîìåíòíûå õàðàêòåðèñòèêè â ÷àñòîòíîé îáëàñòè

µ
(n)[1]{W{ψk(τ,γ)}

k (jω)}
k =

∞∫
0

ωnW
{ψk(τ,γ)}
k (jω)dω;

µ
(n)[2]{W{ψk(τ,γ)}

k (jω)}
k =

π

2
(−1)n

∂nψk(τ, γ)

∂τn

∣∣∣∣
τ=0

.

11.1 Äëèòåëüíîñòè îðòîãîíàëüíûõ

ôóíêöèé âî âðåìåííîé îáëàñòè

[11.1] τ
(2){Lk(τ,γ)}
k =

2(−1)k

γ
,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.2] τ
(4){Lk(τ,γ)}
k =

1

γ
.

[11.3] τ
(2){L(

k
1)(τ,γ)}

k =
2
(
(k + 1) mod 2

)
γ(k + 1)

,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.4] τ
(4){L(

k
1)(τ,γ)}

k =
1

γ(k + 1)
.

[11.5] τ
(2){L(

k
2)(τ,γ)}

k =
4
(
(k + 2) div 2

)
γ(k + 1)(k + 2)

.

[11.6] τ
(4){L(

k
2)(τ,γ)}

k =
2(2k + 3)

3γ(k + 1)(k + 2)
.

[11.7] τ
(2){P (−1/2,0)

k
(τ,γ)}

k =
2

γ(4k + 1)
.

[11.8] τ
(4){P (−1/2,0)

k
(τ,γ)}

k =
1

γ(4k + 1)
.

[11.9] τ
(2){Legk(τ,γ)}
k =

1

γ(2k + 1)
.

[11.10] τ
(4){Legk(τ,γ)}
k =

1

2γ(2k + 1)
.

[11.11] τ
(2){P (1/2,0)

k
(τ,γ)}

k =
2

γ(4k + 3)
.

[11.12] τ
(4){P (1/2,0)

k
(τ,γ)}

k =
1

γ(4k + 3)
.

[11.13] τ
(2){P (1,0)

k
(τ,γ)}

k =
1

γ(k + 1)
.

[11.14] τ
(4){P (1,0)

k
(τ,γ)}

k =
1

2γ(k + 1)
.

[11.15] τ
(2){P (2,0)

k
(τ,γ)}

k =
1

γ(2k + 3)
.

[11.16] τ
(4){P (2,0)

k
(τ,γ)}

k =
1

2γ(2k + 3)
.

[11.17] τ
(2){P (0,1)

k
(τ,γ)}

k =

(
(k + 1) mod 2

)
γ(k + 1)2

,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.18] τ
(4){P (0,1)

k
(τ,γ)}

k =
1

2γ(k + 1)2
.

[11.19] τ
(2){P (0,2)

k
(τ,γ)}

k =
4(−1)k

(
(k + 2) div 2

)2
γ(k + 1)2(k + 2)2

,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.20] τ
(4){P (0,2)

k
(τ,γ)}

k =
2
(
(k + 1)(k + 2) + 1

)
3γ(k + 1)2(k + 2)2

.

11.2 Ìîìåíòíûå õàðàêòåðèñòèêè

îðòîãîíàëüíûõ ôóíêöèé

âî âðåìåííîé îáëàñòè

[11.21] µ
(0){Lk(τ,γ)}
k =

2(−1)k

γ
.

[11.22] µ
(1){Lk(τ,γ)}
k =

4(−1)k(2k + 1)

γ2
.

[11.23] µ
(2){Lk(τ,γ)}
k =

8(−1)k
(
(2k + 1)2 + 1

)
γ3

.

[11.24] µ
(3){Lk(τ,γ)}
k =

16(−1)k
(
(2k + 1)3 + 5(2k + 1)

)
γ4

.

[11.25] µ
(n){Lk(τ,γ)}
k = n!

(
2

γ

)n+1 k∑
s=0

(k
s

)(s+ n

s

)
(−2)s.

[11.26] µ
(0){L(1)

k
(τ,γ)}

k =
2
(
(k + 1) mod 2

)
γ

.

[11.27] µ
(1){L(1)

k
(τ,γ)}

k =
4(−1)k(k + 1)

γ2
.

[11.28] µ
(2){L(1)

k
(τ,γ)}

k =
16(−1)k(k + 1)2

γ3
.
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[11.29] µ
(3){L(1)

k
(τ,γ)}

k =

=
16

γ4

k∑
s=0

(k + 1

k − s

)
(−2)s(s+ 1)(s+ 2)(s+ 3).

[11.30] µ
(n){L(1)

k
(τ,γ)}

k =

= n!

(
2

γ

)n+1 k∑
s=0

(k + 1

k − s

)(s+ n

s

)
(−2)s.

[11.31] µ
(0){L(2)

k
(τ,γ)}

k =
2
(
(k + 2) div 2

)
γ

.

[11.32] µ
(1){L(2)

k
(τ,γ)}

k =
4(−1)k

(
(k + 2) div 2

)
γ2

.

[11.33] µ
(2){L(2)

k
(τ,γ)}

k =
8(−1)k(k + 1)(k + 2)

γ3
.

[11.34] µ
(3){L(2)

k
(τ,γ)}

k =

=
16

γ4

k∑
s=0

(k + 2

k − s

)
(s+ 1)(s+ 2)(s+ 3)(−2)s.

[11.35] µ
(n){L(2)

k
(τ,γ)}

k =

= n!

(
2

γ

)n+1 k∑
s=0

(k + 2

k − s

)(s+ n

s

)
(−2)s.

[11.36] µ
(0){L(α)

k
(τ,γ)}

k =
2

γ

k∑
s=0

(k + α

k − s

)
(−2)s.

[11.37] µ
(1){L(α)

k
(τ,γ)}

k =
4

γ2

k∑
s=0

(k + α

k − s

)
(−2)s(s+ 1).

[11.38] µ
(2){L(α)

k
(τ,γ)}

k =

=
8

γ3

k∑
s=0

(k + α

k − s

)
(−2)s(s+ 1)(s+ 2).

[11.39] µ
(3){L(α)

k
(τ,γ)}

k =

=
16

γ4

k∑
s=0

(k + α

k − s

)
(−2)s(s+ 1)(s+ 2)(s+ 3).

[11.40] µ
(n){L(α)

k
(τ,γ)}

k =

= n!

(
2

γ

)n+1 k∑
s=0

(k + α

k − s

)(s+ n

s

)
(−2)s.

[11.41] µ
(0){P (−1/2,0)

k
(τ,γ)}

k =
2

γ(4k + 1)
.

[11.42] µ
(1){P (−1/2,0)

k
(τ,γ)}

k =

=
4

γ2

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)2
.

[11.43] µ
(2){P (−1/2,0)

k
(τ,γ)}

k =

=
16

γ3

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)3
.

[11.44] µ
(3){P (−1/2,0)

k
(τ,γ)}

k =

=
96

γ4

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)4
.

[11.45] µ
(n){P (−1/2,0)

k
(τ,γ)}

k =

= n!

(
2

γ

)n+1 k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s

1

(4s+ 1)n+1
.

[11.46] µ
(0){Legk(τ,γ)}
k =

1

γ(2k + 1)
.

[11.47] µ
(1){Leg(τ,γ)}
k =

=
1

γ2

k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)2
.

[11.48] µ
(2){Leg(τ,γ)}
k =

=
2

γ3

k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)3
.

[11.49] µ
(3){Leg(τ,γ)}
k =

=
6

γ4

k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)4
.

[11.50] µ
(n){Leg(τ,γ)}
k =

=
n!

γn+1

k∑
s=0

(k
s

)(k + s

s

)
(−1)s

1

(2s+ 1)n+1
.

[11.51] µ
(0){P (1/2,0)

k
(τ,γ)}

k =
2

γ(4k + 3)
.

[11.52] µ
(1){P (1/2,0)

k
(τ,γ)}

k =

=
4

γ2

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)2
.

[11.53] µ
(2){P (1/2,0)

k
(τ,γ)}

k =

=
16

γ3

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)3
.
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[11.54] µ
(3){P (1/2,0)

k
(τ,γ)}

k =

=
96

γ4

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)4
.

[11.55] µ
(n){P (1/2,0)

k
(τ,γ)}

k =

= n!

(
2

γ

)n+1 k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s

1

(4s+ 3)n+1
.

[11.56] µ
(0){P (1,0)

k
(τ,γ)}

k =
1

γ(k + 1)
.

[11.57] µ
(1){P (1,0)

k
(τ,γ)}

k =

=
1

γ2

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)2
.

[11.58] µ
(2){P (1,0)

k
(τ,γ)}

k =

=
2

γ3

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)3
.

[11.59] µ
(3){P (1,0)

k
(τ,γ)}

k =

=
6

γ4

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)4
.

[11.60] µ
(n){P (1,0)

k
(τ,γ)}

k =

=
n!

γn+1

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s

1

(s+ 1)n+1
.

[11.61] µ
(0){P (2,0)

k
(τ,γ)}

k =
1

γ(2k + 3)
.

[11.62] µ
(1){P (2,0)

k
(τ,γ)}

k =

=
1

γ2

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)2
.

[11.63] µ
(2){P (2,0)

k
(τ,γ)}

k =

=
2

γ3

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)3
.

[11.64] µ
(3){P (2,0)

k
(τ,γ)}

k =

=
6

γ4

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)4
.

[11.65] µ
(n){P (2,0)

k
(τ,γ)}

k =

=
n!

γn+1

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s

1

(2s+ 3)n+1
.

[11.66] µ
(0){P (α,0)

k
(τ,γ)}

k =
2

cγ(2k + α+ 1)
.

[11.67] µ
(1){P (α,0)

k
(τ,γ)}

k =

=
4

c2γ2

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)2
.

[11.68] µ
(2){P (α,0)

k
(τ,γ)}

k =

=
16

c3γ3

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)3
.

[11.69] µ
(3){P (α,0)

k
(τ,γ)}

k =

=
96

c4γ4

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)4
.

[11.70] µ
(n){P (α,0)

k
(τ,γ)}

k =

=
2n+1n!

(cγ)n+1

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s

1

(2s+ α+ 1)n+1
.

[11.71] µ
(0){P (0,1)

k
(τ,γ)}

k =

=
1

γ

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1

(2s+ 1)
.

[11.72] µ
(1){P (0,1)

k
(τ,γ)}

k =

=
1

γ2

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1

(2s+ 1)2
.

[11.73] µ
(2){P (0,1)

k
(τ,γ)}

k =

=
2

γ3

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1

(2s+ 1)3
.

[11.74] µ
(3){P (0,1)

k
(τ,γ)}

k =

=
6

γ4

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1

(2s+ 1)4
.

[11.75] µ
(n){P (0,1)

k
(τ,γ)}

k =

=
n!

γn+1

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s

1

(2s+ 1)n+1
.
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[11.76] µ
(0){P (0,2)

k
(τ,γ)}

k =

=
1

γ

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1

(2s+ 1)
.

[11.77] µ
(1){P (0,2)

k
(τ,γ)}

k =

=
1

γ2

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1

(2s+ 1)2
.

[11.78] µ
(2){P (0,2)

k
(τ,γ)}

k =

=
2

γ3

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1

(2s+ 1)3
.

[11.79] µ
(3){P (0,2)

k
(τ,γ)}

k =

=
6

γ4

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1

(2s+ 1)4
.

[11.80] µ
(n){P (0,2)

k
(τ,γ)}

k =

=
n!

γn+1

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s

1

(2s+ 1)n+1
.

[11.81] µ
(0){P (0,β)

k
(τ,γ)}

k =

=
1

γ

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s

1

(2s+ 1)
.

[11.82] µ
(1){P (0,β)

k
(τ,γ)}

k =

=
1

γ2

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s

1

(2s+ 1)2
.

[11.83] µ
(2){P (0,β)

k
(τ,γ)}

k =

=
2

γ3

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s

1

(2s+ 1)3
.

[11.84] µ
(3){P (0,β)

k
(τ,γ)}

k =

=
6

γ4

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s

1

(2s+ 1)4
.

[11.85] µ
(n){P (0,β)

k
(τ,γ)}

k =

=
n!

γn+1

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s

1

(2s+ 1)n+1
.

11.3 Äëèòåëüíîñòè îðòîãîíàëüíûõ

ôóíêöèé â ÷àñòîòíîé îáëàñòè

[11.86] ∆ω
(2){ReW

{L(1)
k

(τ,γ)}
k

(jω)}
k =

πγ(k + 1)

4
(
(k + 1) mod 2

) ,
k = 0, 2, 4, ...2n, n ∈ N0.

[11.87] ∆ω
(4){ReW

{L(1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(k + 1)

8
(
(k + 1) mod 2

)2 , k = 0, 2, 4, ...2n, n ∈ N0.

[11.88] ∆ω
(2){ReW

{L(2)
k

(τ,γ)}
k

(jω)}
k =

πγ(k + 1)(k + 2)

8
(
(k + 2) div 2

) .
[11.89] ∆ω

(4){ReW
{L(2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(2k + 3)(k + 1)(k + 2)

4
(
(k + 2) div 2

)2 .

[11.90] ∆ω
(2){ReW

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(−1)k(4k + 1)

4
, k = 0, 2, 4, ...2n, n ∈ N0.

[11.91] ∆ω
(4){ReW

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

πγ(4k + 1)

8
.

[11.92] ∆ω
(2){ReW

{Legk(τ,γ)}
k

(jω)}
k =

πγ(−1)k(2k + 1)

2
,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.93] ∆ω
(4){ReW

{Legk(τ,γ)}
k

(jω)}
k =

πγ(2k + 1)

4
.

[11.94] ∆ω
(2){ReW

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(−1)k(4k + 3)

4
, k = 0, 2, 4, ...2n, n ∈ N0.

[11.95] ∆ω
(4){ReW

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

πγ(4k + 3)

8
.

[11.96] ∆ω
(2){ReW

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

πγ(−1)k(k + 1)

2
,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.97] ∆ω
(4){ReW

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

πγ(k + 1)

4
.

[11.98] ∆ω
(2){ReW

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(−1)k(2k + 3)

2
, k = 0, 2, 4, ...2n, n ∈ N0.



190 Îáîáùåííûå õàðàêòåðèñòèêè îðòîãîíàëüíûõ ôóíêöèé

[11.99] ∆ω
(4){ReW

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

πγ(2k + 3)

4
.

[11.100] ∆ω
(2){ReW

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(k + 1)2

2
(
(k + 1) mod 2

) , k = 0, 2, 4, ...2n, n ∈ N0.

[11.101] ∆ω
(4){ReW

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(k + 1)2

4
(
(k + 1) mod 2

)2 , k = 0, 2, 4, ...2n, n ∈ N0.

[11.102] ∆ω
(2){ReW

{P (0,2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(−1)k(k + 1)2(k + 2)2

8
(
(k + 2) div 2

)2 ,

k = 0, 2, 4, ...2n, n ∈ N0.

[11.103] ∆ω
(4){ReW

{P (0,2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ
(
(k + 1)(k + 2) + 1

)
(k + 1)2(k + 2)2

48
(
(k + 2) div 2

)4 ,

k = 0, 2, 4, ...2n, n ∈ N0.
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[11.104] µ
(0){W{Lk(τ,γ)}

k
(jω)}

k =
π

2
.

[11.105] µ
(1){W{Lk(τ,γ)}

k
(jω)}

k =
πγ(2k + 1)

4
.

[11.106] µ
(2){W{Lk(τ,γ)}

k
(jω)}

k =
πγ2

(
(2k + 1)2 + 1

)
16

.

[11.107] µ
(3){W{Lk(τ,γ)}

k
(jω)}

k =

=
πγ3

(
(2k + 1)3 + 5(2k + 1)

)
96

.

[11.108] µ
(n){W{Lk(τ,γ)}

k
(jω)}

k =
πγn

2

n∑
j=0

(n
j

)
2−j×

×


( k

n− j

)
, åñëè k − n+ j ≥ 0;

0, èíà÷å.

[11.109] µ
(0){W

{L(1)
k

(τ,γ)}
k

(jω)}
k =

π(k + 1)

2
.

[11.110] µ
(1){W

{L(1)
k

(τ,γ)}
k

(jω)}
k =

πγ(k + 1)2

4
.

[11.111] µ
(2){W

{L(1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2(k + 1)(2k2 + 4k + 3)

24
.

[11.112] µ
(3){W

{L(1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3(k + 1)2(k2 + 2k + 3)

48
.

[11.113] µ
(n){W

{L(1)
k

(τ,γ)}
k

(jω)}
k =

πγn

2

n∑
j=0

(n
j

)
2−j×

×


( k + 1

n− j + 1

)
, åñëè k − n+ j ≥ 0;

0, èíà÷å.

[11.114] µ
(0){W

{L(2)
k

(τ,γ)}
k

(jω)}
k =

π(k + 1)(k + 2)

4
.

[11.115] µ
(1){W

{L(2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ(k + 1)(k + 2)(2k + 3)

24
.

[11.116] µ
(2){W

{L(2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2(k + 1)(k + 2)(k2 + 3k + 3)

48
.

[11.117] µ
(3){W

{L(2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3(k + 1)(k + 2)(2k + 3)(k2 + 3k + 5)

480
.

[11.118] µ
(n){W

{L(2)
k

(τ,γ)}
k

(jω)}
k =

πγn

2

n∑
j=0

(n
j

)
2−j×

×


( k + 2

n− j + 2

)
, åñëè k − n+ j ≥ 0;

0, èíà÷å.

[11.119] µ
(0){W

{L(α)
k

(τ,γ)}
k

(jω)}
k =

π

4

(k + α

k

)
.

[11.120] µ
(1){W

{L(α)
k

(τ,γ)}
k

(jω)}
k =

πγ

2

1∑
j=0

(1
j

)
2−j×

×


(k + 2

3− j

)
, åñëè k − 1 + j ≥ 0;

0, èíà÷å.

[11.121] µ
(2){W

{L(α)
k

(τ,γ)}
k

(jω)}
k =

πγ2

2

2∑
j=0

(2
j

)
2−j×

×


(k + 2

4− j

)
, åñëè k − 2 + j ≥ 0;

0, èíà÷å.
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[11.122] µ
(3){W

{L(α)
k

(τ,γ)}
k

(jω)}
k =

πγ3

2

3∑
j=0

(3
j

)
2−j×

×


(k + 2

5− j

)
, åñëè k − 3 + j ≥ 0;

0, èíà÷å.

[11.123] µ
(n){W

{L(α)
k

(τ,γ)}
k

(jω)}
k =

πγn

2

n∑
j=0

(n
j

)
2−j×

×


( k + 2

n− j + 2

)
, åñëè k − n+ j ≥ 0;

0, èíà÷å.

[11.124] µ
(0){W

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.125] µ
(1){W

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ

4

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s(4s+ 1).

[11.126] µ
(2){W

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2

8

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s(4s+ 1)2.

[11.127] µ
(3){W

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3

16

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s(4s+ 1)3.

[11.128] µ
(n){W

{P (−1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
π(γ/2)n

2

k∑
s=0

(k
s

)(k + s− 1/2

s− 1/2

)
(−1)s(4s+ 1)n.

[11.129] µ
(0){W{Legk(τ,γ)}

k
(jω)}

k =
π

2
(−1)k.

[11.130] µ
(1){W{Legk(τ,γ)}

k
(jω)}

k =

=
πγ

2

k∑
s=0

(k
s

)(k + s

s

)
(−1)s(2s+ 1).

[11.131] µ
(2){W{Legk(τ,γ)}

k
(jω)}

k =

=
πγ2

2

k∑
s=0

(k
s

)(k + s

s

)
(−1)s(2s+ 1)2.

[11.132] µ
(3){W{Legk(τ,γ)}

k
(jω)}

k =

=
πγ3

2

k∑
s=0

(k
s

)(k + s

s

)
(−1)s(2s+ 1)3.

[11.133] µ
(n){W{Legk(τ,γ)}

k
(jω)}

k =

=
πγn

2

k∑
s=0

(k
s

)(k + s

s

)
(−1)s(2s+ 1)n.

[11.134] µ
(0){W

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.135] µ
(1){W

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ

4

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s(4s+ 3).

[11.136] µ
(2){W

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2

8

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s(4s+ 3)2.

[11.137] µ
(3){W

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3

16

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s(4s+ 3)3.

[11.138] µ
(n){W

{P (1/2,0)
k

(τ,γ)}
k

(jω)}
k =

=
π(γ/2)n

2

k∑
s=0

(k
s

)(k + s+ 1/2

s+ 1/2

)
(−1)s(4s+ 3)n.

[11.139] µ
(0){W

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.140] µ
(1){W

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ

2

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s(s+ 1).

[11.141] µ
(2){W

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2

2

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s(s+ 1)2.

[11.142] µ
(3){W

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3

2

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s(s+ 1)3.
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[11.143] µ
(n){W

{P (1,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγn

2

k∑
s=0

(k
s

)(k + s+ 1

s+ 1

)
(−1)s(s+ 1)n.

[11.144] µ
(0){W

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.145] µ
(1){W

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ

2

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s(2s+ 3).

[11.146] µ
(2){W

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2

2

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s(2s+ 3)2.

[11.147] µ
(3){W

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3

2

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s(2s+ 3)3.

[11.148] µ
(n){W

{P (2,0)
k

(τ,γ)}
k

(jω)}
k =

=
πγn

2

k∑
s=0

(k
s

)(k + s+ 2

s+ 2

)
(−1)s(2s+ 3)n.

[11.149] µ
(0){W

{P (α,0)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.150] µ
(1){W

{P (α,0)
k

(τ,γ)}
k

(jω)}
k =

=
πcγ

2

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s(2s+ α+ 1).

[11.151] µ
(2){W

{P (α,0)
k

(τ,γ)}
k

(jω)}
k =

=
πc2γ2

2

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s(2s+ α+ 1)2.

[11.152] µ
(3){W

{P (α,0)
k

(τ,γ)}
k

(jω)}
k =

=
πc3γ3

2

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s(2s+ α+ 1)3.

[11.153] µ
(n){W

{P (α,0)
k

(τ,γ)}
k

(jω)}
k =

=
πcnγn

2

k∑
s=0

(k
s

)(k + s+ α

s+ α

)
(−1)s(2s+ α+ 1)n.

[11.154] µ
(0){W

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.155] µ
(1){W

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ

2

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s(2s+ 1).

[11.156] µ
(2){W

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2

2

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s(2s+ 1)2.

[11.157] µ
(3){W

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3

2

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s(2s+ 1)3.

[11.158] µ
(n){W

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

=
πγn

2

k∑
s=0

(k
s

)(k + s+ 1

s

)
(−1)s(2s+ 1)n.

[11.159] µ
(0){W

{P (0,1)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.

[11.160] µ
(1){W

{P (0,2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ

2

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s(2s+ 1).

[11.161] µ
(2){W

{P (0,2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ2

2

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s(2s+ 1)2.

[11.162] µ
(3){W

{P (0,2)
k

(τ,γ)}
k

(jω)}
k =

=
πγ3

2

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s(2s+ 1)3.

[11.163] µ
(n){W

{P (0,2)
k

(τ,γ)}
k

(jω)}
k =

=
πγn

2

k∑
s=0

(k
s

)(k + s+ 2

s

)
(−1)s(2s+ 1)n.

[11.164] µ
(0){W

{P (0,β)
k

(τ,γ)}
k

(jω)}
k =

π

2
(−1)k.
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[11.165] µ
(1){W

{P (0,β)
k

(τ,γ)}
k

(jω)}
k =

=
πcγ

2

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s(2s+ 1).

[11.166] µ
(2){W

{P (0,β)
k

(τ,γ)}
k

(jω)}
k =

=
πc2γ2

2

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s(2s+ 1)2.

[11.167] µ
(3){W

{P (0,β)
k

(τ,γ)}
k

(jω)}
k =

=
πc3γ3

2

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s(2s+ 1)3.

[11.168] µ
(n){W

{P (0,β)
k

(τ,γ)}
k

(jω)}
k =

=
πcnγn

2

k∑
s=0

(k
s

)(k + s+ β

s

)
(−1)s(2s+ 1)n.



194 Îáîáùåííûå õàðàêòåðèñòèêè îðòîãîíàëüíûõ ôóíêöèé



Ãëàâà 12

Ñîîòíîøåíèÿ íåîïðåäåëåííîñòè

Îïðåäåëåíèå.

Íà îñíîâå ïîíÿòèé äëèòåëüíîñòè îðòîãîíàëüíûõ ôóíêöèé âî âðåìåííîé è ÷àñòîòíîé îáëàñòÿõ, ïðèâå-
äåííûõ â Ãëàâå 11, ïîëó÷åíû ñîîòíîøåíèÿ íåîïðåäåëåííîñòè.

[12.1]

∞∫
0

(
ψk(τ, γ)

)2
dτ =

2

π

∞∫
0

(
ReW

{ψk(τ,γ)}
k (jω)

)2
dω.

[12.2] τ
(2){ψk(τ,γ)}
k ∆ω

(2){ReW
{ψk(τ,γ)}
k

(jω)}
k =

π

2
.

[12.3] τ
(4){ψk(τ,γ)}
k

(
∆ω

(2){ReW
{ψk(τ,γ)}
k

(jω)}
k

)2
∆ω

(4){ReW
{ψk(τ,γ)}
k

(jω)}
k

=
π

2
.

[12.4]

∞∫
0

τnψk(τ, γ)dτ = jn
dnW

{ψk(τ,γ)}
k (jω)

dωn

∣∣∣∣∣
jω=0

.

[12.5]

∞∫
0

ωnW
{ψk(τ,γ)}
k (jω)dω =

=
π

2
(−1)n

∂nψk(τ, γ)

∂τn

∣∣∣∣
τ=0

.
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